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PREFACE 


Operational  methods  are  such  methods,  which  make  it  possible 
to  reduce  diSerential  problems  to  algebraic  problems.  This  is  why 
these  methods  are  of  particular  use  to  specialists  dealing  with  applied 
mathematics. 

This  book  is  devoted  to  one,  but  sufficiently  general  operational 
method,  which  absorbs  many  operational  methods  known  to  date 
and  allows  for  the  uniform  solution  of  both  classical  problems, 
involving  differential  equations  with  partial  derivatives,  and  the 
absolutely  new  problems  of  mathematical  physics,  including  those 
connected  with  non-linear  equations  in  partial  derivatives. 

We  shall  proceed  to  describe  this  general  method  after  studying 
the  methods  well-known  in  mathematics  for  calculating  operators 
(mainly  self-adjoint  operators),  for  which  Heaviside’s  method  served 
as  a  source. 

The  main  theorem  stated  in  this  book  belongs  to  the  theory  of 
operators  and  is  proved  in  the  last  chapter,  but  its  formulation  is 
given  in  Introduction  as  well.  This  theorem  may  lead,  in  particular, 
to  the  existence  and  uniqueness  theorems  for  hyperbolic,  elliptic 
and  parabolic  equations  with  variable  coefficients  and  allows  to 
reduce  them  to  integral  equations  of  the  second  kind  with  smooth 
kernels,  i.e.,  to  provide  an  effective  solution  for  these  equations. 
We  have  in  mind  that  by  detaching  from  the  solution  the  non-smooth 
(or  rapidly  oscillating)  components,  we  can  thus  reduce  the  problem 
to  the  one  that  is  easily  solved  on  an  electronic  computer.  When 
the  rapidly  oscillating  part  detached  from  the  solutions  was  com¬ 
pared  with  the  exact  solution  by  means  of  a  numerical  experiment 
in  the  one-dimensional  example  of  Sec.  8  of  Introduction,  their 
near  coincidence  was  revealed.  It  turns  out,  however,  that  the  com¬ 
puter  is  unable  to  perform  such  an  experiment  even  in  a  two-dimen¬ 
sional  case  because  of  the  enormous  number  of  operations.  Under 
these  circumstances  the  only  thing  to  do  is  using  suitable  asymp¬ 
totics  and  reducing  the  initial  problem  to  an  integral  equation. 
Thus,  the  approximate  solution  constructed  in  the  main  theorem, 
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detaching  the  non-smooth  or  rapidly  oscillating  part,  serves  as 
a  kind  of  natural  supplement  to  the  electronic  computer:  together 
they  provide  a  numerical  answer. 

This  book  on  operational  methods  should  be  accessible  to  senior- 
course  students  of  mathematics  and  physics  faculties  at  universities 
and  departments  of  applied  mathematics.  This  means  that  only 
a  knowledge  of  classical  analysis  is  required  of  the  reader.  The 
book  provides  explanations  in  sufficient  volume  of  such  concepts 
as  the  theory  of  Banach  algebras  of  distributions  (Chapter  I),  the 
theory  of  linear  differential  and  difference  equations  (Secs.  1,  2, 
and  3  of  Introduction),  the  theory  of  non-linear  equations  of  the 
first  order  with  partial  derivatives  (Chapter  IV). 

This  material  may  be  also  of  use  to  the  reader  who  is  already 
familiar  with  these  questions,  because  rather  often  it  is  not  pre¬ 
sented  in  traditional  style,  and  adapted  for  further  reference.  The 
reader  who  studies  the  book  thoroughly  will  be  equipped  to  carry 
on  independent  research  in  the  modern  theory  of  linear,  non-linear 
differential  and  differential-difference  equations  with  partial  derivat¬ 
ives.  Besides,  a  study  of  the  concrete  problems  presented  here  may 
serve  as  an  excellent  springboard  for  further  investigation,  although 
from  a  certain  viewpoint,  of  the  theory  of  representations,  topology 
and  the  theory  of  sheafs.  An  example  of  the  latter  is  the  theory  of 
F-objects  (Chapter  III).  As  to  applying  the  described  methods  in 
physics,  quite  obviously,  it  is  not  limited  to  the  examples  given 
in  the  book.  Additional  mention  should  be  made  of  the  asymp¬ 
totics  of  solutions  in  the  band  solid-state  theory,  in  problems  of 
molecular  collisions,  in  the  theory  of  laser  resonators,  in  chain- 
reaction  equations  in  chemistry,  in  problems  of  refraction  and 
diffraction,  in  derivation  of  integral  equations  of  the  Lippmann- 
Schwinger  and  Faddeev  type,  in  calculating  quasi-classical  amend¬ 
ments  to  the  Thomas-Fermi  equation,  amendments  to  electronic 
plasma  equations,  asymptotic  solutions  of  Hartree’s  equations,  in 
electronic  optics,  in  problems  of  above-barrier  reflection  and  in 
many  other  problems  of  modern  mathematical  physics. 

This  book  has  been  written  in  such  a  way  as  to  serve  the  widest 
possible  circle  of  readers.  It  is  suitable  for  two  methods  of  study. 
The  reader,  who  seeks  to  avoid  fine  assessments  and  passing  to  the 
limit  and  only  wishes  to  master  the  practical  techniques  for  obtaining 
asymptotic  solutions,  may  omit  that  part  of  the  book  which  is 
devoted  to  functional  analysis.  The  “Introduction  to  Operational 
Calculus”  has  been  written  with  this  purpose  in  view;  having  studied 
it,  the  reader  can  tackle  operator  techniques  (omitting  Chapters  I-II) 
learning  how  to  reduce  concrete  problems  to  an  integral  equation, 
detaching  the  non-smooth  part  of  the  solution. 

In  following  the  second  method  of  learning,  which  consists  in 
the  gradual  and  deeper  study  of  operational  methods,  it  is  best 
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to  begin  with  the  first  chapter  and  to  read  Introduction  only  after 
Chapter  II. 

The  most  effective  way  of  mastering  the  subject,  however,  consists 
rather  in  first  reading  Introduction  and  then  reading  all  the  book 
in  succession. 

The  reader  should  nevertheless  be  warned  that  all  these  methods 
are  not  at  all  easy,  because  the  book  provides  a  new  operational 
calculus— the  calculus  of  ordered  operators. 

This  book  is  actually  a  synopsis  of  the  course  of  lectures  delivered 
by  the  author  in  the  duration  of  three  years  at  the  Department  of 
Applied  Mathematics  at  the  Moscow  Institute  of  Electronic  Machine- 
Building,  consecutively  to  third-,  fourth-  and  fifth-year  students. 
The  material  of  the  last  chapters  was  also  given  in  lectures  (in  the 
duration  of  three  years)  to  fifth-year  (graduating)  students  specializ¬ 
ing  in  mathematics  at  the  Physics  Department  of  the  Moscow  State 
University.  Besides,  this  course  of  lectures  (an  abridged  version)  was 
also  delivered  by  the  author  at  several  mathematical  schools  (at  the 
International  Mathematics  School  at  Sopot  in  1971,  in  Pushchino 
in  1971,  in  Voronezh  in  1972,  and  other  places). 

The  experience  gained  in  delivering  this  course  of  lectures  showed 
that,  despite  expectations,  operational  calculus,  with  the  parallel 
examination  of  comparatively  few  examples  at  seminar  sessions, 
is  grasped  more  easily  by  students  than  questions  connected  with 
traditional  functional  analysis,  fine  assessments,  functional  spaces 
and  passing  to  the  limit. 

The  students  of  senior  courses  and  post-graduates  can  quickly 
learn  to  solve  complex  problems  connected  with  operational  methods. 
In  this  book,  for  instance,  the  reader  will  find  important  formulas 
obtained  by  M.  V.  Karasev  (Theorems  4.4  and  6.6  of  Introduction) 
and  V.  G.  Danilov  (Theorem  1.1  in  Chapter  III). 

If  we  should  draw  an  analogy  between  the  exposition  of  operational 
calculus  given  in  the  “Introduction  to  Operational  Calculus”  and 
the  hypothetical  exposition  of  differential  calculus  (see  the  left 
column)  the  approximate  result  would  consist  in  the  following: 


Secs.  1-3  deal  with  the  ring 
of  polynomials. 

Secs.  4-5.  The  rules  of  the 
formal  differentiation  of  poly¬ 
nomials  are  given;  various  for¬ 
mulas  of  differentiation  for  po¬ 
lynomials  are  derived:  formulas 
for  differentiating  the  product; 
the  composite  function,  ex¬ 
pansion  in  a  Taylor  series. 


Secs.  1-3  deal  with  the  Heav¬ 
iside  method  and  operator  cal¬ 
culus  with  constant  coefficients. 

Secs.  4-5.  The  rules  of  the  new 
calculus  are  derived  on  the 
example  of  formal  power  series 
of  ordered  operators.  Formulas 
are  derived  for  commutators  of 
series,  composite  function  and 
expansion  in  a  Newton  series. 
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In  Sec.  6  the  system  of 
axioms  is  introduced  and  the 
same  formulas  are  derived  for 
arbitrary  functions  in  the  form 
of  theorems,  thus  determining 
all  formulas  of  the  techniques 
of  differentiation. 

Sec.  7  gives  a  simple 
example. 

Sec.  8  shows  how  a  new 
solution  for  a  classical  physics 
problem  is  obtained  with  the 
use  of  introduced  techniques. 


Sec.  9  sets  a  problem  on  the 
simplest  differential  equation. 
The  fundamental  concept  of  a 
characteristic  polynomial  is  in¬ 
troduced  and  the  physical 
meaning  of  initial  conditions  is 
discussed.  The  main  theorem  of 
existence  is  formulated  and  the 
formula  for  the  solution  of  an 
equation  in  a  particular  case  is 
given. 


In  Sec.  6  the  system  of  axioms 
is  introduced  and  the  formulas 
for  arbitrary  functions  in  the 
form  of  theorems  are  the  same, 
thus  determining  all  formulas  of 
the  techniques  of  the  calculation 
of  ordered  operators. 

Sec.  7  gives  a  simple 
example. 

Sec.  8  shows  how  new  physical 
effects  are  obtained  with  the 
use  of  introduced  techniques  in 
studying  the  classical  problem 
of  deriving  the  wave  equation 
from  equations  of  the  oscillat¬ 
ions  of  a  crystal  lattice. 

The  main  problem  is  formu¬ 
lated  in  Sec.  9,  the  fundamental 
concept  of  characteristics  for 
functions  of  an  ordered  set  of 
operators  is  introduced,  and  the 
physical  meaning  of  absorption 
conditions  is  discussed.  The  main 
theorem  is  formulated  and  the 
explicit  formula  is  given  for 
the  solution  of  the  main  pro¬ 
blem  in  a  particular  case  (the 
general  formula  is  given  in  the 
last  chapter). 


Further  (if  we  are  to  continue  the  analogy)  the  theory  of  the 
derivative  as  a  limit  (Chapter  I)  and  partial  derivatives  as  multiple 
limits  (Chapter  II)  is  conducted  in  succession. 

The  theory  of  functions  in  Chapter  I  is  built  by  systematic  use 
of  the  conception  of  “completing  with  limits”,  just  as  real  numbers 
in  Cantor’s  theory  are  elements  of  the  completion  of  a  set  of  sequen¬ 
ces  of  rational  numbers.  This  point  of  view  is  in  accord  with  the 
initial  conception  of  physicists  with  regard  to  Dirac’s  delta  function 
as  the  limit  of  bell-shaped  functions. 

Secs.  3-9  of  Chapter  I  are  devoted  to  calculating  the  functions  of 
one  operator.  These  sections  introduce  the  concepts  of  generating 
and  regular  operators  generalizing  the  concepts  of  self-adjoint  and 
normal  operators,  respectively.  The  theorem  is  proved  for  regular 
operators  which  shows  their  generality  in  the  case  of  a  discrete 
spectrum:  the  regularity  of  an  operator  is  a  necessary  and  sufficient 
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condition  for  the  completeness  of  eigen  and  associated  elements. 
The  known  calculation  of  self-adjoint  operators  is  derived  as  a  con¬ 
sequence. 

At  the  beginning  of  Chapter  II  the  calculation  of  functions  of 
two  noncommutative  ordered  operators,  their  joint  spectrum  and 
spectral  expansion  are  studied  in  detail.  Then  the  functions  of 
several  regular  operators  are  examined  and  formulas  for  them  are 
derived,  which  had  been  obtained  from  axioms  in  Introduction. 
All  the  techniques  for  calculating  noncommutative  operators  are 
thus  built,  but  on  a  functional  basis  now.  Operational  calculus  as 
such  ends  with  this. 

The  rest  of  the  book  is  devoted  to  a  special  transformation  making 
it  possible  to  prove  the  main  theorem.  This  transformation  is  called 
the  canonical  operator. 

A  great  deal  of  preparatory  work  is  conducted  in  Chapter  III. 
A  canonical  operator  is  introduced  in  the  simplest  real  one-dimen¬ 
sional  case  (depending  on  ordered  operators). 

Chapter  IV  calls  for  an  examination  in  greater  detail.  This  part 
of  the  book  is  required  for  the  ultimate  construction  of  a  complex 
canonical  operator,  but,  generally  speaking,  the  chapter  is  quite 
detached  and  in  no  way  connected  with  the  techniques  of  ordered 
operators.  It  may  even  be  read  all  at  once.  The  chapter  is  devoted 
to  constructing  the  solution,  in  the  large,  of  equations  generalizing 
Hamilton-Jacobi  equations. 

We  introduce  the  notion  of  Lagrangean  manifold  with  a  complex 
germ  which  results  in  a  geometric  interpretation  for  solutions  of 
equations  of  the  Hamilton-Jacobi  type. 

The  following  physical  analogy  may  be  cited  to  illustrate  the 
point.  When  a  stone  is  dropped  into  water  it  causes  the  waves  to 
spread  over  the  surface  in  even  circles  at  first;  when  the  wave  is 
reflected  the  picture  that  is  produced  can  hardly  be  given  a  geo¬ 
metric  interpretation.  The  same  may  be  said  of  the  Hamilton- 
Jacobi  equation  (a  particular  solution  of  a  certain  Hamilton-Jacobi 
equation  will  be  precisely  the  one  that  causes  these  circles)  which 
on  intervals  of  time  not  exceeding  a  certain  tl  has  a  simple  and  smooth 
solution.  Further,  when  t>  tx  there  occurs  a  similarity  of  imposition 
of  waves  reflected  many  times.  In  order  to  gain  a  clear  understanding 
of  multi-valued  functions  (branching  of  the  solution),  it  is  necessary 
to  make  them  uniform  in  much  the  same  way  as  this  is  done  by 
means  of  Riemann’s  sheets  for  analytical  functions  with  branching. 
It  is  precisely  the  construction  of  the  object  in  the  phase  space  of 
the  Lagrangean  manifold  with  a  complex  germ  that  makes  it  pos¬ 
sible  to  “unravel”  multi-valued  solutions  of  Hamilton-Jacobi  type 
equations  (with  absorption).  The  concept  “index”— as  a  whole 
number — introduced  here  makes  it  possible  to  designate  these 
solutions  (sheets)  on  the  Lagrangean  manifold  with  a  complex  germ. 
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Besides,  the  indices  of  closed  paths  on  the  Lagrangean  manifold 
with  a  complex  germ  constitute  an  important  characteristic  of  this 
object  (the  characteristic  class  of  an  object). 

After  this  the  complex  canonical  operator  is  built  in  Chapter  V 
and  the  main  theorem  is  proved. 

The  results  of  Chapters  I-V  and  Secs.  4-9  of  Introduction  mainly 
belong  to  the  author  (with  the  exception  of  the  theorems  in  Chap¬ 
ter  I  concerning  self-adjoint  operators,  and  the  theorems  of  Karasev 
and  Danilov  mentioned  above). 

The  starting  point  of  this  research  was  Feinman’s  remark*  to 
the  effect  that  if  the  order  of  action  of  the  operators  is  determined 
by  indices,  then  the  operators  become  as  if  commuting. 

The  theory  of  the  Lagrangean  manifold  with  a  complex  germ 
originated  as  a  result  of  the  study  of  Leray’s  works  on  the  Cauchy 
problem. 

A.  A.  Kirillov,  who  edited  the  book,  made  a  number  of  valuable 
suggestions  in  principle  concerning  the  structure  of  the  book  as 
a  whole. 

I  benefited  largely  from  my  consultations  with  A.  A.  Samarsky, 
discussions  with  D.  V.  Anosov  and  V.  V.  Kucherenko,  for  which 
I  am  deeply  grateful  to  them.  I  am  also  very  grateful  to  P.  P.  Moso- 
lov,  G.  A.  Voropaeva,  V.  L.  Dubnov  who  made  several  valuable 
remarks  pertaining  to  the  author’s  manuscript. 

This  book,  however,  would  never  have  been  written  as  a  school 
aid  if  not  for  my  pupils,  who  made  notes  and  worked  at  this  course 
of  lectures.  Moreover,  they  did  not  even  have  detailed  synopses  of 
Chapters  III  and  V  at  their  disposal.  The  first  two  chapters  were 
jotted  down  by  V.  L.  Dubnov,  the  third  by  M.  V.  Karasev  and 
V.  L.  Dubnov,  the  fourth  by  V.  G.  Danilov,  the  fifth  by  V.  G.  Da¬ 
nilov  and  M.  V.  Karasev.  The  chapters  IV  and  V  were  edited  by 
G.  A.  Voropayeva;  A.  G.  Prudkovsky  made  all  the  calculations 
on  a  computer.  Besides  this,  our  numerous  discussions  with 
V.  L.  Dubnov,  M.  V.  Karasev,  V.  G.  Danilov,  S.  Yu.  Dobrokhotov, 
A.  G.  Prudkovsky  and  G.  A.  Voropayeva  rendered  me  invaluable 
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*  In  the  article  “Operational  Calculus  Relating  to  Quantum  Electrody¬ 
namics”  (Phys.  Rev.,  84,  1951)  in  the  section  “Description  of  Method  of  Desig¬ 
nation”.  By  the  recommendation  of  the  editor,  Feinman’s  calculus  has  not 
been  included  in  the  book,  just  as  the  applications  to  physics  enumerated  on 
page  8. 


introduction  to  operational  calculus 


Sec.  1.  Solution  of  Ordinary  Differential  Equations 
by  the  Heaviside  Operational  Method 

Let  C°°  (R)  (or  C°°)  denote  the  set  of  infinitely  differentiable 
functions  cp  (x),  —  oo  <  a;  <  4-00.  The  operation  {operator),  d/dx, 
of  differentiation  with  respect  to  x  is  defined  in  C°°;  this  operation 
will  henceforth  be  denoted  by  D: 

£)<P(^)  =  -^  <P(a:)=:(P'  (*)• 

Clearly,  the  operator 

Pn  (D)  :C°°-+C°°  given  by  Pn  (D)  =  2  ajf,  aiD°  =  at 

i= 0 

is  defined  for  every  polynomial  Pn  {x),  where  at  are  complex  num¬ 
bers,  i  =  0,  1,  2,  .  .  n.  That  is,  by  definition, 

def  " 

Pn  {D)  <p  (x)  —  S  Pw  (^)»  <P(0)  ~  <P- 

1=0 

Let  Kx  [Z>]  denote  the  set  of  operators  of  the  form  Pn(D)\  for  any 
two  operators  in  Kx  [ D ]  their  sum  and  product  are  defined  by  the 
formulas 

2  o,D*+2  btD'=  2  {ai  +  bdD1, 

•;=o  i—0  i=o 

( 2  o»^*)*(2  hi?)  =  2  2 

'1=0  '  '5=0  '  1=0  3=0 

Let  Kx  \x\  denote  the  set  of  polynomials  over  the  complex  number 
field 

n 

Pn  €  Kl  [«].  Pn  {*)  =  2  aixi- 

1=0 

There  is  a  one-to-one  correspondence  between  the  operator  Pn{D)  6 
6  Ki  [ D ],  Pn(D)  =  a0-\-affD  +  .  .  .  -f  anDn  and  the  polynomial 
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Pn  g  Ki  \x\.  (To  prove  that  this  is  a  one-to-one  correspondence,  it 

N 

suffices  to  show  that  if  2  anfm  {%)  =  0  for  every  /  6  C°°,  then 

n— 0 

an  ==  0;  but  this  is  obvious.)  We  shall  call  the  polynomial  P  ( x ) 
corresponding  to  the  operator  P  (D)  the  symbol  of  the  operator  P  (D). 
Under  this  correspondence  the  sum  of  the  polynomials  goes  to  the 
sum  of  the  two  corresponding  operators  and  the  product  of  two  poly¬ 
nomials  goes  to  the  product  of  the  two  corresponding  operators. 
We  shall  say  that  Kt  [a:]  and  K1  [D\  are  isomorphic  by  this  con¬ 
struction. 

By  the  main  theorem  of  algebra,  any  polynomial  can  be  written 
in  the  form 


m  ^  m 

Pn(x)  =  an  [J  (z  — aO  2  hi  —  n,  (1.1) 

i=l  i=l 

where  are  the  complex  roots  of  the  polynomial  and  kt  is  the  mul¬ 
tiplicity  of  the  corresponding  root. 

It  follows  from  the  isomorphism  of  Kx  [z]  and  Kx  [Z3]  that  for 
every  operator  Pn  ( D )  we  have  the  formula 

m  h 

Pn{D)  =  an\\{D-ai)\  (1.2) 

i=l 

where  is  the  operation  (operator)  of  multiplication  by  the  con¬ 
stant  a;. 

We  shall  now  solve  an  ordinary  differential  equation  with  con¬ 
stant  coefficients 


Pn(P)y{x)=  2  aiyW(x)  =  f  (x),  f  £C°° .  (1.3) 

i=0 

Suppose  for  the  sake  of  simplicity  that  all  the  roots  a,-  of  the 
polynomial  Pn  (x)  are  simple.  Then  we  can  put  equation  (1.3)  into 
the  form 

[]  {D-ai)y  (x)=-^-. 

i=i  an 

To  solve  equation  (1.3)  we  need  the  following  lemma. 

Lemma  1.1.  Let  Pn  (D)£Kx[D],  /  6  C°°.  The  following  formula 
is  valid: 

Pn  ( D )  eaxf  ( x )  —  eaxPn  {D  +  a)  f  ( x ). 


(1.4) 
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We  prove  this  by  induction.  We  compute  Deaxf  (x): 

Deaxf  ( x )  =  a eaxf  {x)  +  eaxf  (x)  =  eax  (a/  (x)  +  /'  (x))  = 

=  eax  (D  +  a)  /  (x). 

Suppose  that  formula  (1.4)  is  valid  for  the  operator  Z)n_1.  We 
prove  that  it  is  valid  for  the  operator  Dn  as  well.  We  have 

Dneaxf  (x)  =  D  [Dn'leaxf  (x)]  =  DF  (x), 

where  F  (x)  =  Dn^eaxf  (x).  By  the  induction  assumption 
Dn  leaxf  (x)  =  eax  ( D  -f-  a)"'1  /  (x); 
hence 

DF  (x)  =  Deax[(D  +  a)""1  /  (x)]=  aeax  [(D  +  a)”"1  /  {x)\  + 

+  eaxD  [(D  +  a)””1  f  (x)]=  eax  ( D  +  a)n  /  (x). 

Thus  for  any  integer  m  we  have  obtained  the  formula 
Dmeaxf  (x)  =  eax  {D  +  a)m  /  (x).  (1.5) 

Equation  (1.4)  follows  immediately  from  (1.5),  and  the  lemma  is 
proved. 

Now  consider  the  equation 

(D  —  a)  y  (x)  =  /  (x),  /  6  C°°.  (1.6) 

Using  the  lemma  we  obtain 

(. D  —  a)  y  (x)  =  (D  —  a)  eaxe~axy  (x)  =  eaxDe~axy  (x). 

Thus  equation  (1.6)  is  equivalent  to 

De~axy  (x)  =  /  (x)  e~ax.  (1.6') 

It  is  well  known  that  the  general  solution  of  the  equation  Dy  (x)  = 
=  /  (x)  has  the  form  y  (x)  =  j  /  (x)  dx  +  C,  where  C  is  a  constant. 
Introduce  the  notation 

j  f(z)dx  +  C  =  -jff(x).  (1.7) 

We  note  that  1  ID  maps  an  element  /  6  C°°  into  an  entire  class  of 
functions  1  ID  fez  C°°;  if  y0  6  jjf,  then  z  £  jj-f  if  and  only  if  z  — 
—  y0  —  const. 

We  can  now  write  down  a  solution  of  equations  (1.6)  and  (1.6') 
in  the  form 

y  =  eax e~axf  (x)- 


(1.8) 
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We  return  to  equation  (1.3).  We  have 

Pn(D)y{x)  =  an  U  (D  —  ai)y(x)  =  an(D—al)  [J  (D—at)y(x)  = 


i—1 


i=2 


=  aneaixDe~aix  \]  (D- a,)  y(x)=...= 

i=2 

=  aneaixDe~aix  .  .  .  eanxDe~an*y  (x)  =  f  (x). 
Successively  applying  (1.8),  we  obtain  the  formula 

1  .  eaiK 4- *-«!*. ^-L-/(a:).  (1.9) 

"  an  “n  W) 


y  =  e  n  =e 


We  have  obtained  a  formula  which  gives  a  solution  of  equation 
(1.3)  in  terms  of  integrals  of  the  right-hand  side.  Thus  the  existence 
of  a  solution  is  proved.  It  is  easy  to  verify  that  the  result  is  inde¬ 
pendent  of  the  order  of  the  roots  oq,  .  .  .,  an  of  the  polynomial 
Pn  (x).  It  is  clear  from  the  form  of  the  solution  that  the  general 
solution  of  equation  (1.3)  given  by  (1.9)  depends  on  not  more  than 
n  constants  (in  fact  on  exactly  n). 

Formula  (1.9)  defines  a  mapping  from  an  element  /  £  C°°  to  a  class 
of  functions.  If  the  equation  Pn  (x)  —  0  has  simple  roots  o^,  .  .  .,  an, 
then  the  difference  of  two  elements  of  the  class  has  the  form  c1eai3C  + 
+  c2e“2x  _|_  .  .  .  _j_  cne“n“,  where  cx,  c2,  .  .  .,  cn  are  constants. 
The  method  of  proof  shows  that  formula  (1.9)  is  valid  for  multiple 
roots  as  well;  in  this  case  the  difference  of  two  elements  has  the  form 

P{  ( x )  eaix  +  P2  ( x )  e“2X  +  .  .  .  +  Pm  {x)  e“mX, 


where  Plt  P2,  .  .  .,  Pm  are  suitable  polynomials. 

We  shall  denote  this  mapping  (or  operator)  by  p-  -=r . 

*n  \u) 

We  now  show  that,  to  obtain  uniqueness  of  the  solution,  it  is  suf¬ 
ficient  to  specify  the  initial  Cauchy  data 

y  (0)  =  c0,  .  .  .,  y <n~1>  (0)  =  c„_x.  (1.10) 


To  prove  this,  it  suffices  to  show  that  the  problem 
Pn  ( D )  y  (x)  =  0,  (1.11) 

y  (0)  =  0,  .  .  .,  y^  (0)  =  0  (1.12) 

has  the  unique  solution  y  (x)  =  0.  Note  that  the  problem  (D  — 
—  a)  y  (x)  =0,  y  (0)  =  0  has  the  unique  solution  y  (x)  ==  0. 

We  rewrite  equation  (1.11): 

Pn  (D)  y  (x)  =  I]  {D  —  a;)ft‘  y  (x)  =  (D—  oq)  W  (x)  =  0. 
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Here  W  ( x )  is  obviously  a  linear  combination  of  the  derivatives 
of  y  ( x )  of  order  ^  n  —  1.  Hence  W(0)  =  0  by  (1.12),  and  therefore, 
W  ( x )  =  0.  It  is  clear  that  by  continuing  this  process  we  obtain 
V  {*)  =  0. 

We  now  give  another  method  of  calculating  the  class  of  functions 

-p—rn\  /»  which  uses  an  extension  of  one  variable  x. 

Let  R  (x)  =  P  ( x)/Q  ( x ),  where  P  (x),  Q  {x)  are  polynomials.  We 
shall  correspond  to  the  function  R  (x)  the  mapping  R  ( D ),  which 

maps  function  f  &  C°°  to  the  class  of  functions  P  ( D )  Qjp)f  c— 

The  function  R  (x)  will  be  called  the  symbol  of  the  mapping  R  ( D ). 
We  verify  that  the  mapping  R  (D)  is  independent  of  the  way  we 
write  its  symbol  R  (x)  in  the  form  P  (x)/Q  (x).  In  fact,  let  P  (x)  = 
—  P  (x)  S  (x)  and  Q  (x)  =  Q  (x)  S  (x),  where  S  (x)  is  a  polynomial. 
We  now  prove  that  for  any  f  £  C°°  we  have  the  equation 

pMi <‘-13> 

Let  y  6  P  ( D )  /•  Then  y  (x)  may  be  written  in  the  form  y  (x)  — 

=  P  ( D )  z  (x),  where  z  (x)  is  a  solution  of  the  equation  Q  ( D )  z  (x)  = 
=  /  (x).  Let  u  (x)  be  a  solution  of  the  equation  S  ( D )  u  (x)  —  z  (x); 
then  Q  {D)  u  (x)  =  Q  ( D )  S  ( D )  u  (x)  ==  Q  (D)  z  (x)  =  /  (x)  so  that 

y  (x)  —  P  ( D )  z  (*)  =  P  (D)  S  ( D )  u  (x)  = 


y£P(D)=^f.  Then  y  (x)  =  P  (D)  u  (x), 

where  u  (x)  satisfies  the  equation  Q  ( D )  u  (x)  —  f  ( x ).  Let  z  (x)  = 
=  S  ( D )  u  ( x ).  Then  z  ( x )  satisfies  the  equation  Q  (D)  z  (x)  =  /  {x) 

and  y(x)  =  P  ( D )  z  (x)  6  P  (D)  /  (*);  hence  y  6  P  (D)  /, 

Q.E.D. 

Let  F  [ D ]  be  a  set  of  operators  R  ( D ).  We  define  an  operation 
of  a  sum  of  two  elements  in  F  [Z>],  induced  by  the  corresponding 
operation  in  the  field  F  [a:]  of  rational  functions.  By  definition, 
R  (D)  =  ( D )  +  R%  ( D )  if,  and  only  if,  R  (x)  =  Rx  ( x )  +  R%  (%)• 
The  following  lemma  holds. 

Lemma  1 .2.  Let  Rx  (x),  R2  (x)  be  elements  of  the  field  F  [x\,  R  (x)  — 
=  i?x  (a:)  +  R 2  (*).  A  function  y  belongs  to  a  class  R  ( D )  /  if,  and 
only  if,  it  may  be  expressed  in  the  form  y  (x)  —  y1  (a:)  +  y-i  (»),  where 
yi  €  Ri  ( D )  f,  y2  £  R2  (D)  f. 


u  6  = — /•  Hence 

_<?(£) 

=  P  ( D )  u  (x).  Thus 
yeP(D)^—f. 

k,Q{D) 

Conversely  suppose 


2-01225 
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Proof.  Let  Pt  ( x ),  Qt  ( x )  (i  —  1,  2)  be  polynomials  and  Rt  ( x )  = 
=  Pi  ( x)/Qi  (x)  (i  =  1,  2).  Then  R  ( x )  =  (a;)  -f  i?2  (z)  = 

=  P  (x)/Q  (x),  where  P  (x)  =  P1  (x)  Q2  (x)  +  Q1  (x)  P2  (x),  Q  (x)  = 
=  Ql  (x)  Q 2  (x).  Denote  the  class  of  functions  of  the  form  y  (x)  by 

Ri  (D)  f  (x)  +  Rt  (D)  /  (*). 

We  shall  prove  that  R  ( D )  f  cz  R1  ( D )  f  +  i?2  ( D )  f.  Let  y  (x)  £ 
6  R(D)f  (x).  Then  y  (x)  =  [Pt  ( D )  <?2  (D)  +  Qi(D)  P2  (D)]  z  (z), 
where  z  ( x )  satisfies  the  equation 

Qi  (D)  <?2  (D)  z  (x)  —  f  (x).  (1.14) 

Let  {D)  Q 2  (D)  z  (x)  =  z/j  (a:),  P2  (D)  &  (D)  z  (x)  =  y2(a:).  The 
function  (z)  =  <?2  (D)  z  (#)  satisfies  the  equation  Qx  ( D )  ux  (x)  == 
—  f  (x)  and  the  function  u2  (x)  —  Qx  ( D)z  (x)  satisfies  the  equation 
Q2  (D)  u2  (x)  =  /  (x).  Hence 

Vi  (x)  6  Ri  (D)  /  (x),  y2  (x)  e  R-2  ( D )  /  (x) 


and  this  proves  the  lemma. 

Consider  an  example  of  the  calculation  of  1  /Pn  ( D )  by  the  homo¬ 
morphism  obtained  R  (x)  -*■  R  ( D ).  We  express  the  symbol  1  /Pn  (x) 
as  the  sum  of  simple  fractions 


m 


i—  1 


<*i 

(x—ai)hi 


in 

i 

1=1 


where  at  are  complex  roots  of  multiplicity  kt  of  the  polynomial 
Pn  ( x ),  a-i  are  complex  polynomials.  It  follows  from  Lemma  1.2  that 


1 

Pn  (D) 


/<=s 


a-i  j 
(D-at)ki 


Hence,  any  solution  y  (x)  of  equation  (1.3)  can  be  expressed  in 
the  form 


y  {x  =  2  (°)  it--- 7re~*iX  f  (*)’  a-iS) 


which  is  immediately  seen  from  (1.6),  (1.6')  and  (1.8).  In  the  par¬ 
ticular  case  of  the  simple  roots,  (1.15)  has  the  form 


n 

y(*)— 2  [a* 

i=l 


J  e~aipf(p)dP  +  Cieaix ]. 
o 


(1.15') 
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It  is  not  difficult  to  verify*,  that  the  general  solution  of  (1.3)  has 
exactly  n  constants.  Hence,  (1.15)  provides  the  general  solution 

(i.e.,  any  element  of  the  class  /)  of  equation  (1.3). 

We  can  also  use  formula  (1.9)  to  find  the  solution  of  the  homo¬ 
geneous  equation. 

Example.  Find  the  general  solution  of  the  equation 
(D  —  ax)  ( D  —  a2)  y  {x)  =  0,  a2. 

Formula  (1.9)  implies 

\y  (x)  =  eV  A  e~a*x  eaix  A  e~aix0  = 

=  ea2*  -L  e~a2xeaixcl  =  A  e(ai ~^XC,  = 

=  ea2*C1  j  e<ai-a2)*  dx  +  C2ea2x  =  C'/^x  +  C2e^. 

Now  we  shall  consider  the  case  of  multiple  roots. 


Example.  Find  the  general  solution  of  the  equation 
{D  —  a)3  y  ( x )  =  0. 

Equation  (1.9)  implies: 

y  ( x )  =  eax  A  e~axeax  A  e-ccxeax  J_  e-axQ  = 

=  eax  =  (Co +CiX  +  C2x*) . 


Note.  Now  consider  the  equation 
Pn  (D)  y  (x)  =  Ph  (x),  Pn( 0)^=0,  (1.16) 

where  Ph  ( x )  is  a  polynomial  of  degree  k.  Let  Pn,  s  (x)  be  a  sum 
of  s  +  1  terms  of  the  Taylor  expansion  of  the  function  1  lPn  (x) 
at  x  =  0.  The  equation 


co 

jm*)[X.(*)+  2 

ft=s+ 1 


implies 


Pn(*)  Pn,  s  (*)  =  1  +  Xt+1-Pn-1  (*), 


(1.17) 


*  The  statement  is  immediate  since  a  solution  of  equation  (1.3)  may  be 
expressed  in  the  form  of  a  sum  of  the  solution  of  this  equation  and  a  solution 
of  the  homogeneous  equation.  On  the  other  hand,  any  term  of  the  expansion 
of  1  lPn  ( D )  into  simple  fractions  applied  to  zero  satisfies  a  homogeneous  equa¬ 
tion  Pn  (D)  y  =  0,  since  Pn  (D)  may  be  expressed  in  the  form  Py  ( D )  (D  — 

—  ocjJ A  where  (D  —  ay)^h  is  a  denominator  of  the  term. 
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where  P„_x  ( x )  is  a  polynomial  of  degree  equal  to,  or  less  than, 
n  —  1. 

We  shall  show  that 

y  (x)  =  Pn,  ,  (D)  Pk  (x)  (1.18) 

is  a  solution  of  equation  (1.16)  for  s  ^  k.  Indeed,  equation  (1.17) 
implies 

Pn  (. D )  y  (x)  =  Pn(D)  Pn, ,  (D)  Ph  (x)  = 

=  (1  +  P„_x  (D)  Ds+1)  -Ph  (x)  =  Ph  {x)  + 

+  P„_X  (D)-Ds^-Ph  (x). 

But  the  last  term  equals  zero  for  s  ^  k.  Thus  formula  (1.18)  gives 
a  solution  of  equation  (1.16)  for  any  s  ^  k  and  any  solution  of 
equation  (1.16)  is  expressed  by  the  formula 

y  {x)  =  Pn,  s  (D)  Ph  (x)  +  cp  (x), 
where 

Sec.  2.  Difference  Equations 

Let  ehD  be  a  translation  operator  defined  by  the  formula 
def 

ehDf 

where  h  is  a  real  number. 

The  definition  is  justified  by  the  following  heuristic  argument: 
let  /  (x)  be  an  analytic  function  defined  in  the  2ft-neighborhood  of 
a  point  x,  — oo  <<  x  <  oo.  Then 

oo 

/(*+/*)  =  2  ~fhHx). 

On  the  other  hand,  a  formal  expansion  of  ehD  in  a  power  series 
provides 

oo  oo 

ehD/(*)  =  S  =  2  =  + 

ft=0  ft=0 

Thus,  the  expansion  in  the  Taylor  series  of  /  (x  +  h)  is  compared 
with  the  formal  expansion  of  the  exponent  ehD. 

Consider  an  equation 

2  aky(x  +  kh)  =  f(x),  /6C”, 

k—0 


(2.1) 
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where  Q°  is  a  space  of  infinitely  differentiable  finite  functions  on  R 
(i.e.,  with  a  compact  support).  Write  it  in  the  form 

Pn  (ehD)  y{x)  =  f  {*), 

where 

Pn  {ehD)  =  2  ahehhD- 

k— o 


We  assume  for  simplicity  that  all  the  roots  of  the  equation  Pn  (x)  = 

n 

=  2  akxk  are  different.  Then  an  equation  is  true 

ft— 0 


1 

Pn  (x) 


2 


(2.2) 


where  At  are  constants. 

If  y  ( x )  is  a  solution  of  an  equation 

(ehD  —  «)  y  {x)  =  /  (x)  (2.3) 

then  y  (x)  is  a  solution  of  an  equation 


/  m  .  -r-lna  lncc  ,  .  ,  ,  , 

(ehD —  a)eh  e  ‘h  y(x)  =  f(x). 

It  is  easy  to  verify  that 

(ehD  _  a)  f  (a;)  =  aeT In  “  (ehD _  1)  e~T  °  /  (a). 
Hence,  (2.3)  may  be  expressed  in  the  form 
(ehD — l)e  h  y(x)  —  —e  h  f(x). 


Consider  that  the  series  —  2  ekhD  is  a  formal  power  series  of  the 

ft=0 

function  ( ehD  —  l)-1.  It  is  easily  seen  that 

X  00  X 

e  h  lnay  (x)  =  —  -i-2  ehhDe  h  ln“ /(*)  +  */!  (x), 

h= 0 

,  .  1  T"lnaXt  -it  i  .  ,\  ~~T~ ,na  /  \  -f-lnct 

y(x)=:—  —  eh  2j  f(x  +  kh)e  h  +yi{x)eh 

ft= 0 

where  yl  (x)  is  a  solution  of  a  homogeneous  equation  (em  —  1)  y1  — 
—  0;  yx  (x  +  h)  =  y1  (x).  Hence  y1  (x)  is  a  periodic  function  of 
a  period  h.  It  can  be  proved  that  a  solution  of  equation  (2.1)  can 
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be  stated  in  the  form 

n 

!/W  =  Sl^-/W  (2-4) 

1=1 

along  the  same  lines  as  in  the  preceding  section. 

If  y  ( x )  is  defined  by  (2.4)  we  state  by  definition 

!,w=^k/w' 

Thus  the  problem  is  reduced  to  the  equation  (2.3). 

Problem.  Find  a  partial  solution  of  a  differential-difference 
equation 

y"  (x)  +  y  (x  +  1)  =  xheax, 
where  a  satisfies  the  condition  a  =  iea I2. 


Sec.  3.  Solution  of  Systems  of  Differential  Equations 
by  the  Heaviside  Operational  Method 

A  system  of  differential  equations  with  constant  coefficients  may 
be  written  in  the  form 

B  (D)  Y  (x)  =  F  (z),  (3.1) 

where  Y  {x)  =  (yx  (x),  .  .  yn  ( x )),  F  (a?)  =  (f1  (x),  ...,/„  (x))  are 
vector  functions,  and  B  ( D )  are  n  X  n  matrices  having  as  elements 
the  operators  considered  in  Sec.  1. 

It  is  easy  to  verify  that  the  operators  B(D)  constitute  a  noncom- 
mutative  algebra,  which  we  shall  denote  by  M  [D].  Let  M  [x]  be 

m 

a  matrix  algebra  having  as  elements  polynomials  P  (x)  =  2  aixl- 

i=0 

The  isomorphism  P  (x)  ->■  P  ( D )  of  the  algebras  Kx  [x]  and  Kx  ID] 
defined  in  Sec.  1  can  be  extended  onto  an  isomorphism  of  algebras 
Mix]  and  M  [D], 

Let 

B  6  M  [*],  B  (x)  =  ]|  Pij  (x)  ||. 

Let  Atj  (x)  be  the  minor  of  the  matrix  B,  corresponding  to  the  ith 
line  and  the  ;th  column  and  consider  the  matrix 

A  £  M  lx],  A  (x)  =  ||  Au  ||‘  =  ||  An  ||. 

The  following  formula  is  a  corollary  of  a  familiar  theorem  of  linear 
algebra 

A  (x)  B  (x)  —  E  -  A  (x),  (3.2) 
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where  £  is  a  unit  matrix,  A  ( x )  =  det  B  (x).  Equation  (3.2)  for 
the  corresponding  operators  implies 

A  ( D )  B  (B)  =  BA  ( D ).  (3.3) 

Equation  (3.1)  can  be  expressed  in  the  form 
A  ( D )  B  ( D )  Y  {x)  =  A  ( D )  F  (x) 

using  equation  (3.3).  Let  A  (D)  F  (x)  =  G  (x),  then 

EA  ( D )  Y  (x)  =  G  (x)  (3.4) 

or 

A  (D)  !/;  (x)  =  gt  (x),  i  =  1,  2,  .  .  .,  n.  (3.4') 

Equations  of  this  type  have  already  been  considered.  Their  solutions 
have  the  form 

^x)=Tkgi(x)’  i=1» 2>  •••»«•  (3-5) 

We  find  by  the  argument  stated  above,  that  if  Y  (x)  satisfies  the 
system  of  equations  (3.1),  then  its  components,  yt  (x),  satisfy  equat¬ 
ion  (3.4').  Note,  nonetheless,  that  if  yt  (x)  is  a  general  solution 
of  equation  (3.4'),  the  function  Y  ( x )  =  {yx(x),  .  .  .,  yn{Y))1  does 
not,  in  general,  satisfy  the  system  of  equations  (3.1).  It  is  necessary 
to  impose  conditions  on  the  integration  constants  contained  in  the 
solution  of  equation  (3.5)  for  the  function  Y  (x)  —  (yx  (x),  .  .  . 
.  .  .,  yn  (x)Y  to  be  a  solution  of  system  (3.1).  If 

then 

Y(x)  =  A  ( D )  Z  (x), 

where  Z  (x)  =  (zx  (x),  .  .  .,  zn  ( x ))  obviously  verifies  system  (3.1): 
B  (D)  Y(x)  =  B  CD)  A  (Z>)  Z  (x)  =  E A  (D)  Z  (x)  =  F  (x). 

It  is  easy  to  see  that  we  have  obtained  the  general  solution  of  sys¬ 
tem  (3.1). 

Example.  Solve  the  system  of  equations 
Dyx  (x)  +  yx  (x)  +  Dy2  {x)  =  0, 

D2yx  (x)  —  yx  (x)  +  D*y2  (x)  +  y2  (x)  =  0. 

Put  the  system  in  the  form 

(D  +  l)TPi  (x)  +  Dy2  (x)  =  0, 

(Z>2  -  1)  yx  (x)  +  (Z)2  +  1)  y2  (x)  =  0. 
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We  see  that  in  this  case  A  ( D )  —  (D  l)2.  Hence,  the  equation 
has  the  form 

y1  ( x )  —  ae~x  +  bxe~x, 
y 2  (x)  —  ce~x  +  dxe~x. 

We  obtain,  on  substituting  these  functions  into  the  first  equation 
and  dividing  by  e~x 

b  —  c  —  dx  d  —  0, 

i.e.,  d  =  0,  b  —  c.  The  substitution  of  yx  ( x ),  y2  (x)  into  the  second 
equation  provides  the  same  conditions  for  the  coefficients.  Thus, 

Vi  (x)  —  ae~x  +  bxe~x, 
y2  {x)  =  be~x. 

It  has  thus  been  shown  that  the  operational  Heaviside  method 
reduces  the  problem  of  ordinary  differential  and  differential-diffe¬ 
rence  equations  with  constant  coefficients  to  the  purely  algebraic 
problem  of  linear  algebra,  the  familiar  methods  of  which  have  been 
thoroughly  investigated.  Even  if  they  were  not  known,  it  would 
be  only  natural  to  reduce  the  analytical  problem  to  an  algebraic 
one,  familiar  or  not,  and  then  to  try  and  solve  it. 

Equations  with  variable  coefficients  are  far  more  difficult,  since 
the  corresponding  algebraic  problem  has  not  been  studied.  In  this 
case  we  understand  the  operational  method  not  only  as  a  kind  of 
reduction  of  a  differential  problem  to  an  algebraic  one,  but  also 
as  a  method  for  the  solution  of  the  latter. 

Sec.  4.  Algebra  of  Convergent  Power  Series  of 
Noncommutative  Operators 

Heaviside’s  operational  calculus  enables  us  to  solve  linear  diffe¬ 
rential  equations  with  constant  coefficients.  We  shall  now  turn  to 
equations  with  variable  coefficients 

i— o 

If  D  is  an  operator  of  differentiation,  then  the  equation  can  be 
written  in  the  form 

P  ( x ,  D)  y  (x)  =  /  (x), 

where  P  is  a  polynomial  with  respect  to  the  second  argument 
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The  main  difficulty  is  that  the  operators  of  multiplication  and  diffe¬ 
rentiation  with  respect  to  a:  do  not  commute.  Consider  the  following 
example.  Let  P  (x,  p)  be  a  polynomial  in  x,  p 

P  (x,  p)  —  xp. 

It  is  not  clear  how  to  define  P  {x,  D)  since  different  substitutions 
of  x  and  D  in  P  ( x ,  p)  produce  different  results 

xDy  (a:)  =  xy'  {x),  Dxy  (x)  =  (xy)'  =  y  (x)  +  xy'  (x). 

It  is  obvious  that  the  definition 

def 

P{(x,  D)  =  2  at  (x)  D\ 

where  P  (x,  |)  =  2  at  (x)  i\  makes  no  sense  if  we  do  not  assume 
that  the  operator  D  in  P  (x,  D)  acts  first.  Therefore  we  define  the 
operator  correctly  if  we  assume  an  order  of  action  of  the  operators 
x  and  D. 

p  (x,  b)  (xyp*. 

Thus  a  natural  generalization  of  the  definition  of  a  polynomial  in  D 
in  Heaviside’s  method  affords  a  definition  of  polynomials  in  ordered 
operators. 

We  have  introduced  rules  of  addition  and  multiplication  for 
polynomials  in  the  operator  D  in  the  case  of  constant  coefficients. 
They  turned  out  to  be  the  same  rules  as  for  ordinary  polynomials. 
In  this  section  we  shall  introduce  similar  rules  for  polynomials 
in  ordered  operators.  The  rules  will  lead  us  to  new  algebraic  con¬ 
cepts  which  we  shall  axiomatize  later. 

We  shall  consider  convergent  power  series  of  operators  as  kind 
of  “infinite  polynomials”.  From  the  example  of  Heaviside’s  method, 
we  saw  that  in  some  cases  a  solution  can  be  represented  as  a  conver¬ 
gent  power  series  (see  Sec.  2).  The  student  unfamiliar  with  the  con¬ 
cept  of  bounded  operators  may  consider  operators  as  ordinary  mat¬ 
rices. 

Besides,  in  Secs.  1-3  we  saw  that  the  concept  of  polynomials  in  D 
is  generally  speaking  not  sufficient  to  solve  differential  equations. 
Hence  in  this  case  as  well  we  shall  generalize  the  obtained  rules 
for  more  general  functions  of  ordered  operators  (see  Sec.  6). 

Let  Op  be  a  noncommutative  algebra  with  a  unit.  Elements 
A,  B,  C,  ...  of  Op  will  be  called  operators.  Let  Jb  be  an  algebra 
of  the  formal  power  series  of  variables  x,  y,  z,  ...  .  The  set  of 
variables  being  infinite,  every  function  is  a  power  series  of  finite 
number  of  variables. 

Let  #bea  set  of  formal  power  series  of  elements  of  the  algebra  Op. 
Such  series  are  defined  along  the  same  lines  as  formal  power  series 
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of  commutative  variables  but  now  two  monomials,  for  instance, 
A2B  and  ABA,  are  equal  by  definition  if  they  differ  only  by  the 
order  of  multipliers. 

An  operation  of  multiplication  is  defined  in  the  natural  way  in 
the  set  cf.  Consider  an  example  of  the  product  of  two  monomials: 

2A2BC-3CABA  —  6  -A2BC2ABA. 

The  multiplication  in  is  noncommutative. 

Now  let  the  letters  a,  b,  c  denote  some  numbers.  For  the  sake 
of  simplicity  we  shall  introduce  the  concepts  of  operational  calculus, 
for  example,  only  for  three  noncommuting  operators,  the  generalizat¬ 
ion  for  any  number  of  operators  being  obvious. 

We  shall  introduce  some  definitions  and  rules  of  computation 
of  formal  power  series  of  operators  of  the  algebra  Op.  The  rules  will 
depend  on  the  order  of  elements  of  Op. 

Put  numbers  over  the  operators,  for  example, 

1  2  3 

A,  B,  C. 

We  shall  say  that  the  operator  A  acts  first,  B— second,  C— third. 
Consider  the  following  mapping  of  the  set  A  in  ,  which,  for  every 
series 

cxi 

f(x,  y,  z)=  2  aijkxiy3zh, 

iy  7,  &=0 

provides 

/  1  2  3\  def  4”  ,  .  . 

y:  f(x,  y,  z)-y-f\A,  B,C)  =  2  aiSkChB]A\ 

i,  j,  k—0 

(  1  2  3\ 

Let  VI  \A,  B,  C )  be  an  image  of  A  by  the  mapping  p.  Algebraic 
operations  in  A  induce  by  the  mapping  p  algebraic  operations  in 

/  1  2  3\  /  1  2  3\ 

U  \A,  B,  C)  which  provide  U  \  A,  B,  Cl  with  a  structure  of  com¬ 
mutative  algebra. 

/  1  2  3\  /  1  2  3\ 

Note.  The  injection  U  \A,  B,  C)  cz  induces  in  U\A,  B,  Cj 
an  operation  of  multiplication,  which  differs  from  multiplication 

(  1  2  3  \ 

in  )\\A,B,C)  defined  above.  Multiplication  in  is  not  com* 

(  1  2  3\ 

mutative,  as  distinct  from  multiplication  in  U  \A,  B,  C )  . 

Example. 

/I  2\2  1  12  2 

\A  +  B)  =A2  +  2A£  +  B2  =  A2  +  25A4#2. 
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1  2 

Note  that  there  is  ^4  -f  B  —  A  +  B  and,  nonetheless,  the  element 
/  1  2\2  /  1  2\ 

\A  +  B)  of  the  algebra  U\A,B)  does  not  coincide  generally 
with  (A  +  B )2: 

(A  +  B)2  =  A2  +AB  +BA  +  £2=#=  (i  +  J)  . 


The  elements  A,  B,  C  have  appeared  as  formal  symbols  until 
now.  Let  us  now  take  into  consideration  that  there  exist  relations 
in  Op:  two  different  polynomials  containing  elements  of  Op  may  be 
equal  to  each  other  as  operators.  Then  we  shall  call  them  equivalent, 
which  is  denoted  by  the  symbol  ~  between  them.  Now,  let  Op  be 
Banach,  and  let  Jh'  be  the  subalgebra  of  Jl,  consisting  of  series 
convergent  everywhere.  The  set  of  all  p-operations  restricted  on  A' 
generates  a  subalgebra  of  #.  For  each  series  /  belonging  to  #' 
there  is  a  unique  element  denoted  by  [/]  which  is  its  sum. 

We  shall  call  two  elements  of  equivalent  if  and  only  if  their 
sums  are  equal. 

If 

/U  B,  C,  D)  ~f  [A,  B,  C,  D)  , 


then  we  shall 

/  1  2  2  3\ 

f\A,  B,  C,  D)  . 


denote  each  of  the  equivalent  series  by 


1  3 


2  3 


2  3 


1  3 


/  1  1\  2 

Example.  \A-{-B)C  denotes  ACA-BC  or  AC~\~BC. 
The  mapping  p  has  the  following  properties: 


/ 


(i)  /U 

(711  712  713  \ 

A,  B,  C) 


2  3 

B,  C 


\  /  m 

n2 

773  \ 

)  ~f  u, 

B , 

c ) 

if  ni  <  «2  <  ns.  Here 


/ 


B,  C  )  means  (by  definition)  that  if  /  ( x ,  y,  z)  —  2 

i,  j,  k 

/  711  712  713  \  def 

\A,  B,  C)  =  ^  CH  ...  1  m  . . .  1 AA  ...  1, 

i,  j,  k 


where  the  units  take  all  the  places  except  the  rejth,  n2th  and  n3th 
one  in  the  right-hand  side  of  each  monomial. 

(2)  If  5  =  0,  then 

/  (i,  c)  B  ~  0,  2  ahjChBAj  -  0. 


(3)  If  A  and  B  commute,  then 

I  1  2  3\  /  2  1  3  \ 

/U  B ,  c)  ~/U  B,  c) 
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(l  1  2  \ 

and  thus  both  sides  can  be  denoted  by  /  \  A,  B,  C )  .  This  definition 
makes  sense  also  if  B  =  A 


/l  1  2\  /  1 

/ U,  a,  c)  =g  U, 


where  g  (x,  z)  —  f  (x,  x,  z). 

Let 

oo 

f(x,  y,  z)—  2  aijhxly3zh. 

i,  5,  ft=0 

1  3 

We  may  substitute  operators  A  and  B  for  x,  z  and  leave  y  as  a  for¬ 
mal  variable 

/  1  S\  del  “  .  .  . 

f\A,  y,  B)  —  2  aijhBhy3A\ 

i,  j,  h— 0 

Consider  a  substitution  of  an  operational  expression  acting  second 

/I  3  \  /  1  2  k  \ 

for  y  into  /  y,  B )  .  Let  q>  \C,  D,  .  .  E )  be  an  element  of 

/  i  2  k\ 

U  E]  ,  where  some  of  the  operators  C,  D,  .  .  E 

may  coincide  with  each  other  and  with  A  and  B  as  well.  Take  by 
definition 


/  1  2  I  1  2  k\  o\  °°  ,  .  . 

/  U,  IT  \C,  D,  . . E)J,  B)  =  2  ai)kBkH3A\ 

i,  j,  k—0 

f  12  h  \ 

where  H  is  an  element  of  of'  equal  to  (p  \C,  D,  .  .  E )  ,  H3  is 
the  7'th  power  of  H  in  the  sense  of  ordinary  noncommutative  multi¬ 
plication  in  of',  i.e.,  indices  over  the  operators  in  the  expression 
in  the  double  brackets  [  J  do  not  define  the  order  of  action  of 
operators  outside  the  brackets  (and  vice  versa).  That  is  why  we 
shall  call  the  brackets  [[  ]  autonomous.  In  the  same  way  we 
define  an  operation  of  the  substitution  of  operational  expression 
of  higher  order. 


Example.  (1)  Let  ex  be  a  convergent  power  series 


2  7T 

}=0 


Then 


2  1 
-,-BH  .  IT pA 


[eB|  •  [eA]  =  2  2 
j=0  fe=0 


BiA* 

jlkl 


=  2  2 

7i=0  h=0 


/c!  (n  —  k)! 


BhAn- 


n=  0 


1  2 
eA+B. 
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oo 

„  On  ten  An 

(2)  Take  an  expression  of  the  product  T  —  eB  ^  —  eA 


n=  0 


in  powers  of  homogeneous  binomials  in  A  and  B  using  the  operational 
method.  We  have 

2  1  3  2  1  /  •>  1  \ 

T  =  eBi  [e2BAJ  eA2  =  [j>B2l  |eA  '2B+A'J  = 


32  1 


=  [eB2I  e2BA  [[eA2] 

=e(A+!)2=2 


4  3  2  1  2  2  1  1 

.  eB2+2BA+A2  __  gB2+2BA+A2  . 


(a+b) 


2  n 


2  4-  2 


n! 

n— 0  i— 0 


where  C2n  is  the  corresponding  binomial  coefficient. 


(3)  [i  +  J]2: 


(i  +  J)  (j  +  i)  =42  +  vl5  +  B2l  +  B2. 


12  3  1/1  2\  /  3  4\  5 

(4)  Al(A  +  B)fC  =  A \A+B)  \A  +  b)  C. 


Now  we  shall  introduce  an  operation  of  extraction  of  the  auto¬ 
nomous  brackets  (operation  “prime”).  Let 

f{x,  y,  z)—  2  amxiyhh. 
i,  h  ft 

Then  we  shall  consider 

/  13/2'  1  2  \  4  \ 

C,  Dh,  E)  (4.1) 


as  a  convergent  power  series  of  obtained  by  the  following  pro¬ 
cedure.  First  consider  /  (i,  |cp  (4,  4  b)j,  E  )  »  where  the  °Pe' 
rator  Bx  is  supposed  to  be  non-commuting  with  any  of  the  operators 

/  3  1  2  \ 

A,  C,  D,  E.  Denote  by  S  the  element  \2?lt  C,  D)  £  -  Then 

/(i,  fcp(4,  C,  d)i  i)=  S  amEkS}A\ 

».  i,  ft 


Now. in  every  term  of  the  last  sum  take  the  operator  Bt  (contained 
in  S})  from  its  place  to  the  right  so  that  it  might  act  immediately 
after  A\  The  obtained  convergent  power  series  will  be  denoted  by 

/  13/2'  1  2  \  4\ 

/  (^4,  [<p  \Bi,  C,  D/],  E). 


We  need  only  substitute  B  for  Bx  everywhere  in  order  to  define  the 
series  (4.1). 
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Example. 

2/  l’\  (  2  1  3\  /  4  1  5\ 

l\A  +  BC)*l=\A  +  BC)  \A  +  BC). 

We  shall  consider  an  example  where  the  operation  p  immediately 
solves  the  problem  on  being  introduced.  Let  us  take  a  set  of  all 
homomorphisms  of  the  vector  space  C™  as  Op  and  put 

(I)  =  £<p  (|),  Pip  (|)  =  —  i  dy  (Qldl,  <p  g 

Let  A  be  an  operator  of  Op;  /  ( x ,  y),  S  (x,  y),  g  ( x ,  y)  be  poly¬ 
nomials 

n  m 

f  (z>  y)  =  2  anx3yl,  g  ( X ,  y)  =  2 

i,  1=0  j,  i=0 

def 

eiS  (x,  y )  _  giS  (|,  2/)?  5  (^  y)  £  C00. 


(1  i)]  = 

™  4.32  / 1  \  /  2  1\ 

=  a;,r[[PVsU.W]g(x,  2lj. 


Hence,  using  the  identity 


pleiS  (l  y)  =  eis(l,  „)  +  g.  (x,  ,  (4.2) 

we  obtain 

1/(1,  p)j[^(^)g(i,  i)j= 

=  2  ^ivs(i.v)|p+g(x,  p)]lg(i,  i)  = 

j,  i=0 

==gis(i>y)/(x,fp  +  ^.(X,J/)])g(i,  i)  . 

Formula  (4.2)  in  the  case  of  the  operators  P  and  X  can  be  obtained 
similarly  to  1.4.  Thus  we  have  proved  the  following  theorem. 

Theorem  4.1.  Let  X,  P  be  the  operators  introduced  above;  then 

[/(I,  p)j  [«“(*.»)  g(x,  p)j~ 

~eis(x,y)f(xJp+™{X,  y)})  g{x,  p)  .  (4.3) 
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l' 

Problem.  Substitute  P  for  y  into  (4.2) 


3  (2  1\ 

ps  eiS\X,  P) 


eis(x,p)lp+M_(x,  P)f. 


(4.4) 


Obtain  an  analogue  of  formula  (4.3)  from  (4.4)  using  the  rules  and 
the  definitions  for  the  ji-operation. 

The  operator  f  {it,  p)  in  formula  (4.3)  is  called  the  Hamiltonian. 
Formula  (4.3)  will  be  called  the  formula  of  commutation  of  Hamil¬ 
tonian  and  exponential. 


I  1  2  n+ln+2\ 

Theorem  4.2.  If  f  Cu  . . .,  Cn,  B  )  ~  0,  then 


<P 


n+2\  /  1  2  n+ 1  n+2\ 

B  )  f\A,  Ct,  ...,  Cn,  B) 


0 


for  any  <p(a:,  y). 


Proof. 


<P 


I  1  n+2\ 

U,  B)f 


(i, 


C1,  . 


n+1  n+2\ 

Cn,  B) 


(  1  n+4 \  /  2  3 

—  <p  B  )f\A,Cx,  . 

~<pU,  B)lf  [A,CU  . 
Corollary.  The  relation 

[/(!,  p)|[[eiS(^)g(i,  A)] 

is  equivalent  to  the  relation 


n+2  n+3\ 

Cn,  B) 

n+1  n+2  \ 

-.,Cn,  B  )] 
~0 


f(x,  [/>  +  £' (X)])g  (I,  a)  -0. 


0. 


The  proof  follows  from  Theorem  4.2,  the  formula  of  commutation 
of  Hamiltonian  and  exponential  and  an  obvious  formula 

e-is(x)eis{x)f(x,  f P  +  S'  (Z)|)  g  (x,  1)  ~ 

~f(x,{p  +  S’  (X)])g(l,i). 

We  shall  introduce  two  formulas  of  importance  in  the  theory  of 
differential  equations. 

Difference  derivatives,  being  similar  to  derivatives  of  the  con¬ 
ventional  calculus,  are  very  important  in  the  calculus  of  non-com¬ 
mutating  operators.  We  are  therefore  introducing  corresponding 
formulas  which  will  be  very  useful  in  the  sequel. 
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Let  f  (xlt  x2,  .  .  xn)  be  a  function  of  n  variables.  An  operator 
•of  difference  differentiation  Sx  transforms  this  function  to  the  follow¬ 
ing  function  of  (n  +  1)  variables 


Si  /  (^i »  x^ .  x2i  .  •  •  >  #n) 


del  f  (x[,  x2,  xn)  —  f  (x'j,  xz ,  x„) 

X'y - 


the  first  argument  doubling  itself.  An  operator  8;-  of  difference  diffe¬ 
rentiation  with  respect  to  the  /th  argument  is  defined  similarly. 
Powers  of  the  iterated  operator  8/  act  with  respect  to  any  argument 
reproduced  by  the  previous  differentiations  (the  reader  may  him¬ 
self  see  that  the  result  does  not  depend  on  the  choice  of  the  /th  argu¬ 
ment). 


Example.  If  /  is  a  function  of  one  variable  x,  then 

6/  (s’;*' •j-'W-'TL 


82/  (x';  x";  x"')  ■■ 


/(P) 


(x'—x")  (x'  —  x'") 

_ f(x") 


f  (sm) 


1  (x"  —  x')(x"  —  x"')  1  (x"’  —  x')(x'"  —  x")  ’ 

if  f(x,  y)  is  a  function  of  two  variables,  then 

s  s  4!„'.  ..n  f  (A,  y')  —  f(x',  y")  +  f(x",  y")  —  f(x",  y') 

,x,y,y  )- - w,_yl) - • 

We  shall  use  the  notation  8/8x,  8/8y  instead  of  6lf  S2. 

Theorem  4.3.  The  following  formula  of  a  change  of  the  arguments' 
order  is  true : 


U 

where 
and  B. 


(k  b)j-lf  {a,  b)j  ~  [a3,b]  8j82/  (A;  A,  B;  b) , 

\_A,  .#]  =  ^AB  —  BAJ  is  a  commutator  of  the  operators  A 


Proof.  We  obtain  by  the  properties  of  the  p-operation 

f  AB-BA]-^'^ 


3 

A  ■ 


1 

A- 


5 

-A 


-/  U, 

b)+/U,b)- 

/  [a,  b) 

U- 

(1  2' 

1  U  B t 

-a)  (b-b) 

)  -/  [a,  b)  +f  ( 

'5  4\  (5  2\ 

.A,  B) -f  U  B ) 

U-i)  (1 

-b) 

(5  2) 

„  (i  4  \ 

1  5  4  \ 

'  U,  B) 

1 

■oTr 

- s. 

05 

I 

A  — A 
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A : 


U,  b)-i(a,  b)  \  f  (i,  b) -f  (1,  b) 


1  3 

A  — A 


1  3 

A  — A 


T=f  [/UD-/ QJ)]~  [/(i,  5)i-[/U,l)]. 


Note.  Similar  formulas  are  true  for  the  permutation  of  an  order 
of  action  of  two  operators  in  the  case  of  two  operational  arguments. 
For  example 


/ 


/  1  2  3  \  /I  2  3  \  f  3  "I  /I  5  2  4  6  \ 

U  B,  c)  -f  \B,  A,  c)  ~  U,  4J  6A/  U;  -4,  B;  B,  C) . 


Theorem  4.4.  The  following  formula  is  true 

2  /  2/1  2  l'\ 

[/U  +  5C)]^I/U  +  5Cj]  + 

1  f  4  1  I  2  6  1  r  5  l'\ 

■  +ICIA,  B]8zf\A  +  BC,  M  +  5C],  p  +  5C]j], 

Proof.  It  is  sufficient  to  prove  that 

/(^  +  5)~I/(A  +  !)]  +  lU,3£]  S2/(A  +  5,^  +  £,^W)j. 

We  have  a  relation  /  (z)  ~  /  {x  +  y)  +  (z  —  x  —  y)  8/  (x  + 

13  2 

-f  y,  z).  By  substituting  the  operators  .4,5,  ^  +  5  for  a:,  y,  z, 
respectively,  we  obtain 


f{A  +  B)~lf(A  +  B)}  +  l(A  +  B-A-B)8f(A 


yA-\-  B,  A-\-  B 


Ill- 


Using  Theorem  4.3  and  the  note,  we  obtain 


f(A  +  B)~lf{A  +  B)j  +  l{A  +  B-B)8f{A 


\A-\-  B,  A-\-  B 


)l- 


1  /  1  3  2  \  /I  2  \ 

-lA8f\A  +  B,  A  +  B)}~lf[A  +  Bk  + 


3  2 

A  +  B,  A  +  B 


+  [U  +  JJ-i)8/(A 

3/14  2  \ 

-lA6f\A  +  B,A  +  B)j  + 


)]- 


0i. 


+  1{A,A  +  B\  8zf  [A  +  B,  A  +  B,  A  +  B, 

We  have  made  use  of  the  fact  that  for  the  function 
g(x,  y,  z,  v)  —  x8f  (z  +  v;  y)  =  x 

z-fv  y 


3-01225 
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the  difference  derivative  with  respect  to  the  first  two  arguments 
is  equal  to 

6Ag(zi;  *z»  yu  i/2,  z.  y)  = 


r  /(*+”)  —  / (01) 

/(*+»)-/ (02)  1,  , 

L  Z+U— !/l 

z  +  ^-J/i  J(±  z) 

(xi—x2)  (yi—yz) 


=  S2/(i/i.  i/2.  z  +  u). 


Now  we  have  only  to  note  that  [^4,  A-\-B)  ~  [ A ,  B ]  and  that 


[  (a  +  B-b)  bf(A 


3  2 

A-f-B,  A+B 


h-lA8f(A  +  B,  A  +  B)j: 


~( 
=  ( 


A4-  B- 


)  8/  (i 


5  2 

.4 +  5,  A  +  B 


4S/U  +  £,^  +  £ 


)- 


4  3 

A  +  B-A- 


)  8/  ( 


A  +  B,A  +  B) 


0 


by  virtue  of  Theorem  4.2  (or,  more  exactly,  its  generalization), 
Q.E.D.  It  will  be  of  use  to  prove  the  following  corollary. 

Corollary.  An  expansion  is  true 

/(^  +  5)  =  /(i  +  l)+i-U,25]/"(i  +  l)+/f2,  (4.5) 

where  B2  is  given  by  a  formula ,  containing  difference  derivatives 
up  to  the  order  4. 

2  /  1  4  1  4  i  4  3  4  \ 

B-z—\.A,  [A,  B\\  83/  V  4  -|-  i?,  4  15,  4  15,  A-\~  B)  -f- 

3  /  i  21  41  65  6\ 

-f-[[^4.-6]>  15]  83/  \ A  -j-  B,  A  -f-  B,  A  -j-  B,  A -f- B )  -j- 

3  6.  /  1  5  1  8  2  1  7  \ 

+  [A,  B]  [A,  B]Vf\A  +  B,A  +  B,A  +  B,A  +  B,A  +  B)  + 

3  6  /  1  2  1  8  4  8  5  7  \ 

-\-[A,  B]  [A,  B\b'lf \A-\- B,  A-{- B ,  A-\- B,  A B,  A-\- b) -\- 

2  5  /l  41  61  8387  84 

+  [A,  B][A,  B]8if\A  +  B,  A  +  B,  A  +  B,  A  +  B,  A  +  B). 

(4.6) 

It  is  easy  to  write  out  the  next  term  of  expansion  (4.5): 

/  1  2\  A  2  /I  3  \  A  2 

/(4  +  £)  =  /U  +  £]+|[4,  B\r\A  +  B)+\([A,  [4,15]]+ 
+  [ [-4,  B] ,  2#])  /•  (  A  +  b)  + ■§■ [4*  5]a  /<«  (  A  +  5  )  + 

(4.7) 
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where  R3  is  expressed  by  the  commutators  of  the  third  order  just 
as  in  (4.6). 

Theorem  4.5.  The  following  formula  is  valid 


Proof.  Consider  the  equality 

x2,  x3)  =  cp(x1,  x2,  y3)  +  (x3  —  y3)-^(xu  x2;  x3,  y3). 

6  1  5  3 

We  use  a  substitution  xi-*-Ci,  x2->C2,  x3-+  AA~B,  y3-*-A.  Then 
we  have,  for  any  T  £  Op, 


2/61  5  \ 

Tt p  yCi,  C2,  A-j-Bj  = 


A+B )  U  +  5-l)  = 


3  \  2  4 

AJ+TB 


8<p  ( 


8x3 


6  1  3 

C 1,  C2;  A, 


(4.8) 


Hence,  in  particular,  when  cp  is  independent  of  the  second  argu¬ 
ment  and  the  function  9  (xx,  y2,  x2)  is  equivalent  to  /  (a^,  x2)  and 
Cj  ~  C,  T  ~  1  we  have 

/  (c,  4+fl)  =/ [c,  a)  +  (c;  a,  a+b). 

We  apply  formula  (4.8)  to  the  last  term  in  the  case 

cp  (xj,  x2,  X3)  =  "g~  ( xl ,  x2,  X3),  T  ~  B,  C1~  C,  C2  A. 
Then  the  sought-for  expansion  follows  from  (4.8),  Q.E.D. 


Sec.  5.  Spectrum  of  a  Pair  of  Ordered  Operators 

We  shall  first  consider  the  spectrum  of  matrices.  Let  A  be  a  mat¬ 
rix.  Let  K  be  a  set  of  polynomials  P  with  coefficients  in  C  such  that 
P  (4)  =  0,  where  the  zero  denotes  a  zero  matrix. 

Definition.  The  spectrum  a  (A)  a  C  of  a  matrix  A  is  an  inter¬ 
section  of  the  sets  of  zeros  of  the  polynomials  belonging  to  K:  ( z  £  a)  <?> 
<=>  (P  (z)  =  0  for  any  P  £  K). 

3* 
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Let  kP  (X)  be  a  multiplicity  of  a  zero  of  polynomial  P  (z)  £  K 
at  a  point  Xfo  (.4).  Define  the  multiplicity  of  the  point  X  of  the 
spectrum  as  inf  kP  (X). 
peK 

Let  Xx,  X2,  .  .  Xs  be  the  eigenvalues  of  a  matrix  A,  and  Q  (z)  = 
8 

=  U  (z  —  Xj)hj  is  its  characteristic  polynomial.  Linear  algebra 

l 

provides  the  equation 

Q  (^)  =  o. 

Hence  we  see  that  the  spectrum  of  a  matrix  coincides  with  the  fami¬ 
liar  eigenvalues  set,  the  multiplicity  of  the  eigenvectors  kj  being 
Xj.  Take  for  the  sake  of  simplicity  s  —  3.  For  any  polynomial  P  (z) 
there  exists  a  formula 

in- 1 

P{Z)=  2 

i=0 

where  Px  (z)  is  a  polynomial  with  coefficients  dependent  on  Xx. 
Similarly 

^2“  1 

Pi  (2)  =  2  4-  pf  (X2)  (z -  xzy + (z - X2)h* P2  (z), 

»=0 

h3-i 

P2  (2)  =  2  -JT  Pf  (**)  (2  -  hY  +  (2  -  ^)h3  Ps  (2) , 

i=0 

where  P2  ( z ),  P3  (z)  are  polynomials,  the  coefficients  of  P2  being 
dependent  on  Xx,  X2.  Then,  taking  into  account  that 

(A  -  Xi)hl  (A  -  X2)ft 2  (A  -  X3)ba  =  0, 

we  obtain 

hi- 1 

P(A)  =  2 
2—0 

fe2-l 

+  (A-  Xi)hl  2  <**) {A  -  + 

2=0 

k3-i 

+  (A-Xi)hi  {A-Xzf*  2  {A-X3)\  (5.1) 

i=0 

Hence  P  (A)  is  a  polynomial  of  the  order  &x  +  k2  +  k3  —  1  and 
the  matrix  P  (4)  depends  only  on  the  values  of  the  polynomial  and 
a  finite  set  of  its  derivatives  at  points  of  the  spectrum.  For  this 
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reason  formula  (5.1)  is  called  the  spectral  expansion  of  the  operator 
P(A). 

Let  A,  B  be  elements  of  the  algebra  of  operators.  Consider  a  set  K 

of  polynomials  P  (zx,  z2)  with  such  coefficients  in  C  that  P  (4,5)  = 
=  0. 

We  wish  to  extend  the  given  definition  of  the  spectrum  and  of 
the  spectral  expansion  into  the  case  of  ordered  sets  of  operators. 
For  the  sake  of  simplicity  we  confine  ourselves  to  the  spectrum  of 
1  2 

a  pair  of  operators  A,  B. 

(  1  2  \ 

Definition.  The  spectrum  a\A,  B)  a  C?  of  an  ordered  pair  of 

1  2 

operators  A,  B  is  an  intersection  of  sets  of  all  zeroes  of  polynomials 

belonging  to  K,  i.e.,  (zx,  z2  £  o  {a,  B )  )<=>  ( P  (zlt  z2)  =  0)  for 
all  P  (zx,  z2)  £  K. 

Note.  Theorem  4.2  states  that  if  Q  (zlf  z2)  6  K  then  Q  (zx,  z2)  X 
X  P  (zj,  z2)  £  K,  where  P  (zu  z2)  is  a  polynomial. 

Let  A,  B,  C  be  elements  of  the  algebra  of  operators.  Consider 
a  set  of  (zx,  z2)  of  polynomials  P  (zx,  z2)  with  such  coefficients 
in  C  that 

2  I  1  3  \ 

CP \A ,  B)=  0. 

/  1  3  \  13 

Definition.  The  spectrum  oc  \ A,  B )  a  C2  of  a  pair  A,  B  rela- 

2 

tive  to  C  is  an  intersection  of  sets  of  zeroes  of  polynomials  belonging 
to  (zls  z2);  i.e., 

(zi,  %  6  Oc  U>  b)  )  <=>  (P  (zu  z2)  =  0) 
for  any  P  ( zu  z2)  g  0 T  (zlt  z2). 

Note,  that  if  Q  (zx,  z2)  6  of  (zlt  z2),  then  Q  (zx,  z2)  P  (zlf  z2)  6 
6  of  (Zi,  z2),  where  P  (zlt  z2)  is  a  polynomial. 

Consider  an  important  example  of  the  spectral  expansion  of  the 
2/1  2  \ 

function  Cf  \ A,  B )  .  We  shall  use  formula  (4.3)  of  the  commutation 
of  Hamiltonian  and  exponential.  Take  in  this  formula 

X  =  x,  P=-i-^,  S(X,P)  =  S(x),  g(X,P)  =  g{x) 

(cf.  (4.31)).  Thus,  in  the  right-hand  side  we  obtain 


piS 


a) 


r(i  OS  ■ 


)  g(x)  =e^P)lf  [x,  [Jp+-g-|)|g(x). 
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By  virtue  of  Theorem  4.5  we  get 


j{l,  p>+-g-])g(*)= 


Calculate  the  middle  term  of  the  equation.  Consider  to  the  eSect 

.If1  3)2  ,  . 

i-fa  \x  —  x)  cp(^)  = 

=i  {■£'a:2(p(a;)— 2x  ■£-;r(p(;r)+'r2icp(a;)} =0- 

(i  3\  | 

Hence  the  spectrum  \x,  x)  with  respect  to  ih  —  is  located  in  R2 
by  the  formula  x1  —  x2.  Hence 


=  0  for  re  ^>2 


by  Theorem  4.2. 

We  have  the  following  “spectral  expansion”  as  a  corollary: 

.  I  D(  1  3)  .D(3  3)  d  ,  J  p,  f 3  3W1  3) 

l—P\x,x)~lP\x,x)-^  +  l-^;Px\XiXj\x  —  xJ~ 

~iP(x,  x)-^—i[P’x{x,  X)x^  —  P'x(x,  x)-^xl[~ 

~  iP  (x,  x)-^-  +  iP’x  (x,  x) . 

Hence 


cp(x)  ~ 

dS/dx  —  dS/dx 

.  f  df  |  d  .  1  d2f  . 

^  L  dp  |p=SS/Sa;  dx  '  2  dp 2  __as_  dx 2  J  ',2:' 

p~  dp 

An  operator  P  such  that 

P  -M-  a, 

51  dp  es  dx  ‘  2  dx 2  <9p2  as 
p=aF  p~ 


p  /  (a,  dS/dx)  —  /  (z,  dS/fa) 
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is  called  a  transfer  operator  (for  the  Hamiltonian  /  ( x ,  p)  and  the 
given  S  ( x )). 

Note  that  we  do  not  use  only  the  concept  of  spectrum  in  spectral 
expansions,  the  number  of  terms  in  the  Taylor  expansion  being 
important  as  well.  This  number  is  connected  with  a  multiplicity 
of  spectrum  in  the  case  of  matrices.  In  the  example  considered  above 
it  is  natural  to  define  the  multiplicity  of  spectrum  located  on  the 
bisector  of  the  first  coordinate  angle  as  equal  to  two.  The  problem 
of  the  multiplicity  of  spectrum  (i.e.,  the  problem  of  the  number  of 
terms  in  the  Taylor  expansion)  is  very  hard  in  general.  This  problem 
is  reduced  to  the  study  of  a  “subsidiary”  Banach  space  Bmhi  in 
Chapters  I  and  II. 

We  shall  point  out  some  analogies  between  the  given  example 
and  the  spectral  expansion  of  matrices  to  clarify  the  direction  taken 
in  investigating  the  properties  of  operators  in  Chapters  I  and  II; 
these  are  the  following: 

i 

1.  The  operator  x  acts  in  the  space  of  differentiable  functions 
because  the  second  operator  is  i  ^ .  Since  the  following  inequality 
is  valid 


jL 

dx 


e  g  (*))  + 1  elxtg  (*)|<(l  +  |f|)  max  ( |  g'  \  + 1  g  | ) 


the  operator  of  multiplication  by  eixt  increases  as  the  first  power 
of  t  in  the  space  of  differentiable  functions. 

2.  A  matrix  A,  with  a  maximal  length  of  adjoint  elements  equal 
to  1,  satisfies  the  condition 

|  eiAt  g  |  <  (1  +  |  t  |)  |  g  |, 


where  g  is  a  vector,  |  g  |  is  its  modulus. 

3.  The  Taylor  formula  in  both  cases  is  reduced  to  two  terms  of 
the  spectral  expansion.  In  Chapter  II  we  shall  see  that  the  number 
of  terms  in  spectral  expansion  is  closely  connected  with  the  estimates 
of  growth  of  the  operator  eiAt. 

Note.  In  the  sequel  it  is  important  to  bear  in  mind  the  following 
properties  of  matrices: 

(1)  any  matrix  A  may  be  put  in  the  form 

A  =  At  +  iA2,  (5.2) 

where  Ax,  A2  commute,  A2  and  Ax  have  a  real  spectrum. 

(2)  We  can  define  the  matrix  spectrum  in  the  following  way; 
let  K  be  a  set  of  polynomials  P  ( x ,  y ),  such  that  P  (Ax,  A2)  —  0, 
the  spectrum  of  the  matrix  o  {A)  is  an  intersection  of  sets  of  zeroes 
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of  polynomials  belonging  to  K,  i.e.,  x,  y  6  cr  (A)  <=>  P  ( x ,  y)  =  0 
for  any  P  (x,  y)  £  K,  the  eigenvalues  of  A  in  this  case  are  equal 
to  x  +  iy,  where  x,  y  £  a  {A). 

Thus  we  may  consider  only  real  roots  of  polynomials  of  two  vari¬ 
ables.  Therefore,  though  formula  (5.2)  is  itself  a  kind  of  spectral 
expansion,  it  is  worthwhile  remembering  when  studying  a  number 
of  non-commuting  operators,  that  each  of  the  operators  may  be  put 
in  the  form  of  a  function  of  two  operators  with  a  real  spectrum. 

We  shall  return  to  the  problem  in  Chapter  I. 


Sec.  6.  Algebras  with  p  -Structures 

The  introduced  calculus  is  still  insufficient  to  solve  differential 
equations  with  variable  coefficients.  We  shall  introduce  the  necessary 
algebraic  constructions  to  the  elect. 

We  shall  first  consider  the  most  simple  case  and  then  turn  to  more 
complicated  cases  (cf.  axioms  (p4),  (p6)  below).  We  shall  prove 
a  number  of  theorems  and,  on  their  basis,  demonstrate  in  Sec.  7 
how  they  can  be  used. 

Next  in  Sec.  8  we  shall  demonstrate  the  power  of  the  operational 
calculus  by  the  classical  example  of  the  deduction  of  the  wave 
equation.  We  shall  see  that  the  operational  calculus  provides  an 
adequate  means  for  studying  mathematical  and  physical  effects 
proper  to  the  transition  from  the  system  of  equations  of  oscillations 
of  a  lattice  to  the  wave  equation. 

The  operational  calculus  of  convergent  series  of  operators  is 
introduced  in  the  axiomatic  way,  i.e.,  the  main  points  are  formulated 
as  axioms,  then  formulas  are  derived  and  the  axioms  are  verified 
to  be  valid  for  the  basic  operators  necessary  for  the  solution  of 
differential  equations.  The  method  is  convenient  as  well  from  the 
didactic  point  of  view,  i.e.,  it  makes  easy  to  become  familiar  with 
the  ordered  operators  calculus  techniques.  We  shall  work  within 
the  framework  of  the  basic  algebraic  structures. 

Let  A  be  an  algebra  with  a  unit  over  R,  A  is  generally  noncom- 
mutative.  The  elements  of  A  will  be  called  operators. 

Let  <5®°°  be  a  set  of  infinite  differentiable  functions  /  (x),  x  £  Rft 
(k  is  not  fixed)  growing  together  with  all  their  derivatives  as  |  x  |' 
or  less  at  infinity  ( l  is  defined  for  every  function  /  separately).  Funct¬ 
ions  belonging  to  of  °°  are  called  symbols.  '  A  symbol  is  called  of 
rank  k  if  the  corresponding  function  depends  on  k  variables.  An 
algebra  A  is  provided  with  a  p-structure  if  for  any  finite  set  Alt 
A 2,  .  .  .,  Ah  of  operators  belonging  to  a  set  M  a  A  and  any  set 
of  numbers  nx,  ra2,  .  .  .,  nk  (so  that  nt  =/=  ns  if  At,  Aj  do  not  com¬ 
mute),  the  following  operation  is  defined 

p:  (xx  -a-  A!,  .  .  .,  xft->  Ak), 
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which  substitutes  an  operator  A  6  A  written  in  the  form 

(ni  nh  \ 

A  =  lf[Au  ... ,Ah) ] 


for  the  symbol  /  (xlt  .  .  .,  xh).  We  shall  cancel  out  the  brackets 
£  ],  where  it  will  not  lead  to  ambiguity.  The  operation  p  satisfies 
the  following  axioms: 

(iij)  The  homogeneity  axiom :  if  a  £  R,  then 


in  particular,  if  f  (xx,  .  .  .,  xh)  =  0,  then 

/"i  nk  X 

If  Ui,  Aj  1  =  0. 


(p2)  The  shifting  of  indices  axiom.  Let  nx,  n2,  .  .  .,  nk  and 
mx,  m2,  .  .  .,  mh  be  such  two  sets  of  indices  that,  if  i  ^t=  f  and 
(nt  <.nf)  ==$>  ( mt  <^mf),  then 


and 


/"l 

"ft  \  (ml 

mh\ 

if  Ui, . 

•,  Aj 

if  ni  —  nj,  At  =  Aj  —  A,  then 


/"  1 

ni 

nJ 

"ft  \  r  i 

ni 

"ft  \ 

Ui,  . 

•  1  A-i, 

*  *  ?  Aj ,  . 

li 

•  •  ?  . 

Ah) 

where 


g  (Xj,  #2,  •  •  •  i  •X'j-ii  *Lf+l>  •  •  •  t  •t'h)  [/  ^2!  •  •  •  >  ^h) Ixj—oc.- 

Example.  If  /  (x,  y)  =  x2y,  g  (x,  y)  =  xy2,  then 

/(A,l)=g(l,  a). 

Example.  Let  A,  B  £  M ,  then 

1  2  3  4  1  2 

4  sin  A  cos  A  sin  B  cos  B  =  sin  2 A  sin  2 B. 


(p3)  The  correspondence  axiom:  the  p-operation  transfers  the  unit 

symbol  into  the  unit  operator  and  [.4]  =  A. 

(p4)  The  sum  axiom:  if  nt  mj  for  any  i,  j,  then 


l  "1  "ft\ 

mz\ 

C/U, 

+  g  \f?l>  •  ■  • » 

= 

/"i 

"ft\ 

/  ml 

mz  \ 

=[/Ui,  • 

Ui, . 

■■'BJ 

Problem  6.1.  If  f  {xv  ..  .,  xn)  s  g  (xa(1),  .. .,  xa(n))  when  o  is  the 

/  1  n  \  /  o(l) 

permutation  of  the  set{l,  . . .,  n)  then  f  \AX,  .  . . ,  Anj  =g  \  4a(1),  . . . 
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<J(n)  \  I"  In 

...,Aa(n))  Lhint:  apply  the  operation  p:  (xt  -»-  Ait  xn->-An, 

o(l)  o(n)  \ 

z/i  — 4W  t0  the  symbol 


i*1  (a?j,  . . .  >  a;n,  i/j,  . . . ,  yn)  —  /  (a;x,  . . . ,  xn)  g  (1/1,  . . . ,  t/„)]. 

Problem  6.2.  If  /  (a^,  . .  . ,  xn+i)  =  g (xu  . . xn)  then  /  (alj,  ... 
...,An,  An+1)  =g \Ai,  . . An)  [hint:  apply  the  operation 

/  1  n  n+l  1  n  \ 

fit  \  — >■  A i,  •  •  •  ?  xn  An,  xn+{  — a4n.|.i,  z/*  — >•  4j,  •  • . ,  yn  An )  to 

the  symbol  F  (xlt  ...,  xn+l,  yt,  . .  . ,  yn)  =  /  (xt,  . . . ,  xn+l)  —  g  {yu  ... . 

•••,  i/n)]  • 

(p5)  The  product  axiom:  if  mt  <  n}-  for  any  i,  j,  then 


I  nl 

nk ) 

1  (ml 

ml\ 

u  Ui,  • 

..,+J 

1  g  \BU  . . 

-,Bl) 

(nl 

nh  \ 

(mi 

[/Ui, ... 

.  +Jj  li 1 

[Bu  - 

Example.  Under  the  conditions  of  the  preceding  example 
1  2 

sin  2 A  sin  2 B  —  [sin  2J5]  [sin  2a4J. 

(u6)  The  zero  axiom :  if 

(ni  nh\ 

[/Ui,  ...,Ah)j  =  0 

and  pA,  .  .  ph  ru  .  .  .,  rm  are  such  numbers  that  pt  <.Kj, 
rt  >»  n7-for  all  i,  j,  then  for  any  symbol  g  (xx,  .  .  .,  xi+m)  and  ope¬ 
rators  Blt  .  .  Bh  Cy,  .  .  .,  Cm,  Ci  6  M, 


(ni 

nh\ 

(Pi 

pi  ri 

rm  \ 

Ui,  • 

•  Ahj 

'  g U,  . . 

. ,  Bi,  Ci,  . 

•  ■  >  Bm) 

It  follows  from  the  stated  axioms  that  the  sum  axiom  is  in  fact 
valid  for  any  nt ,  mj.  Indeed,  the  following  theorem  is  true. 


Theorem  6.1.  (The  first  sum  theorem.)  For  any  nt,  ms  there  exists 
an  equation 


(ni 

nh  \  lm  1 

mi\ 

if  Ui,  • 

•  -  i  A h)  g  [Bi,  . 

‘;B,) 

(n  i  nh\  !m  i  mi\ 

=  [/Ui,  ■  •  • »  +/ 1  +  [sf  Ui> 

Proof.  Let  ns  ^  ms  ^  ras+1  ^  ms+1  for  any  s.  Note,  that  if 
ns  =  ms,  then  Bs,  A  s  commute  by  the  definition  of  the  u -structure. 
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Consider  a  sym 

/r»l  nk  x  / mi  mi\ 

U  •  •  ■)  -dft/  \-®i!  •  •  ■,  BlJ  !•  (6.1) 

This  sum  is  equal  to  the  sum  (by  the  shifting  of  indices  axiom) 

/  «i  nk  \  im\  mi\ 

1/  \-di>  •  •  •>  Ah)  +  g  5j/|,  (6.2) 

where  n\,  m)  are  such  indices  that 
m’i+i  >n'i+l  >  ml  >W;. 

Besides,  there  is  an  equality 


( "1 

nk  \ 

(ni 

"ft  \ 

Ui,  • 

•  •  i  Ah) 

=  /' 

Ui,  • 

Ah) 

/"*  1 

/mi 

m  'l  \ 

g 

U*  • 

*  *  j  Bl) 

=  g 

Ui,  • 

•;Bt) 

for  any  term  of  the  sum  as  well.  Then  the  sum  (6.2)  is  equal  to 

(ni  n’h  \  i  mi  \ 

UUi,  •••,  ^Jj  +  lgU,  (6.4) 


by  the  sum  axiom  since  n'  ^  m]  for  any  i,  j.  The  theorem  follows 
from  (6.2)  and  (6.3). 

Theorem  6.2.  (The  second  sum  theorem.) 


"l- 1 

"2+1 

"ft  \ 

i  Ai-i 

i  -^£+1)  • 

aJ 

'3  = 

nu  i 

"2+1 

"ft  \ 

4j-l, 

Ai+i,  ■  ■ 

■,Aj] 

3  + 

"2-1 

"2+1 

"ft  \ 

4f-i, 

4j+l,  •  • 

-,Ak)[ 

B> 

"2  def  ni 

where  Ai  +  Bi=lAi  +  B.t]. 

Proof.  We  may  assume  |  —  nt  |  >  2  for  /  =f=  i  without  loss 

of  generality  by  virtue  of  the  axiom  (|i2).  Hence 


"2  \  /"I 

"2-1  "2+1 

"ft  \ 

[+Bi)f{Al, 

.  .  .  ,  -df-f  ,  •  . 

"2  /"I 

"2-1  "2+1 

"ft  \ 

-Pi/Ui,  • 

"  •  •  >  4  2— 1 ,  -^4  2  +  1  j  •  •  • 

,Ak)j- 

"2  /"I 

"2-1  "2+1  "ft  \ 

—  E-Bj/  Ui,  . 

. . .,  Ai-i,  Ai+l,  Afo) 

1  = 

"2 

"2  +  1  "2  +  2\  /"  1 

"2-1  "2+1 

"ft  \ 

=  [[^  +  ^- 

■  4f  -  B,  J  f  Ui, 

•  •  •  j  A-i- 1,  • 
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We  obtain  the  following  formula  with  the  help  of  the  axiom  of 
sum,  the  axiom  of  shifting  of  indices  and  the  axiom  of  correspon¬ 
dence: 

(  ni  \  ni+l  «;  +  2  n.  n.+  i  n;  +  2 

[U  +  £j -At  -  Bt  ]  =  +  At  ]-[  Bt  ]  = 

=  lAt  +  B,]  -  f-4,1  -  |[B,1  =  At  +  Bt  -  A,  -Bt  =  0. 
Then  we  apply  the  zero  axiom  and  the  theorem  is  proved. 


Theorem  6.3.  (The  theorem  of  product.)  Let  nx,  n2,  .  .  .,  nk, 


Pi, 

•  Pi,  p i 

,  .  .  rm  be 

integers  such 

that  pi 

<  n},  rt  >  nj  for 

1 

'  ni  nk 

\ 

all 

i,  j  and  If  1 

^i»  •  •  ■>  Ak 

/] 

=  F.  Then 

for  any 

symbol  g  (xlt  .  .  . 

•  ,  *i,  Vi,  •  ■ 

■  ■>  Vm)  there 

is 

a  relation 

(n  i 

nu  \  (P\ 

Pi  ri 

l/Ui, ... 

Ak)  g\Bi,  . 

'  •  1 

i  Bh  Ci,  ■  ■ 

•>  Cm)  1 

= 

ni  /Pi  P;  rl  rm  \ 

=  Prg'  Ui>  .  . .,  Bi,  Ci,  . . .,  Cjj 


Proof.  We  may  assume  without  loss  of  generality  by  axiom  (p2), 
that  there  exists  such  a  number  n  that  n  =/=  nlt  .  .  .,  nh  and  pt  < 
Cn  <.r}  for  all  i,  j.  Then  we  have  by  axiom  (px)  and  Theorem  6.1: 


(ni 

nk  \ 

(Pi 

pi  ri 

rm  \ 

1/  Ui,  • 

■;Ah  J 

'g\Bi,  .. 

.,  Bi,  Ci,  . 

-;CJ 

nl  (Pi  Pi  rl  rm  \ 

-lFg{Bi,  ...,  BhCl,  ...,CJ J 


(  (nl 

nh  n\ 

(Pi 

pi  ri 

rm  \ 

l/U, .. 

■ ,Ah)-F ) 

g  { Bi,  . 

. Bu  Ci,  . 

■;CJ 

It  is  sufficient  to  apply  axiom  (p6)  to  complete  the  proof. 


Theorem  6.4.  (The  formula  of  the  change  of  indices.)  If  nt  = 
=  rij  —  1  and  |  nt  —  nt  |  >  2  when  l  =#=  i,  j,  there  exists  an  equality 


(n  i 

ni~ i  ni  nui 

ni- 1  ni 

nj+i 

If 

Ui,  •• 

•  j  Aj- 1,  Aj,  . 

■  •  • »  Aj- 1,  -dj, 

Aj+i,  .  . , 

(ni 

ni- i  nj  ni+i 

nj-i  n 

i  nUl 

— 

l/Ui, 

•  •  • »  Aj-±,  Aj,  A.\+ 1, 

. . . ,  Aj—i,  A 

j,  Aj+ 1,  .  . 

= 

iU,  a]  U, . . 

ni- 1  «rln<+1 

•  >  Aj,  •  •  • 

ni-i 

ni~  2  ni+2nUl 

nh  \ 

• »  Aj— 1, 

Aj,  Aj,  Aj+i,  . . 

•i  Ah)l, 

where  [A  j. 

At\  = 

AjAi—AiA)  is 

a  commutator  of  A  j 

(6.5) 
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Proof.  Let  k  =  2,  Ax  =  A,  A2  =  B.  It  is  necessary  to  prove 
the  equality 

If  (I,  h)j-if(k,  s)j  = 

=  |r(  a3  b)  f  U,  b)  -/  (i,  b)  +/  [a,  b)  -/  U,  b)  t 

'L'A1  1  .  B  \  /o  .  \  Jh 


/I 

1  2  ^ 
U,  Bj 

I-/I 

(i,  b) 

4/1 

f  5  4 
U,  B 

)-/' 

(1.1) 

I 

U-5 

1)1 

2 

[B 

-i) 

We  shall  put  the  right-hand  side  into  this  form  with  the  help  of 
axioms  (px),  (p2)>  (P4)  and  Theorem  6.3 


/I 

f  1  2) 
[a,bJ 

1  -/ 

Ut) 

+  /  1 

5  4 
U,  B 

)-/l 

f  5  2  \ 

U, 

( 

'  1  5 

k-4  —  ^4, 

)l 

(J 

-i) 

Q,  b) -f  (a,  b)  +/  l A,  b)  -/  (a,  b) 


3  f 

=  IA  f- 


U,  b) -/  [a,  b) 


J  +  IA 


(a,  b)  — /  (a,b) 


A  — A  A  — A 

=  [[  (a  -  A )  f.  ^  1 =l-f  (  A,  b)  +f  (a,  b)  1  = 

A  — A 

=  [/(!,  5)1-1/  (a,  l)j,  q.e.d. 

The  proof  in  the  general  case  is  the  same. 

We  shall  indicate  a  formula  for  a  composite  function. 

Theorem  6.5.  (/^-formula.)  Let  f,  g  be  symbols  of  rank  1  and  2, 
respectively ,  A,  B  operators  belonging  to  M  such  that  L4,  B ]  6  M, 

18  U,  1)|  6  M.  Then 

f(lg(A,  1)])=|[/  (g(A,l))l-KUf  A,  Bj  X 

x-^U.  b.b)**x 

x(g(A,l?),  [gU,!)],  [g(k,fl)])]|.  (6.6) 
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The  note  made  to  Theorem  6.4  is  also  true  of  this  theorem.  Indeed, 
the  following  equality  is  true 


If 


i  12  ft  ft+l  /  1  2  \  ft+2  ft+3  *+l\ 

\Ci,  C2,  . . Ch,  |[  g  \A,  B/J,  Ch+l,  Cft+2,  •••,  Cs/J  = 


( 1  2 

h 

(ft+l 

ft+2  \ 

ft+3 

s+2\ 

\Ci,  c2,  . 

•  ,ck,g 

{  A, 

B  ) 

1  £fc+L  • 

Cs) 

r  *+5  n 

Rr, 

/ft+3  ft+7  fc+9  \ 

(S/7 

/  ft+3 

ft+4 

ft+6\ 

+  EL A,  B_ 

°5 

bx\ 

-1-1, 

A,  B  )  ■ 

8x2 

\  A, 

5  ) 

( 1  2 

ft 

/ft+i  ft+9 

\  ft+2 

/  1 

2  \ 

X  ( Cl5  Co, 

»  Cft>  g 

l  A,  B 

IU 

[A, 

ft+8  /  1  2 

\ 

ft+10 

s+9 

\ 

lg\A,B 

h 

Cft+i, 

•  ■  ■  ,  Cs 

)]• 

^A+l 


(6.7) 

We  shall  call  formula  (6.7),  as  well  as  a  more  particular  formula 
(6.6),  K-formula. 

Proof  of  Theorem  6.5.  There  exists  an  equality 

8/ 


/(z)  —f{&  (xu  x2))  +  {z  —  g(x  I,  X2))-^-(g(x  J,  x2)\  z). 

/  2  1  3\ 

p:  \z-*g,  Xi-+-A,  x2-+B) 


Applying  the  operation 


to  both  sides 


2 

\z->g,  Xi->-A,  x2- 

of  the  equality,  where  5)],  and  using  the  first  theorem 

of  sum  we  get 

lf(gn  =  u(g(A,B))j  +  l{2g-g(A,  h))2L(g(A,  b),  g)j. 

We  further  obtain 

if  m=u  (g  (A,  b)  )i+it(g-g  (A,  5))  ^  (g  (A,  b),  |)i= 
i/(g(A,  fl))i  +  i[g-^(g(A,  b),D- 

-g(3A, 


]+ 


+  1 


with  the  help  of  axiom  (p2)  and  changing  the  indices  of  A  and 
by  Theorem  6.4. 

According  to  axiom  (p2)  and  Theorem  6.3 

Ite-g-  (g  (a,  b),  |)|  =  y  (A,  b)  -I-  (g  (a,  b),  J )  ]. 


Sx 


n  6/j 
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By  the  latter  formula  and  Theorems  6.3  and  6.4  we  obtain 


x 


i/(s)]=[/(sU>  £))]i+i[(g(A,  £)-*(!,  b)) 

x-g-(g(A,  b)  J)i  +  [U,5b]x 

(i.  k  b)  £  (k  B,  b)  (g (a,  b),  g,  |)|. 

The  proof  is  completed  by  axiom  (p^)  since  g  (xx,  x2)  —  g  (xx,  x2)  — 

=  0. 

Theorem  6.6.  (The  Newton  expansion.)  Let  A,  (A  +B),  B  £  M, 
f  be  a  symbol  of  rank  1.  Then 

”l“1  2  2ft  *hf  I  1  2ft+l\ 

lf(A  +  B)]^lf(An+  ^  IB  ...  B±L  [A,  ...,  A  )]  + 


ft=i 


2  2m  cmf  /  1  3  2m- 1  2m+l  \ 

+  1 B  ...B±±{a,A,  ...,  A,  A  +Z?)]. 


(6.8) 


The  note  cited  in  the  cases  of  two  preceding  theorems  is  valid 
here  as  well;  its  statement  is  left  to  the  reader. 


Proof.  First  obtain  the  following  formula: 

?)]  = 

/  1  2i —  1  2r+l\ 

U,  Ar,  A  ]|  + 


2  2r  /  1  2r-l  2r+l  , 

jJTj  ...  Trcp  \^1;  .  . . ,  Ar,  A  -f-  B) 


2  2r 

■IT,...  Tri p 


2  2 r  2r+2  /  1  2r- 1  2r+l  2r+3  \ 

+  IT  ...  Tr  B  Ar,  A,  A+B}J,  .(6. 


9) 


where  B,  Ax,  .  .  .,  Ar,  A,  A  +  B,  Tu  .  .  .,  T T  £  M,  <p  is  a  sym¬ 
bol  of  rank  r  +  1.  We  cancel  out  Tu  .  .  .,  Tr;  Ax,  ...,  A r  for 
the  sake  of  simplicity,  i.e.,  we  shall  prove 


lf(A  +  B)J-lf(An  =  lB^-  (k  4  +  b)]. 


(6.10) 


The  proof  of  general  formula  (6.9)  is  different  from  the  proof 
of  formula  (6.10)  only  by  more  cumbersome  calculations. 

There  exists  an  equality 


8/ 
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Apply  the  operation  p:  \xz-^  A-\- B,  Xi-^A) ;  by  axiom  (pi)  weget 

[/(a  +  5)-/(A)_(a  +  5-A)|^(a  +  5,  A) |  =  0. 

Hence,  by  axioms  (pt),  (p2)  and  Theorem  6.2,  we  get 

u(A+m-um= 

=  i{a+b)^l{a+b,  a)-a-^(a  +  5,  a)j  = 

=  [[(a  +  5)^(a  +  5,1)]-[[1-|(a  +  5,  A)]. 

Applying  Theorem  6.2  once  more,  we  get  the  equation 

If  {A  +  5)] -if  (A)]  =  [5-g-  (a  +  B,  A)]. 

Formula  (6.9)  is  proved.  Now  applying  successively  formula  (6.9) 
to  the  last  term  of  the  right-hand  side  of  (6.8),  we  obtain  the  proof 
by  induction.  The  theorem  is  proved. 

We  shall  define  the  spectrum  of  pairs  of  operators  of  an  algebra 
with  the  p-structure  along  the  same  lines  as  we  defined  it  in  the 
case  of  convergent  power  series  of  ordered  operators. 

Definition.  Let  A,  B  £  M.  Let  K  be  such  a  set  of  symbols  f  (xlt  x2) 
that 

(f(Xi,  x2)  6  K)  «=>  [if  (A,  5)]  =  o), 

1 

i.e.,  the  symbol  transformed  into  zero  by  the  operation  p:  (aq  ->  A , 
2  12 

x2~r  B).  The  spectrum  a  of  a  pair  A,  B  is  an  intersection  of  sets  of 
zeroes  of  functions  belonging  to  K : 

((*1,  oc2)  6  a)  <=>  (/  (xlt  x2)  =  0  for  any  f  6  K). 

Theorem  6.7.  The  set  K  is  an  ideal  of  an  algebra  of  symbols  of 
rank  2. 


Proof.  Let  f  {xu  x2)  £  K.  Prove  that  g  (xt,.x2)  f  (xlt  x2)  6  K  for 
any  g  £  ef°°  (Rn),  i.e.,  it  must  be  proved  that  if  [/  (a,  5)1  =  0, 
then  lg 


\  /  »  •  A  U.*'  '  •  •  -u 

(A,  b)  f  (a,  J)]  =  0.  There  exists  an  equality 


I*  (A,  I)/  (A,  l)]=i[g(A,  AMU?)  ] 

by  the  axiom  of  shifting  of  indices.  We  see  that 

[/(A,  5)1=0:/  (A,  5)1=0 


(6.11) 
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by  the  same  axiom.  Thus  the  right-hand  side  of  (6.11)  is  zero  by 
the  zero  axiom,  Q.E.D. 

We  derive  a  number  of  corollaries  from  the  last  theorem. 

We  shall  consider  the  two  most  important  corollaries.  First  recon¬ 
sider  the  following  version  of  axiom  (p4). 

({1,4).  Let  {/;-  ( xx ,  .  .  .,  a;*)}  be  such  a  sequence  of  symbols  that 

00 

there  is  only  a  finite  number  of  non-zero  terms  of  the  series  2  fj 

i— 1 

.  .  .,  xk)  at  any  fixed  point  (x°„  .  .  .,  x%)  and  only  a  finite  number 

/  n  1  nil  \ 

of  operators  [/;  .  .  .,  Afe/J  is  not  equal  to  zero;  then 


ks/jiU, 

j=  1 


n,  \  00  1  n. 

a)]|=2  lfi\Au 

j=l 


Theorem  6.8.  If  axiom,  (|i()  is  true ,  then  the  spectrum  of  any  pair 
of  operators  belonging  to  M  is  not  vacant. 


Proof.  Assume  the  contrary:  let  0  =  0.  Then  for  any  fixed  point 
( x],  x°)  6  R2  there  exists  such  a  function  f  (x1,  x2)  £  K  that 
f  (xlf  x2)  >  0  in  neighborhood  U  of  the  point  (x°lt  x\) .  Any  com¬ 
pact  set  in  R2  can  be  covered  by  a  finite  number  of  such  neighbor¬ 
hoods,  hence  there  exists  a  function  belonging  to  K  strictly  positive 
at  points  of  the  set.  Cover  the  plane  R2  by  squares  qtj 

<hi  =  {(*i»  xi)  6  R2;  —  s  +  i  <  xx  <  i  +  1  +  e,  7  —  e  ^ 

^  x2  ^7  +  14"  e}» 


i,  f  —  0,  ±1,  ±2,  .  .  .,  e  >  0  is  a  fixed  number. 

For  every  square  q consider  a  function  ftj  (xlt  x2)  £  K,  strictly 
positive  in  qtj.  Let  (p  ( x ),  x  £  R  be  an  infinitely  differentiable  non¬ 
negative  function  such  that  9  (x)  —  1  when  0  ^  x  1  and  <p  (x)  = 

=  0  when  x  <  —  —  and  when  x  >  1  +  .  Then  a  function 


f{x»xz)  =  2  fij{xl>  *2)q>  (xi  —  i)v(x2  —  j) 

i,  j=  —  00 

is  everywhere  positive  and  fi}  (xlt  xz)/f  (xx,  x2)  €  A  by  virtue  of 
Theorem  6.7.  Since  2  fa  ( xi,  )//  (At  xz)  ~  1>  we  have  by  axioms 
(Pa)t  (Pi) 

°  =  IS  =  ^ 

/  U.  b) 

where  1  (xx,  x2)  is  a  function  equal  to  1,  and  1  in  the  right-hand 
side  is  a  unit  operator.  This  is  a  contradiction  but  we  thus  obtain 
the  statement  of  the  theorem. 


4-01225 


50 


OPERATIONAL  METHODS 


Definition.  A  complement  of  the  spectrum  a  is  a  resolvent  set  of 
12  /  1  2  \ 

a  pair  A,  B\  it  is  denoted  by  p  \A,  B ) . 

We  shall  now  indicate  a  criterium  which  will  enable  us  to  deter¬ 
mine  the  spectrum  using  only  the  functions  of  operators  of  one  argu¬ 
ment. 

Theorem  6.9.  A  point  (X,  p)  belongs  to  p  {a,  b)  if  and  only  if 
there  exist  positive  numbers  e  and  8  and  finite  functions  p ®  (xj),  p®  (x2) 
positive  when  xL  =  X,  x2  =  p  and  equal  to  zero  when  |  x1  —  X  |  >  e, 

|  x2  —  p  |  >  8  ( respectively )  such  that  p®  (B)  p|  (A)  =0. 

Proof.  The  test  of  sufficiency.  We  have 

p®(B)p^(^=[[p®U)p^U)]i 

by  axiom  (p6).  Hence  p®  (x2)  p^{x-f)  6  K  and  the  function  does  not 
vanish  at  the  point  (X,  p).  Therefore,  (X,  p)  $  o  by  the  definition 
of  the  spectrum. 

(  i  2  \ 

The  test  of  necessity.  Let  (X,  p)  £  p  \A,  B);  then  there  exists 
a,  function  <p  £  K  positive  at  the  point  (A,,  p)  and,  therefore,  positive 
in  its  (2e,  2S)-neighborhood.  Let  p%,  p ^  be  functions  from  #°°  (R) 
equal  to  zero  outside  an  e-neighborhood  of  the  point  X  and  a  8-neigh¬ 
borhood  of  the  point  p,  respectively. 

Since  cp  {A,  B)  —  0,  we  have 

[cp  (k  b)  Pll  (b)  p%  (A)]  =  p^(5)l[cp  (i,  h)jpt,(A)  =  0. 

Let  ip  (xlt  x2)  6  tf°°  (R2)  be  a  non-negative  function  equal  to  zero 
in  an  (e,  8)-neighborhood  of  the  point  (X,  p)  and  equal  to  1  — 
—  cp  (xlt  x2)  outside  a  (2e,  28)-neighborhood  of  the  point  (A,  p). 
It  is  obvious  that 

[op  (aq,  x2)  +  cp  (xu  a:2)]  p^  (x2)  px  (xx)  =  cp  (aq,  x2)  p ^  (aq)  pk  (a:2) 
and 

[ip  (aq,  x2)  +  cp  (x1,  XJ]-1  6  #°°  (R2). 

Thus 

[UU,  b)+^(a,  b)]Pii(b)  pAa)  1=0 

and  by  axioms  (p2),  (p0) 

lUU,  s)+cp(A,l)]  1  [cp  (A,  l?)  + 

+  vp(A,  bApA^pAa) ]  =  0. 
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Therefore 

and,  finally,  by  axiom  (fXB),  ( B )  pi  {A)  =  0,  Q.E.D. 

Define  the  spectrum  o  (A)  and  a  resolvent  set  p  (M)  of  one  ope¬ 
rator  A  in  the  same  way.  It  is  obvious  that  there  are  similar  theorems 
in  the  case  of  the  spectrum  of  one  operator.  Indeed,  the  following 
theorem  is  a  corollary  of  Theorem  6.9. 

Theorem  6.10.  There  exists  an  inclusion 
o  ( A,  b)  c=  o  (4)  x  o'  ( B ). 

More  comprehensive  results  are  obtained  in  Chapters  I  and  II; 
we  need  the  concept  of  normed  algebra  to  the  effect. 

Note.  We  can  extend  the  concepts  of  the  p-algebra  and  the  algebra 
of  symbols  into  the  domain  of  topological  algebras  modifying  axiom 
(u6)  conveniently  with  regard  to  the  emerging  topological  struc¬ 
tures  (cf.  Ch.  II). 

Example  of  a  p -structure.  Let  (7^(Rn)  be  a  vector  space  of  infi¬ 
nitely  differentiable  functions  f  (xlt  .  .  xn)  (defined  on  Rn)  equal 
to  zero  outside  a  ball  (defined  for  every  function  separately)  in  Rn. 
Let  D j  and  Xj  be  operators  acting  in  (Rn)  by  the  formulas 

Dif  (x)  =  ~i  >  xif  (x)  =  Xjf(x). 

d  ~ 

We  shall  denote  Dj  by  —  i  —  and  Xj  by  xj;  the  last  notation  will 

be  used  when  it  is  impossible  to  mistake  xj  for  the  independent 
variable  xj. 

Let  P  fa,  .  .  .,  xn\  plt  .  .  .,  pn)  be  a  polynomial.  Consider 

(  2  2  1  l  \ 

a  differential  operator  P  (aq,  .  .  .,  xn ;  Dlt  The  operator 

is  written  easily  by  the  Fourier  transform,  which  is  defined  by  the 
formula 

n 

J(p)  =  (2n)  2  j  e-tr-xf  (x)  dx,  x  =  (art,  . . . ,  xn),  p={pu  . . .,  pn), 

Hn 

where  /  is  a  function,  /  (xr,  .  .  xn ). 

There  exists  an  inverse  transformation 

n 

f(x)i=(2n)  2  j  eiP'xf(p)dpr 

R™ 


4+ 
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It  is  easy  to  prove  that  Djf  (x)  —  pjf  (p).  Hence 


P 


=  (231)-"  j  r,  p)  dp  j  e-u>l/(£)d£. 

Rn  Rn 


(6.15) 


The  right-hand  side  of  (6.15)  is  also  valid  when  jP  are  continuous 
functions  (i.e.,  not  necessarily  polynomials)  of  sufficiently  slow 
growth  as  |  p  |  -*■  oo,  for  example  as  |  p  |  in  some  power.  We  can 
state  the  following  definition. 


Definition.  A  pseudodifferential  operator  with  a  symbol  H  ( x ,  p) 
/ 2  i\ 

is  an  operator  H  (x,  D  j  defined  by  the  formula 

(6.16) 


h[x,  b)f(x)  =  ( 2jx)-n  j  J  e'P'&SH  (x,  p)/(£)dg. 

R2  n 


/  1  2  \ 

Note.  The  same  formula  defines  H  \x,  D )  for  the  distributions 
(cf.  Ch.  II). 

(  1  2  \ 

In  the  same  way  we  define  an  operator  H  \x,  D ) 


h{x,  b)f(x)  =  (2n)-n  j  j  e'T><*-i)H  (t,  p)f(l)dt.  (6.17) 

r2ti 

/  2  i  \ 

The  structure  of  commutative  algebra  Upi  \x,  D)  is  now  defined 

(  2  1  \ 

in  the  set  of  operators  of  the  form  H  \a:,  D  /.  Thus 


h(x,  d)l(x,  b)  f(x)  =  (2n)~n^  j  eiv(*-m(x,p)L(x,p)f(m 

tj271 


The  operators  p  —  ih  ^ ,  x  and  the  noncommutative  algebra 

generated  by  them  are  defined  for  /  (x,  h)  £  (Rn)  X  #°°(R) 
in  the  same  way. 

Now  take  M  consisting  of  the  set  of  operators  having  the  form 


Ah  =  ih 


d_ 

dx 


dSk 

dx  ’ 


Bk  =  x; 


k  =  1,  2,  .  .  .,  Sh  =  Sk  (x)  is  a-  set  of  functions  belonging  to 

C?(Rn). 
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Note.  The  vector-operator  Ah  —  ih bas  components 

Ajk=  .  These  components  commute  with  each  other, 

hence  the  vector-operator  A %  may  be  indexed  only  by  one  number. 
Define  the  jx-operation  for  CD  (x)  g  of00  (Rn).  Let 

W  (x)  =  h^J  (-£■ ) ;  F^xg  (p)  ^  h~Tg  (  -  JL) . 


Consider  the  case  of  two  variables  for  the  sake  of  simplicity.  Take 
by  definition,  for  nl  Cm-n  cp  £  C®(Rn), 


/"i 

<dU„ 


X 


X  CD 


( 


1  2\  ± 
p,  x)  eh 


Sj(3C) 


<P(*)- 


Now  verify  axioms  (pi)-([x6). 

All  axioms  except  the  second  item  of  the  shifting  of  indices  axiom 
are  obviously  true  by  definition.  The  second  item  of  the  shifting 
of  indices  axiom  is  a  corollary  of  the  equation  Fp^xFx^p  =  1.  Con¬ 
cerning  (p,6)  see  Ch.  II. 

We  have  obtained  the  formula  of  commutation  of  Hamiltonian 
with  exponential  now  by  definition.  The  operation  “prime”  is  de¬ 
fined  similarly. 

We  shall  indicate  another  generalization  of  the  p,-structures  as 
well;  let  symbols  be  functions  defined  on  a  m-dimensional  torus 
Mm,  i.e.,  a  product  of  m  circles.  Consider  infinitely  differentiable 
functions  on  the  torus  valued  in  the  space  ^“(R”).  We  shall  denote 
the  functions  by  f  (xlt  .  .  .,  xh,  a),  where  a  £  Mm  are  angular 
coordinates  on  the  torus  and  xlt  .  .  .,  xk  are  real  numbers,  A:  depends 
on  /. 

Consider  the  algebra  Jh  and  its  subset  M  as  we  did  above.  Con¬ 
sider,  as  well,  a  subset  Mm  consisting  of  m  commuting  elements 
of  the  set  M;  B  —  (Blt  .  .  .,  Bm)  cr  Mm.  The  operation 

/  ni  nh  nh+ 1\ 

p:\x1-+-Ai,...,xh->-Ak,a->-B  ) 


is  defined  for  any  finite  number  of  operators  Alt  .  .  .,  Ak  £  M 
and  any  number  of  indices  nx,  n2,  .  .  .,  nh+1,  satisfying  the  con¬ 
dition  nt  =/=  rij  if  At  and  Aj  do  not  commute  and  nt  nh+1  if  At 
and  Bs  6  Mm  do  not  commute.  The  operation  substitutes  an  ope 
rator  i  for  a  symbol  /  (xlt  .  .  .,  xn,  a)  denoted  by 


(ni  nh 

A  =  lf\Au  ...,  Ah, 


nh+ 1 

B 


)] 
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and  satisfies  all  the  preceding  axioms  (as  if  a  £  Rm)  except  the 
correspondence  axiom,  which  is  true  only  with  respect  to  the  vari¬ 
able  x  and  is  supplemented  by  the  following  condition: 

({A3)  The  condition 

is  true  for  any  real  infinitely  differentiable  function  /  (a),  a  £  Mm 
and  the  corresponding  periodic  function  /„  (x),  x  6  Rm. 


Problem.  Consider  an  algebra  M  generated  by  elements  x  and  p 
such  that  [x,  p]  =  ih.  Take  a  function  defined  on  a  circle  of  radius  1 
valued  in  of00  as  a  symboZ  /  (aq,  a). 

Define  a  p-structure  with  axiom  (p4)  using  as  the  set  Mt  the  ope¬ 
rator  x,  such  that  the  elements  of  A  might  be  operators  acting  on 
the  functions  on  R  and  the  following  equation  might  be  fulfilled 


(1  2  \  n — 00 

p,  x)  (p( a) = 2  f  ( nh ’  a) eina  j  e_iny(p (y)  dv 


Symbols  of  the  class  of™  are  primarily  important  for  the  definition 
of  a  p-structure.  We  shall  see  later  that  the  class  tf°°  is  too  narrow 
for  our  aims.  An  extension  of  the  class  in  the  axiomatics  of  p-struc- 

tures  can  lead  to  a  situation  when  an  algebra  containing  i  ^  and  x 

has  no  p-structures. 

Consider  an  example  to  the  effect. 

Let  a  fixed  class  of  symbols  contain  functions  of  the  form 
/  (aq,  x2)  =  e±ixix*  and  let  A,  B  be  such  operators  belonging  to  M 

that  [A,  B]  =  —i  ^for  example,  A  =  —  i  B  —  x^  .  Apply  the 
formula  of  commutation  (6.5)  to  the  left-hand  side  of  the  equation 

(3  4\  2 

e-i\A-A)  B  | 

3 

and  substitute  the  operator  A  into  the  first  place.  Thus  we  get 


/I  4\  2  /l  3  2  4  \ 

1=[e-U-A)B]]_wU,  A;  5;  AJ], 

/I  3  2  4  \ 

where  a  symbol  of  the  operator  \|)  \  A,  A;  B;  A )  has  the  form 

'Ka.  pa  x;  y)==i-t&-^e~i(p~v)x  = 


iPl  —  y)  e 


-Hpi-u)x  ,  .  -i(p2-y)x 

1  —(P2  —  y)e  * 


Pl  —  P'2 


~Up,-v)x  -i(p2-y)x 

=  e~i<p'-y)x  +  (Pz-y)  - - — - 


P1  —  P2 
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Hence  by  the  axioms  of  zero  and  correspondence,  we  get 

(l  4 \  2 

e-i\A-A)B 

T  T~ 
A— A 


(1  4\  2  (l  4\  2  /  3  41 

1  =  Je-dA-Aj  B|_  |e-iU-Aj  B|_^  A  _  ^  j 


— ]  =  o. 


We  see  that  for  the  given  A,  B  6  M  and  the  class  of  symbols  con¬ 
taining  e±iXiX 2  there  does  not  exist  any  p-structure. 

Therefore  it  is  necessary  to  be  very  careful  defining  p-structures 
for  symbols  of  the  class  wider  than  df°°,  since  this  leads  to  wrong 
results  even  for  the  operators  with  symbols  of  the  class  d°°  (cf. 
the  details  in  Ch.  II). 

Now  we  shall  define  a  generalization  of  p-structures  using  an 
extended  class  of  symbols. 

Consider  a  two-sided  module  X  over  an  algebra  d ,  i.e.,  X  is  such 
a  linear  space  containing  d,  that  for  any  pair  a  £  d,  l  £  X  a  pro¬ 
duct  al  6  X  and  la  £  X,  linear  in  l,  is  defined. 

Let  X  be  a  set  of  n  +  m  elements  Ax,  .  .  .,  An,  B  of  algebra  d 
(n,  m  are  fixed)  indexed  by  kt  <  ki+1  (or  kt  >  ki+1)  and  let  C“ 
be  the  ^“-module  generated  by  the  space  of  functions  cp  ( x ,  a), 
x  6  Rn,  a  G  Mm  of  the  rate  of  growth  not  greater  than  a  power  of  x 
and  such  that 


dl  ds 
da1  dxS 


<P  (*,  «) 


i2i+;0 


+  C\J^ 


def 


0X{\x\l°). 


*1  ^ n  * n+i 

A  p-structure  is  defined  in  X,  if  for  any  set  Au  ...,  An,  B, 

^n+2  ^n+l+2 

Ci,  ...,  Ci,  where  Cj£M,  an  operation  is  defined* 


p:x:r 


■d n .  Hi  C i,  . . . ,  yi  Ci,  ct  >-  B , 


which  substitutes  an  element  L^X  for  a  function  / (x,  y,  a)  £ C^- 
The  element  L  is  denoted  by 

(h  1  hn  lln  +  l  *n+2  *n+<+ 2 

L  =  M\AU  ....  An,  B ,  C,,  ...,  Cl 

It  must  satisfy  axioms  (pi)-(p6)>  and  be  compatible  with  the  p-struc- 
ture  on  d. 

A  module  X  with  the  given  operation  p  is  defined  as  a  module 
over  d  with  a  p-structure. 


*  Of  course,  we  suppose  k-t  =/=  kj  whenever  the  two  operators  corresponding 
to  kt  and  kj,  respectively,  do  not  commute. 
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Sec.  7.  An  Example  of  a  Solution  of  a  Differential  Equation 

Consider  the  differential  equation 

:  0. 


d2u 

at2 


d2u 

dx2 


(7.1) 


Denote  by  D  =  —  i  ,  D0  — 


d 

dt 


1  /2  2\  /  2  2\ 
u  (x,  t)  —  ews'x’  Dcp  (a:,  t)  v 


(*). 


Find  n(x,  i)  in  the  form 
(7.2) 


where 

S  (x,  0)  =  0,  q>(*,  0)  =  1,  »6C,“(R). 

Substitute  function  (7.2)  into  the  left-hand  side  of  (7.1)  applying 
the  formula  of  commutation  of  Hamiltonian  and  exponential: 

(■w—  *4'S')  *)m*)= 

1  /4  4X  3  4',  1'  29  ij 

=  gtDsU*;|[*4(D  +  D^-(a:,  f))  - 

—  [D0-\-D^(x,  0)2|(p  U,  t)  v(x)  =  leiDS^x’  ^LJv{x). 

It  should  be  noted  that  L  is  a  part  of  the  operational  equation,  but 
it  is  not  an  operator. 

Let  us  transform  the  expression  of  L.  Applying  Theorem  6.4  and 
taking  into  account  that  82/  is  a  unit  operator  in  this  case  and 
r.  JWM  _  .  d2S 

L 1  dx  '  dx  J  1  dx2 
we  may  put  L  in  the  form 

«-  4  .3  ^/99/^^\\2  /  3  1  no  /  4  4»v2*i  /  2  2. 

L=  [x4  (D+D—  (x,  «))  —  (D0  +  D  —  (x,  «))  ]  <p  ~ 


1  2  q2V  tA  A\  /*  *\  L  d2S  t*  “  X 

0  +  ^1*  (*’*)• 

Then  changing  in  the  first  summand  the  order  of  action  of  the 

3  3  2  2 

operators  D,  D0  and  x,  t  by  virtue  of  Theorem  6.4,  we  obtain 

r2  /I  1  fiS  /  ^  2  \  \  2  /I  1  ,9.9  / 2  2  \  \  2  _i  /  ^  ^  \ 

I  =  [p(D+Z)^.(I,<))  -(D.  +  af-  (*,<)) 

r-2  .1  3  v  2  1  00  ,2  2,-,  /  2  2 . 

-i[*‘(D  +  D)+2**I>.g.(*,  <)]£(*,  <)  + 

+i[(K+4)+2i4(;.5)]5-(i.i)- 


,2  2 


2  2\  ,  d2S  /2.  2' 


1  2 

—  jZ)x4 


52s 

5a:2 


,2  2,  ,2  2.  1  o2c  ,2  2.  ,2  2. 

(*,  <)  <P  (*,  *)  +iD-w(x'  0  (*>  *) 


INTRODUCTION  TO  OPERATIONAL  CALCULUS 


57 


Changing  again  the  order  of  action  of  these  operators,  we  obtain 
L  =  [^(i+-^)2cp(x,  + 


+  i[-2^-S-(1  +  J|-P)+2-SLf  P+2-1 


d°-s 


(7.3) 


where  L0- 


92cp  i  d2cp 


-gz  ' xi  ~e^  ’  Assuming  that  the  first  two  terms  do 

not  contain  the  derivatives  with  respect  to  x  we  get  an  equation 
for  S: 


(*+£) -(■*-)-« 


which  is  called  an  equation  of  D-characteristics  of  equation  (7.1). 
The  equation  splits  into  two  branches: 


We  solve  the  equation  with  the  sign  ”  in  the  right-hand  side. 
Considering  the  initial  condition  S  (x,  0)  =  0,  we  obtain 


S  ( x ,  t )  — 


xzt 
1  -\-xt 


(7-4) 


Assuming  that  the  last  but  one  term  in  (7.3)  does  not  contain  diffe¬ 
rentiation  with  respect  to  x  and  applying  (7.4)  we  get  an  equation 
for  cp,  i.e.  the  transfer  equation 


<5cp  d<p 


dx 


dt 


-fa;q>  =  0. 


A  solution  of  the  equation  with  the  initial  value  q>  ( x ,  0)  =  1  is 
of  the  form 

<p  ( x ,  t)  =  (1  +  xt). 

Thus  we  obtain  L0  =  0  and 

.  2  2 
'n  x2t 

2  22  l  22  \ 

u(x,t)  =  e  l+xt  \i-\-xt)  v{x). 

Note  that 

.l/2\  i  +r°  .  „ 

e iDf\x)Vx  _ ....  _  \  etpxelPf(-x^v(p)dp  —  v(x-{-f(x)). 

V  2jx  J 

—  oo 

Therefore  we  finally  obtain 

“  +  xt)  v  {x~l To)  =  +  *0  y  )  • 
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Sec.  8.  Passage  of  the  Equation  of  Oscillations  of  a  Crystal  Lattice 
into  a  Wave  Equation 


We  shall  apply  the  developed  operational  calculus  to  a  physical 
problem.  Indeed,  consider  the  equation  of  oscillations  of  a  lattice 
and  study  the  question  as  to  which  of  its  solutions  turn  into  the 
solutions  of  the  wave  equation  when  the  step  of  the  lattice  tends 
to  zero  by  passing  to  the  limit. 

This  familiar  problem  is  a  classical  one.  It  is  hard  to  expect  the 
operational  method  to  produce  anything  new.  But,  nonetheless, 
the  operational  method  permits  us  find  unexpected  physical  and 
mathematical  corolaries.  We  shall  find  a  critical  solution  of  the 
lattice  oscillation  equation  by  the  operational  method,  which  has 
no  limit,  as  the  step  of  the  lattice  tends  to  zero.  These  critical  solut¬ 
ions  are  cores  of  physical  phenomena  discussed  in  this  section, 
some  of  which  had  not  been  known  before. 

An  example  under  consideration  in  the  section  indicates  that 
the  operational  calculus  is  to  some  extent  adequate  for  the  physical 
problem.  Indeed,  we  shall  see  that  the  equation  of  characteristics 
for  a  function  of  ordered  operators  not  only  defines  the  fundamental 
phenomena  like  the  effects  of  the  Cherenkov  type  (a  tail  of  oscillat¬ 
ions  behind  a  shock  wave)  but  indicates  the  boundary  of  Cherenkov’s 
oscillation  domain  as  well.  These  effects  are  illustrated  fairly  well 
by  computer  calculations. 

We  shall  cancel  out  an  elementary  study  of  the  obtained  formulas 
and  the  computer  calculations  in  the  other  parts  of  the  book,  but 
here  this  simple  classical  example  is  studied  thoroughly. 

(1)  Transformation  of  the  equation  of  lattice  oscillations  into 
a  wave  equation.  We  shall  consider  a  system  of  ordinary  differential 
equations  of  lattice  oscillations  and  derive  the  wave  equation. 

Consider  2 N  atoms  of  mass  m,  lying  on  the  circle  of  radius  1  at 
the  same  distance  h  =  n/N  from  each  other.  Assume  that  the  atoms 
interact  only  with  neighboring  atoms.  Let  ut  ( t )  be  a  displacement 
of  the  ith  atom  at  a  moment  of  time  t  from  the  equilibrium  position: 
here  i  =  0,  ±1,  .  .  .,  ±A,  u_N  =  uN.  The  system  of  Newton’s 
equations  for  such  a  lattice  in  the  linear  approximation  has  the  form 


„2  un+\  —  2ttn-)-Mn-l 
Un-c  p 


12  =  0,  it  1,  ...,  ~4~  N, 


(8.1) 


def  def 

where  ==  jv+i>  ^ — n  — i  —  ^n—  i»  ^ 


v 


A 

m 


is  a  velocity  of  sound. 

Assume  that  A  is  a  very  great  number.  Consider  a  smooth  function 
u  ( x ,  t )  which  takes  the  values  Uj  at  the  lattice  knots,  i.e.,  u  ( jh ,  t)  = 
=  Uj  ( t ).  System  (8.1)  assumes  the  form  of  a  differential-difference 
system  on  a  circle  or,  equivalently,  a  differential-difference  system 
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with  periodic  coefficients 

d  M-r,  t)  =  l^.\u{x  +  h,  t)  —  2u(x,  h)  +  u(x  —  h,  f)],  t>  0, 

u  (x  -\~2n,  t)  =  u  (x,  t).  (8.2) 

We  assume  that,  generally,  the  sound  velocity  c  depends  on  x 
and  c  ( x )  6  C°°  is  a  2n-periodic  function,  c  ( x )  0. 

It  is  natural  to  consider  the  smoothest  class  of  functions  generated 
by  the  values  Uj  at  the  knots,  since  only  the  values  of  u  (x,  t)  at 
the  knots  are  important.  Let  M N  be  a  vector  space  generated  by 
the  vectors  elhx,  k  =  0,  ±1,  .  .  .,  ±(N  —  1),  +N.  It  is  easy 
to  see  that  for  any  set  {uj,  j  =  0,  .  .  .,  ±N,  uN  =  u_N}  there 
exists  a  function  u  6  M N  taking  on  the  values  Uj  at  the  knots  of 
the  lattice.  Therefore  the  initial  values  for  problem  (8.2)  may  be 
put  in  the  form 

u  (x,  0)  =  vt  (x)  6  Mn,  (x,  0)  =  v2  (x)  6  Mn.  (8.3) 

Further,  applying  the  equation 
e'  1  dx>u(x,  t)  =  u(x  +  h,  t), 

we  rewrite  problems  (8.2),  (8.3)  in  the  form  of  pseudodifferential 
equation 

j 

Lhu^=  ^24|r  +  4c2 (x)  sin2  ( — Y  lk)u==0,  *>0’  (8-4) 

u  (x,  0)  =  Vi  (x),  (x,  0)  =  v2  (x),  u  (x  -f  2n,  t)  =  u  (x,  t). 

Assume 


11/11=  (j  i/w^)1/2 

-Jt 


and  take  cp  £  Cft]  t  if  the  function  (p  =  <p  (x,  t,  h)  has  s  derivatives 
with  respect  to  x,  t,  2n-periodic  in  x,  and  there  is 


sup 

0<h<l 


dhq>  (x,  t;  h) 
dxk 


OO, 


k  =  0,  1,  .  .  . ,  s- 


First  consider  a  problem  with  a  smooth  (uniformly  in  h)  right- 
hand  side 

Lhu  =  h? -f- 4c2  ( x )  sin2  (  — )  u  =  f, 
u(x,  0)  =  -|^-(x,  0)  =  0,  u(x-f-2it,  t)  —  u  (x,  t). 


(8.5) 
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Lemma  8.1.  Let  <p€Cft??2)>  then 


4  sin2 


in2(-4  i)<P=-/l2Sr+  2  ak(-ih) 


m+i 


dkq> 


+  hm+2Qmcp, 
where  ||  <?m<P  |[<c; 


am+2( p 


dx2  T  -ft  V  ■"‘7  dxk 
ft— 4 


,  a/t  are  some  fixed  numbers. 


dxm+z 

Proof.  We  have,  by  the  Taylor  formula, 

m+l  1 

4  sin2  j  =z2+  2  ahzk  —  2zm+2  j  cos(m+2>  (tz)  dx. 


ft— 4 


Hence 


^=--TSW-[!  (»■ — )”*■ 


X 


X 


The  function  in  the  brackets  may  be  obviously  put  in  the  form 
of  a  linear  combination  of  the  functions 
1  .  ,  .  a  .  i 

j  (1  —  T)m+1e±  '  lh  9x  '  i|)  (a;)  dx  =  j  (1  —  x)m+1\j)  ( x  ±  xh)  dx, 

0  0 
gm+ 2m 

whCTe  ^  = 

The  following  inequality  is  obvious: 


j  (1  —  x )m+1  (x  ±  xh)  dx  ^C||xf>||. 


The  sought-for  inequality  for  Qm<. p  follows  from  this.  The  lemma  is 
proved. 

The  first  approximation  for  the  operator  Lh  as  h-+  0  in  pro¬ 
blem  (8.5)  is  defined  as  a  wave  operator  and  is  denoted  by  Dc  or  L. 
Thus  we  have  by  Lemma  8.1 


L  = 


□  c 


def 


d2 

dfi 


'{x) 


d 2 
dx% 


The  equation  Ocu  =  f  is  called  the  wave  equation.  Therefore  we 
shall  say  that  the  system  of  ordinary  differential  equations  of  lattice 
oscillations  (8.1)  turns  into  the  wave  equation  as  h  ->  0.  But  we 
still  know  nothing  as  to  the  behaviour  of  the  solutions  of  the  system. 
Do  they  turn  into  the  solutions  of  the  wave  equation  as  h  -4-  0? 
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First  of  all,  it  is  necessary  to  verify  that  the  solutions  of  pro¬ 
blem  (8.2)  and  the  corresponding  wave  equation  exist. 

We  shall  prove  the  theorems  of  existence  and  uniqueness  for  the 
wave  equation  and  equation  (8.4)  only  for  sufficiently  small  t  and, 
what  is  important,  indicate  formulas  of  the  solutions  as  well. 

(2)  The  existence  and  uniqueness  of  a  solution  of  a  wave  equation. 
We  shall  prove  the  following  theorem  here. 

Theorem  8.1.  Let  f  £  Ch]  t  (s  is  sufficiently  large).  Then  for  0  < 
<Zt  ^  T,  where  T  is  a  number,  there  exists  a  unique  solution  u  — 
=  R0  (/)  £  Ctff  t  of  the  problem 


□  c«  =  /. 


du 


u(x-\-  2n,  t)  =  u(x,  t),  u(x,  0)  =  -^j-(x,  0)  =  0 


and  at  the  same  time, 


Jd_ 

dxl 


fio  (/)  <  2  °i'k 


k=0 


d*-f 


dxk 


1  =  0,  1,  2,  . . . ,  s, 


(8.6) 

(8.6') 


and  R0  (/)  =  R  (x,  t),  where  R  (x,  t)  is  defined  by  (8.8). 

We  shall  prove  this  theorem  (as  many  others  of  the  same  type) 
with  the  help  of  the  construction  of  a  regularizer  of  problem  (8.6), 
(8.6'). 

Definition.  Let  A  =  —i  ^  g  M,  B  =  x  6  M\  M1  be  a  circle , 

G  ( t ,  xx,  a,  s)  £  Cjg,  s  =  1,  2,  ...  be  a  sequence  of  one-parameter 
families  of  symbols  such  that  G  (0,  xlt  a,  s)  =  1,  G’t  (0,  xx,  a,  s)  =  0 
and  the  following  inequality  is  satisfied 

\fx(t,  x,  a,  s)  |<C(z?+ l)~s/2  (8.7) 


for  a  symbol  ft(:C%  of  an  operator 


1  2  dcf  /  \  /  1  2  » 

fi  (t.  A,  B,  s)  ==  [-y  +  [c*  ( B )  A*i)  G  (t,  A,  B,  s)  .  (8.7') 

1  2 

Then  G  (t,  A,  B,  s)  is  defined  as  a  regularizer  of  problem  (8.6),  (8.6') 
(we  shall  cancel  out  the  argument  s  in  the  sequel). 


Note.  The  regularizer  is  obviously  not  unique.  For  example,  we 

i 

may  add  a  function  finite  in  A  to  G  and  thus  obtain  a  new  regularizer. 
This  is  to  be  followed  henceforth,  so  that  the  support  of  the  new 
regularizer  might  be  equal  to  zero  in  the  e-neighborhood  of  xx  =  0 
and  hence  we  could  multiply  it  by  a  polynomial  in  a:;1  and  expand 
it  by  the  powers  of  x~fi,  defining  the  symbol  xf1  as  a  function  (xx), 
where  tp  (xj  has  a  support  outside  an  e-neighborhood  of  the  point 
xx  =  0,  <p  (xx)  =  1  when  xt  >■  2e. 
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Suppose  that  such  a  regularizer  is  constructed.  Now  we  shall 
verify,  that  the  theorem  can  be  proved  with  such  a  regularizer. 
Substituting  function 

*  j  2| 

R(x,  t)  =  j  £  G  (p,  A,  Bj  cD(x,  t)  d\i  dx  (8.8) 

o  o 

into  equation  (8.6)  we  obtain 

t  *~T  1  2 

—  c2  (ar)  -|^5-  =  tt*  (a:,  t)  +  [  j  fi  (p,  A,  B)  ®  (x,  x)d\id%. 

0  0 

(8.8') 

Thus,  we  have  reduced  problem  (8.6),  (8.6')  to  a  problem  of  finding 
<D  from  the  equation 

12 

<t>(a;,  f)+  |  fz  (t  —  t,  A,  Bj  cf>  (x,  x )dx  =  f(x,  t),  (8.8") 

o 

where 

hy ■>  A1  B)  =  J  fi  (t,  A,  Bj  dx 

o 

(the  initial  value  conditions  and  periodicity  conditions  (8.6')  are 
obviously  fulfilled  for  the  function  R  ( x ,  t)). 

Equation  (8.8")  is  an  integral  equation  of  the  Volterra  type  and 
is  solved  by  the  iteration  method.  Indeed,  we  take 

oo 

<D  =  2 

k= o 

where 

0)0  (x,  t)  =  f  (x,  t), 

d>i  (x,  t)=  —  j  /2  —  t,  A,  B  j  f  (x,  x)dx 

o 


(*i,  t)  =  (-l)fe  |  h  (t-r*kA,  B)  j  h  (t.- 
o  o 

2fc-3  2ft-2,  .  1  2. 

—  t2,  4,  B  j  ...  J  /2  (t*-!  — Th,  .4,  Bj  x 
0 

X  f  (x,  xh)dxk  . . .  dxv  k  =  2,3 . 
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We  have  an  inequality  for  any  (a;,  t)(zCshiu  O^T^f,  t^.T,  and 
sufficiently  large  s 

||  h  (t  —  t,  A,  Sj  if  (x,  t)  ||  =  ||  j  fi  (p,  A,  R^J  if  (z,  T)dp||< 

o 


t-t  i  2 

<  j  ||  h  (p,  A,  B )  If  (x,  r)  ||  1|  if  (x,  r) 


where  M0—  const,  by  (8.7). 

Hence  for  0  ^  t  ^  T  we  have 

IKM^  Q  |]<-(-°y—  max  II /(*.  Oil- 

Kl  O^t^T 


Hence,  the  series  2  is  convergent.  Indeed,  it  follows  from 

fc=0 

similar  inequalities  for  the  derivatives  of  <Dft  that  the  series  of 
derivatives  of  <Dfc  converges  uniformly  (and  very  rapidly  at  that), 

oo 

the  sum  d>  =  2  belongs  to  C'ht  and  the  inequalities  of  theo- 

A=0 

rem  8.1  are  true  for  R0  (/)  ==  R  ( x ,  t). 

It  is  also  obvious  that  equation  (8.8")  and,  hence,  problem  (8.6), 
(8.6'),  have  a  unique  solution. 

Thus,  what  we  need  is  to  construct  the  regularizer  of  problem  (8.6), 
(8.6')  (together  with  its  estimates)  to  prove  the  theorem.  We  shall 
proceed  by  the  familiar  operational  method.  Find  the  regularizer  G 
in  the  form 


G  ( t ,  A,  x)  =eiis(*.t)<p  (J,  t,  a)  ,  (8.9) 


where  A  =  —  i  the  functions  S  and  are  to  be  found  (here  S, 

cp  are  2n-periodic  in  x\  S  is  real). 

Substituting  operator  (8.9)  into  the  wave  equation  and  applying 
the  commutation  formula,  we  obtain 


(8.10) 
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where  the  arguments  ( x ,  t ) ,  [x,  t,  a)  of  the  functions  S  and  cp  are 
cancelled  out,  respectively. 

We  want  the  right-hand  side  of  (8.10)  (indeed,  the  expression  in 
braces)  to  be  equal  to  zero.  It  is  impossible  to  have  exactly  zero 
(in  the  case  of  the  variable  c  (a:)),  but  it  is  sufficient  to  get  a  smooth 
operator  f1  on  the  right  for  the  construction  of  the  regularizer. 

The  regularizer  G  is  considered  as  an  operator  in  a  space  of  2it-pe- 
riodic  sufficiently  smooth  functions.  Such  functions  may  be  put 
in  the  form  of  a  Fourier  series 

oo 

v{x)  =  a0+  2  0-n^nX  =  ao+l,l  (x)  ■ 

n=-  oo 
71^0 

/  1  2  \  ~ 

Note,  that  f  \A,  B )  v  (x)  —  2  anf  («>  x)einx  by  definition.  Then 

n=-  oo 

c(f,  A,  x)  v  =  G0  ( x ,  t)  -f  G  ( t ,  A,  x)  Vi,  where  G0  (x,  t ) 

(  1  2) 

—  G\t,  A,  x)  a0.  The  function  G0  is  a  solution  of  the  problem 

X  )  CLqj 

G0{x,  0)  =  a0,  (x,  0)  =  0, 

G0(x  +  2n,  t)  —  G0  (x,  t). 

Without  changing  the  regularizer  we  can  obviously  take  the  con¬ 
stant  a0  instead  of  G0,  which  satisfies  the  written  out  problem, 
but  has  a  zero  right-hand  side. 

Thus  it  is  sufficient  to  consider  the  regularizer  G  only  for  the 

oo 

functions  of  the  form  vl  (x)  —  2  aneinx.  But  for  such  functions 

n— -oo 
n=£  0 

the  operator  A~l  is  defined: 


oo 


an  ginx 

n 


n=-  oo 
n^=0 


and  all  its  powers  A~k,  k  =  1,  2,  ...  . 

Hence  the  function  <p  in  (8.9)  may  be  written  in  the  form 


<f=i  ( 

fc=0 


—  ii"1)  (pfe  {x,  t)  . 


Substituting  this  formula  into  (8.10)  and  equating  to  zero  all  coeffi¬ 
cients  of  the  powers  (— iA~l)h,  k  =  —2,  — 1,  0,  .  .  .,  s  —  1  in 
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the  braces  (8.10),  we  obtain  the  system  of  equations 

(£+0*-  0. 

U  ifP0  —  0. 

t/1cp1 -f- QcCpo  =  0,  (8.11) 


U  jCps  +  □  cCPs-l  —  0, 
where 

u<- 2 w 0 •  ‘)-w- ^ w  (-V <*.  <> + 1 )  -k + □  .s <*. ') • 

The  operator  G  satisfies  the  wave  equation  with  a  right-hand  side 

(cf.  (8.10)): 

h  (t.  A,  l)  =cms(*.«)  (Dctps)  (x,t)  (  -ii-1)  . 

We  have  hy  definition 

/  i  2  \  °° 

/ 1  U,  A,  x)  i>i  =  (  —  i)s  □c«Ps(a:,  0  2  l))- 

n=-oo 

Hence  we  see  that  f1  satisfies  the  estimates  (8.7).  Thus  we  need 
only  to  solve  system  (8.11)  with  the  initial  conditions 

G  (o,  A,  x)  =1,  (o,  A,  x)  =0.  (8.12) 


The  first  equation  (8.11)  is  the  Hamilton-Jacobi  equation  for  the 
function  S  (x,  t ): 

f  =  ±‘W(f+l).  (8.13) 

Substitute  the  initial  condition 

S  (x,  0)  =  0.  (8.13') 

Consider  the  corresponding  system  of  bicharacteristics,  i.e., 
the  Hamiltonian  system,  for  the  solution  of  the  Cauchy  problem, 

(8.13),  (8.130 

=  +  c(X±),  X±  |(=0  =  x0, 

(8.14) 


dt 

dp± 


±*L(X±)(1  +  P%  P±  |*=o  =  0. 


dt 


dx 


This  system  is  easy  to  integrate.  Let  X±  (x0,  t),  P±  ( x0 ,  t)  be 

s —  =1,  for  any  t  we  have 

dx0  i=o 


its  solution.  Since 


I.— 0 12?  5 
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QX± 

— —  ( x0 ,  t)  =/=  0  and,  therefore,  the  equation 

OXq 

x  —  X±  ( x0 ,  t) 

has  a  solution,  i.e.,  there  exists  a  smooth  solution  x0  =  x-  (x,  t ). 

Then  problem  (8.13),  (8.13')  has  the  following  2it-periodic  in  x 
solutions  (corresponding  to  the  signs  ±  in  (8.13)): 

t 


( * ,  0  =  j  [j 

o 


Note  that 


X±(XQ,  T))] 
dS 


(*o>  T)  («o.  T)  -  H±  ( P±  («0.  T). 
dx  |  +  =  xjf  (x,  t)  —  x. 


dx 


3Co  =*o  (sc-  *) 
*  {X±,  t)  =  P±. 


We  now  turn  to  the  second  equation  in  (8.11).  The  operator  Ui 
splits  into  two  operators:  £/+,  U~  corresponding  to  two  functions  S+. 
The  operator  Uf  may  obviously  be  transformed  into  the  form 


Uf  =  —2ff±  ( 


/  d 

.  1 

d2II± 

d2s± 

1 

dH  ±  \ 

V  dt± 

^  2 

dp 2 

dx 2 

2//-1-  dp 

/ 

where  H±  (x,  p)  +  c  (x)  (1  +  p),  the  variables  (X±,  t)  (Z*,  P±) 

d 

are  cancelled  out  in  the  functions  S±,  H±,  respectively, 


(8.15) 

r±  n±> 


is  a  derivative  along  the  trajectories  (8.14),  i.e., 


dt  j 


d 


dX±  d 


dt± 

By  (8.14) 
d 


dt 


dt  dx 


dt 


dx 


-%f[H±(X±(x0,  t ),  P±(x0,  i))]  =  0.  (8.16) 

Hence,  H±(X±,  P±)  =H±  (x0,  0)  =  =f  c  (x0). 

Let  (x0,  t)  —  dX±J-x0'  ^  -  Differentiating  the  equation  for  X±  (see 
(8.14)) 


dX±  dH± 


dt 


dp 


(x±,%-(x±,o) 


with  respect  to  x0,  we  get 
d  To  ro  (  d2H±  d2S± 

J  — t-  V  ~X~  I  rtf)  rt  Q 


dt 


\  dp2  dx 2 


d*H± 
dp  dx 


)■ 


On  comparing  this  formula  with  (8.16)  for  the  Jacobian 
J±  (x,  t)  42 L  2 H±  (x,  ^  (x,  t))  J°±  (xf  (x,  t),  t ) 
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we  obtain  an  equation 
d  1 


dt±V\J±\  2V\  J±, 

Hence,  for  the  operator  (8.15)  we  have 

jjdb  I  {xi  t)  ' 


(  &H± 

d*S± 

d*  H± 

V  dp* 

dx2  ~ 

dx  dp 

)■ 


1  '  Wd 


1 


v\j  d 


(■ 


d 


1  d* 


1  dH±  dH± 


dt  j 


2  dx  dp  1H  ±  dp 


dx 


)  *l>  (*,*), 

(8.17) 

where  the  variables  ^ x ,  t)j  of  the  function  H±  are  cancelled 

out  (ij)  is  any). 

We  have  made  all  calculations  making  use  of  the  most  general 
notation,  since  they  will  be  repeated  in  the  sequel.  In  our  case  for¬ 
mula  (8.17)  for  the  operator  Uf  is  of  the  form: 


Uf  ( 


1  t)  \ 

1 

f  d  ,  dc  (x)  “I 

'  V\J±\ ' 

-H 

S 

I 

L  dl±  dx  J 

] (x,  t)- 


Therefore  the  second  equation  of  (8.11)  has  two  solutions 

{xf  (x,  t))c{x) 


cpy  (x,  t)  = 


V I  J±  (*,  t)  i 


(8.18) 


where  t(?±  (x)  are  some  initial  conditions  which  ought  to  be  defined. 

In  the  same  way  all  other  equations  of  (8.11)  are  solved  by  (8.17) 
and  2n-periodic  functions  (pu,  k  =  0,  1,  2,  .  .  .,  s  are  defined  by 
some  integrals  along  the  trajectories  X±,  P±. 

Finally  the  regularizer  G  is  of  the  form 

eh, i,  1)  =  2 

±  A=0 

where  the  functions  S±,  ip*  have  been  defined  above  and 

21  /± = /+ + /- 

Now  we  need  only  to  choose  the  initial  conditions  for  <p*  such 
that  (8.12)  are  verified.  Take 

q>f  (x,  0)  =  l/2.  (8.20) 


x,t)\-iA-1),  (8.19) 


Since  J+  (x,  0)  =  2 H±  (x,  0)  =  =p2c  (x),  we  have  the  following 
equation  for  t|5±: 


i|)o  (x)  = 


1 

V  2c  ( x ) 


5 
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Take  the  conditions 

<p*  ( x ,  0)  =  0,  k  =  1,  2,  .  »  s  (8.21) 

for  all  other  functions  <p*,  k  ^  1. 

By  (8.19)  at  the  initial  moment  of  time  t  =  0,  and,  taking  into 
account  (8.20),  we  have 


G  (o,  A,  =  2  2  <P*  («,°)  i-iA-1)  = 


±  &=0 


=  S  (*,  0)  =  y  +  y=l- 

± 

The  derivative  dGIdt  is  of  the  form  (by  (8.19)) 

■|-(o,  =  iA^§r~  °)  v*  (*»  °)  + 


±  ft=0 


dt 


(l  o)l  (-<!-)*. 


(8.22) 


The  first  terms  in  (8.22)  are  cancelled  out  by  (8.20)  and  the  con- 
dS 

ditions  ( x ,  0)  =  — H±  ( x ,  0)  =  ±c  (a:)  and  we  have 


4(o,iJ)  =  ss^(*.o)(-^‘) 


±  ft=0 

dcp? 

We  find  the  derivatives  by  (8.11).  It  is  easy  to  see  that  they 

satisfy  the  condition 

d(fk  ,  AN  5<Pa 

—  (*•  °)=-  — 


(a:,  0) 


/  1  2) 

at  the  initial  moment.  Therefore,  the  operator  G  A,  x)  satisfies 
the  second  initial  condition  of  (8.12)  as  well.  Thus  the  regularizer 
for  (8.6),  (8.6')  is  constructed,  Q.E.D. 


(3)  Asymptotic  solutions  of  the  system  of  lattice  oscillations.  We 
shall  distinguish  between  the  two  problems:  (1)  finding  an 
asymptotics  of  an  exact  solution;  (2)  finding  an  asymptotic 
solution,  i.e.,  the  construction  of  a  function  which,  substituted 
into  the  right-hand  side,  is  equal  asymptotically  to  the  given  one. 

We  shall  study  problem  (1),  after  we  have  constructed  an  asymp¬ 
totic  solution  (i.e.,  after  problem  (2)).  There  is  the  following  almost 
obvious  lemma. 
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Lemma  8.2.  Let  m  >  1,  2  be  integer  numbers  and  f  £  Cfft 

be  a  function,  where  p  =  p  ( m ,  k)  is  sufficiently  great.  Then,  there 
exist  such  functions  %  £  C^t,  7=0,  .  .  .,  m  —  2  that  a  linear 
combination 

m- 2 

Um^-^R0(f)+  S  h% 

3=0 

is  an  asymptotic  solution  of  problem  (8.5),  i.e., 

h*-j^+ic*(x)sin*  T  i)  Um  =  f  +  hmFmf, 

Um(x  +  2n,  t)  =  Um  (x,  t), 

Um(x,  0)  =  ~^fL  (x,  0)  =  0, 
and  Fmf  satisfies  an  estimate 

l|fWII«S  o||4j|  ■ 

i=  1 

Proof.  Substitute  the  function  Um  into  the  equation  and  apply 
Lemma  8.1.  On  equating  to  zero  the  coefficients  of  the  powers  of  h 
we  obtain  equations  for  the  functions  7  =  0,  .  .  .,  m  —  2.  For 
example,  assuming  that  the  coefficient  of  A2  equals  zero,  we  obtain 
an  equation  for  if>0: 

□  c^0  +  «4C2  (*)  (  —  i  *  R°  W  =  °- 

Hence  we  find  by  Theorem  8.1 

'Po  =  -  o  [c2  (  -  i  £)  4  R0  (/)]  - 

and  the  function  Tp0  satisfies  the  initial  conditions  with  the  right- 
hand  sides  equal  to  zero  and  is  2n-periodic  in  x. 

In  the  same  way  we  get  all  other  functions  ipj.  The  estimate  of 
Fmf  is  obtained  from  the  corresponding  estimates  of  Lemma  8.1 
and  Theorem  8.1.  The  lemma  is  proved. 

Thus  we  see  that  the  solution  of  the  wave  equation  is  an  asymp¬ 
totic  solution  of  the  system  of  equations  of  lattice  oscillations.  But, 
firstly,  it  is  an  asymptotic  solution  for  a  sufficiently  smooth  right- 
hand  side,  and,  secondly,  it  is  necessary  to  prove  that  it  is  an  asymp¬ 
totics  of  the  sought-for  solution.  We  shall  apply  the  method  of  the 
regularizer,  studied  before  in  connection  with  the  wave  equation, 
to  find  a  general  asymptotic  solution  of  the  equation  of  lattice 
oscillations  and  to  prove  that  it  is  an  asymptotics  of  the  sought 
solution. 
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/  1  2  \ 

In  this  case  the  regularizer  is  a  usual  operator  G  \t,  A,  B )  depend¬ 
ing  also  on  h,  the  definition  is  the  same  as  before  but  in  addition 
to  (8.7)  we  demand  that 

|  U  (x1,  a,  t,  s,h)  I  <  cshs+*  (x\  +  l)-s/2.  (8.23) 

We  put  the  operator 


into  the  right-hand  side  of  (8.7'). 

If  the  regularizer  is  constructed,  we  may  obtain  an  integral  equat¬ 
ion  of  the  Volterra  type  similarly  to  item  2,  and  prove  that  its 
solution  exists  and  obtain  as  well  an  estimate  for  the  solution  uni¬ 
form  in  h  as  h  -»•  0. 

Note  that  it  is  sufficient  to  demand  only  condition  (8.7)  for  fv 

Indeed,  if  such  a  weakened  regularizer  is  constructed,  we  can 
apply  the  results  of  this  item,  i.e.  Lemma  8.2,  which  enables  us  to 
obtain  a  necessary  regularizer  correct  to  hNF,  where  F  6  C^'t,  i.e. 
to  satisfy  (8.23). 

Thus  we  have  reduced  the  problem  to  the  construction  of  such 
a  weakened  regularizer,  that  the  corresponding  right-hand  side  /4 
satisfies  condition  (8.7).  We  shall  fulfil  this  task  in  the  present 
item  with  the  help  of  ordered  operators. 

Construct  the  regularizer  for  the  system  of  equations  of  lattice 
oscillations.  Consider  problem  (8.4)  for  any  arbitrary  initial  con¬ 
ditions  vlt  v2  £  M N.  It  is  obviously  sufficient  to  consider  the  case 
v2  (x)  =  0.  Next,  put  the  function  vt  in  the  form 

iq  (x)  =  a0  +  2  anelnx  ■ 

n=-N+ 1 

The  constant  a0  obviously  satisfies  problem  (8.2).  Therefore  it  is 
sufficient  to  consider  the  initial  conditions  j 

u  (x,  0)  =  v0  ( x )  =  2  anemx;  (x,  0)  =  0. 

n=±  1 . ±(N-1),  +N 

(8.24) 

Let  A  =  —  i  ^  .  Define  the  operator  A~l  (as  it  was  done  before) 
for  the  function  v0  by  the  formula 

A~\  ^  A-'  ( 2  aneinx)  =  2  ^  6  MN. 

n=f=  0  nj=  0 

The  action  of  A~l  transforms  functions  of  this  type  into  functions 
of  the  same  type,  therefore  all  the  powers  A~h,  k  —  1,  2,  .  .  . 
are  defined  for  n0.  Besides,  an  estimate 

IM-^o  II  <  II  wo  II 
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is  obviously  true.  Then  =  iv0  (x,  h).  Therefore 

|  (A~hv0)  ||  v0 1|,  s  =  0,  1, 

Hence,  we  see  that  it  is  sufficient  to  solve  problem  (8.4)  correct 
within  functions  of  the  type  (H-,iu0). 

We  shall  find  the  regularizer  in  the  form  ( h  is  cancelled  out) 

G  {t,  co,  x )  u0  =  eiAS(x<  '■  “)  cp  ( x ,  t,  co)  v0,  (8.25) 

where  co  ==  hA,  h  =  n/N,  S,  qp  are  infinitely  differentiable  2n-pe- 
riodic  in  x  functions,  &  is  a  real  function. 

/  2  l  \ 

It  is  to  be  noted  that  an  operator  of  the  form  F  \x,  co  /  for  a  function 
v  6  Mn  is  defined  by  the  formula 

F  U,  co)  2  eihxF  (x,  kh)  ^  e~ihvv(y)dy.  (8.26) 

;£=-N+ 1  -n 


The  operator  co  is  obviously  bounded  on  MN 
II  WU  II  ^  n  II  V  II,  v  e  Mn. 


(8.27) 


Substitute  formula  (8.25)  into  equation  (8.4)  and  make  use  of 
the  formula  of  commutation  with  exponential.  Then  we  obtain 


that  G 


G  [t,  co,  x)  satisfies  equation  (8.4),  if  the  equation 

(  ,o  d2a>  l„  /  OS  \  2  h  dS  dq>  .  . 1 ,  d2S 

\h  \~df)  cp  +  2icoh  — ^  +  icoh-^rcp  + 

+  4  ic2(x)]sin2[--|-^+-ico-|^  (a;,  co)jcp}  u0  =  0, 


where  the  arguments  (x,  t,  co )  of  S,  cp  are  cancelled  out,  is  true. 
The  last  term  can  be  transformed  by  the  ^-formula  and  the  com¬ 
mutation  formula 

sin2  1  —  1LJL  +  ico  (x,  t,  co)]cp  (x,  t ,  co)  = 

=sin2  (-r(i  +  -&))«p+-f(“^)  [sill(«(i  +  lr))-S-  + 

i  1  m_1 

+  -|- cocos  (co  (l  +  cp]+  2  {  —  ih)h  x 


(x,  *,  ©) 


(8.28) 


X  (H;icp) 


(z,  ©) 


(8.29) 
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where  the  arguments  ( x ,  t,  ©)  of  the  functions  S,  q>  are  omitted. 

Here  Rh  are  some  differential  operators  of  order  k  acting  on  the 
function  <p  (x,  t,  co)  in  the  argument  x  (it  is  possible  to  write  out 
all  operators  Rk  explicitly).  The  remainder  Qm  and  all  its  commu- 

2  /  1  3  \  s 

tators  /*  =  Qm  —  — ]  ,  s  =  0,  1,  2,  ...  satisfy  by  (8.27)  the 
estimates 

II  Isv  II  <  ff.  \\v  ||,  u  €  Mn.  (8.30) 


Note,  that  hv0  =  .4-1©v0.  Hence  by  (8.28),  (8.29)  we  obtain  the 
equation 


{ [  (“■ -w) 2-4 12  (*>3 sin2  (-X  t1  +  ■£■) 


fp+ 


X 


. 2, X 

-  (i(‘+4))-&  + 


(O' 
m-  1 


2  (-ii-0 


1 


ft= 2 
3 


©  (i?h<p) 

1  l  l 


ik  t,  ©) 


[c2(x)J- 


%2(*)J  A~mu>wQm  }  v0  —  0, 


(8.31) 


/  2  1  \ 

where  the  arguments  \x,  t,  © /  of  the  functions  cp,  5  are  omitted. 
We  shall  solve  (8.31)  by  expanding  (p  in  powers  of  A-1,  i.e., 

m~2/  i  \*  /  2  i\ 

cp=  2j  K—iA1)  cpft  U,  ®/  . 

h=  0 


Substituting  this  formula  into  (8.31)  and  equating  to  zero  all  coef¬ 
ficients  of  the  powers  (— iA~l)h,  k  =  0,  .  .  .,  m  —  1,  we  obtain 
a  system  of  equations 


R;<P«  =  0,  (8.32) 

^i<Pl+  ^2%  =  0) 


-RitPft  4~  ^2fPft-i  4~  •  •  •  +  ^A+ifPo  —  0,  k  —  1,  2,  .  . . ,  m  —  2, 
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where 


Tj'  _  ty  dS  0  C) 

z  dt  dt  ^ 
d-S 


C2  (*) 


(•(*+■£))£+ 


and  the  operators  R'u,  k  =  2,  .  .  m  —  1  are  given  by  the  following- 
formulas: 

R’k  =  —  4 ah~2c2  (x)  Rh. 

Assume  that  S  and  (pA  are  found  from  equation  (8.32).  Then  we 
see  that  the  function 


Vm  (x,  t) 


m-  2 

=  s « 

ft=0 


i  ASV. 


(  x,  t,  o>)  (—  iA~l) 


v0  +  a0 


satisfies  equation  (8.4)  correct  within  the  function 

Km  (x,  t)  =  c^(*.  ®)  [h^i-m+2]  y0,  (8.33) 

where  the  operator  is  given  by  the  following  formula 

3  Im- 1  i-  2  j 

<?m  =  4  |c2  (a:)]  {  2  S  (-Om_2®,_2X 

U=2  1=0 

(2  1\  (  1  \l  2  1  \ 

X  (Rjym-J+i)  U,  t,  coj  I  +(?mcom-2).  (8.34) 

We  have,  as  well, 


(  1  dx)Km  ^  _ 


=  {"S'  ( *»  “)  e1^** h2(kJt~m+3- 

_  giisd  1.  ®)/*2  ^-m+2  + 

1/3  1  \  2  1  .. 

+  i.  ®  J  h2Q'mA~m+3  }  y0. 


We  have  from  (8.34)  and  (8.30) 


^  gx  Km  {x,  t) 


<Cj||i;o| 


where  cL  =  const. 

The  estimates  for  all  other  derivatives  are  obtained  similarly: 


ds 

dxs 


Km  (x,  t) 


s  =  0,  1,  2 


7  1  7 


. ,  m  — 2. 
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Therefore,  if  sup  ||  ||  ^  c,  then  the  function  Vm  satisfies 

0</i<l 

equation  (8.4)  correct  within  an  element  from  C™(2>: 

|>-p-  +  4c2  (x)  sin2  = 

We  turn  now  to  the  solution  of  equation  (8.32).  Firstly,  we  have 
the  equation  of  Hamilton-J acobi  for  the  function  S  ( x ,  t,  co): 

“__±2^fsi„J2-(l+|L).  (8.35) 

The  initial  condition  is 

S  (x,  0,  co)  =  0.  (8.35') 

Consider  the  corresponding  system  of  characteristics  for  the 
solution  of  the  Cauchy  problem 

r  -Tc(x*icosr^<i -Mn! . 

{  l  1  J  (8.3G) 

l  T =  ±  |>  0  +  pt>]  I!  <X*>'  ;>±  !«-" -0' 


The  system  is  easy  to  integrate.  Let  X±  ( x0 ,  co,  t),  P±  (x0> 

Q-£±  I 

be  its  solution  (the  spectrum  o  (co)  6  [—it,  it]).  Since  — — 


co,  t) 
=  1 


the  equation 


x  =  X±  (x0,  co,  t) 


(8.36') 


can  be  solved  for  sufficiently  small  t,  i.e.,  there  exists  a  sufficiently 
smooth  solution  x0  =  xf  ( x ,  t,  co).  Then  problem  (8.35)-(8.35') 
has  the  following  2jt-periodic  in  x  solution 

S±  {x,  t ,  co)  =  j  Ip*  {x0,  co,  t)  (x0,  CO,  T)  ± 

0 


±  2  sin  [  -£-  (1  +  P±  (x0,  co,  T))]  } 

X  dx 


X 


Xo=Xo  (*»  ©) 


Equations  (8.32)  are  further  solved  just  in  the  same  way  as  in 
item  2  for  the  wave  equation. 

Thus  the  weakened  regularizer  of  problem  (8.4)  is  found  in  the 
form 


G 


(t. 


)m- 2 
±  h= 0 


i 

eMS± 


'2  n 

.x,  t,  a)  ± 

CPft 


/  2 

1  \  / 

1  \* 

U,  i 

CO  J  1 

© 

ft 

1 

T 

(8.37) 
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Now,  considering  the  note  made  at  the  end  of  the  last  item,  we 
obtain  the  following  theorem. 


Theorem  8.2.  For  sufficiently  small  t  there  exists  a  unique  solution 
of  problem  (8.4)  which  can  be  put  into  the  form 

u  (x,  t)  =  G  {t,  A,  b)  v0  —  h~2R0  ( Km )  +  0  (h), 
by  condition  (8.24). 

We  shall  indicate  a  few  simple  corollaries.  For  this  purpose  we 
must  put  formula  (8.37)  into  the  form  of  an  integral,  using  a  pseudo¬ 
differential  operator  on  a  circle,  and  to  study  an  asymptotics  for 
h  — ^  0  of  the  integral  by  the  method  of  stationary  phase  (a  simplified 
version  of  the  saddle-point  method  for  the  real  case). 

First  introduce  a  new  version  of  the  proof  of  the  stationary  phase 
method. 


(4)  The  stationary  phase  method.  Consider  an  integral 

)  e  h  <V(y)dy, 


1(h) 


Y  2nh 


520 


where  <f>  (y)  6  C°°  (R),  q>(y)  (R),  -^-^=0  for  y  £  supp  q>  and 


the  equation 


5<D 


dy 


0  has  a  unique  solution  y  —  y0  for  y  £  supp  q>  (y), 


i.e.  a  stationary  point. 


Lemma  8.3.  Under  the  above  conditions  for  any  1  there  is  an 
expansion 

.  n  .  it  . .  „ .  ®(J/o)  N 

T  (j/o)  +  2  (yd) )  + 

h=  1 

+  0(hN+l),  (8.38) 

where 


I  (h)  =  e~  e~{isn  i[vn  _i 


V\  iyd)  \ 


-|-sgn  <»"(y o) 

ih  (!h)  =  j  V J  (y,  h) 

0 


52  1 

9x2  VJ{y,  ti) 


C-t  2 

•••  j  VJ(y,th)  Sr  yr^  v(y)dtl...dth  j^0 

where  y  —  y(x,  t)  is  a  solution  of  equation  (8.49)  and  the  Jacobian 
J  ( x ,  t)~J  (y  (x,  t),  t) 
is  defined  by  formula  (8.48). 
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For  the  proof  we  shall  apply  the  asymptotics  for  h-*-0  of  the 
Cauchy  problem  for  the  Schrodinger  equation  of  the  oscillator 


<9tb  ^  »  *2  — 0>(x) 

~ih -r: =-- 2- -W+— =  *(*)«*  • 


(8.39) 


This  asymptotics  is  called  quasiclassical.  On  substituting  the  follow¬ 
ing  function  into  (8.39) 


-( l-sgn  () 


t)=- 


(2nh  |  sin  1 1)1 


-[cos  tx2-2xy+cos  ty 2] 


h<SKv\{y)dy 


(8.40) 


we  see  that  it  is  the  solution  of  Problem  (8.39).  On  taking  x  —  0, 
t  =  +  ^  in  formula  (8.40),  we  obtain 


I(h)  =  ' P  (0, 


(8.41) 


On  the  other  hand,  taking  x  =  0,  t  =  —  ~  in  (8.40),  we  get 


I  (h)  =  e  *  of  (0,  — n/2). 


(8.42) 


Thus,  by  virtue  of  (8.41),  (8.42)  the  expansion  of  the  function  I  ( h ) 
in  a  series  happens  to  be  a  quasiclassical  asymptotics  of  the  solution 
of  the  Cauchy  problem  (8.39).  We  shall  find  a  solution  of  (8.39) 
in  the  form  of  an  asymptotic  series 


\|>  (x,  t,  h)  =  e  h  X'  [(p0(z,  t)  +  hq>1(x,  t)+  . .  . 

•  •  •  +  hNc pN  (x,  t)  +  . . .]  e h  S(X’  °  ip  (x,  t,  h), 


(8.43) 


where  S  (x,  t)  6  C°°,  <p t  ( x ,  t)  €  C°°  are  the  sought  functions. 
On  substituting  the  function  i|)  (x,  t,  h)  defined  by  equation  (8.43) 
into  equation  (8.39),  we  obtain 


es 

.  dt 

2  r 

<8-«> 


On  equating  to  zero  the  term  not  containing  h,  we  obtain  the  Hamil- 
ton-Jacobi  equation  of  the  oscillator 

-S--7  [(£)■+*■]•  <«•«> 

Let  S  (x,  0)  =  <D  (x). 


(8.45) 
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Consider  the  Hamiltonian  system  of  the  oscillator 


g  =  p, 

p=  —q, 


q  (0)  =  y, 

P(  °>  =  f^>- 


(8.46) 


Its  solutions  are  obviously  the  functions 

q{t,  y)  =  y cost +  — -sint]  p  {t,  y)  =  -~- cos  t  —  y  sin  t.  (8.47) 

The  functions  q  and  p  are  called  trajectories  of  the  Hamiltonian 
system  (8.46).  Denote  by 

J(y,  t)^L^-(t,y). 

By  (8.47)  we  obtain 
/  (y,  t)  =  cos  t- 


dy* 


sin  t. 


(8.48) 


It  follows  from  this  formula  that 


(1)  if 


dy 2 


0  for  y  g  supp  <p  (y) ,  then 


J{y,t)=£  0  when  y  6  supp  <p  (y), 


d2<t> 


(2)  if  —  <0  for  supply),  then 
j  (y,  t)^0  when  y  6  supp  <p  (y),  — 


0. 


Assume  in  the  sequel  that  >  0.  All  the  arguments  are  the 

same  in  the  case  <0,  if  t  is  changed  for  (— t). 

Denote  by  y  —  y  ( x ,  t)  a  solution  of  the  equation 
q  ( t ,  y)  =  x,  (8.49) 

which  exists  by  the  theorem  of  the  implicit  function.  By  analogy 
with  item  2  we  obtain,  that  a  solution  of  equation  (8.45)  is  given 
by  the  formula: 

t 

S  (x,  f)  =  <D  (y  (x,  t))  +-L  j  [p2  (t,  y)  —  q2  (t,  y)]  dx  \y=vix>  t). 

(8.50) 

Consider  the  remaining  terms  in  equation  (8.43).  Introduce  a 
vector  field 


i  /j  /  ..  J\V 


d  det  d 
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We  want  to  calculate  the  derivative  J  (y  (x,  t),  t).  Note 

first,  that  the  vector  field  d/dx  corresponds  to  the  differentiation 
along  the  projection  on  the  plane  ( x ,  t)  of  the  trajectories  of  the 
Hamiltonian  system.  We  have 

4-  j  (y  (X,  t ),  t)  |i=i0  =  lim  -J(y(x'  to) ’  to+At)f~L{y..[x’  *o>»  fo)  = 

d%  Af-*0 

=  J(y  (x,  t0 ),  t0)  lim  ~l-  , 

At-0  AE 

where  /  ( x ,  At)  corresponds  to  the  Jacobian  of  the  shift  transfor¬ 
mation  along  the  trajectories  of  the  following  Hamiltonian  system 

q  =  P,  ?(0)  =  x=g0, 

p=—q,  p{0)^p{t0,y(x,to))  =  p0. 

def 

In  order  to  calculate  J  (x,  At)  =  J m,  we  note  first  that  the  Hamil¬ 
tonian  system  provides  the  equation 

q  (At)  =  x  +  p0  ■  At  +  O  (At2) 

and 

At = =  i +^rAt+o  W- 

It  is  easy  to  see  that  the  function  S  (x,  t)  defined  by  (8.50)  satisfies 

d  S 

the  condition  ^  =  p.  Finally, 

(l i(x,  t),  0|t=<o  =  -§-  =  4i'(a:’  to)J(y(x,  t0)t0). 

Denote  now 

J  —  J  (x,  t)  =  J  (y(x,  t),  t). 

Hence  for  any  0(x,  t)^C°° 

d  /  Q(x,  t )  \  1  dQ  19  d2S 

dx  \  yj  )  ~  yj  dx  2  y~j  dx 2 

Now  put  in  (8.43) 

and  substitute  the  function  i|;  (x,  t,  h)  from  equality  (8.43)  into 
equation  (8.39);  then  equating  coefficients  of  equal  powers  of  h 
to  each  other  and  applying  formulas  (8.44),  (8.51),  we  obtain  a  re- 
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current  system 


dx 


=  0, 


0oM  =  <p(y), 


_  -i/y  #2  9ft- 1 
dx  '  dx 2  j/y  ’ 


01  |<=0  —  •  ■  •  =  0 ft  |i=0  =  0- 


Hence  it  follows  that  0o(x,  t)  =  ty(y(x,  t))  and  0fe,  1  is  defi¬ 
ned  by  the  formula 


0ft(*>  *)-  J  V  J(h)  dx2 


&■  l 

9x2  VjW 


k-1 


f  Vj 


<p  (y) 


0x2  yj(th) 


dtb 


dti, 


(8.51) 


where  J  (tj)  =  J  (a:,  tj)  and  the  integration  is  carried  along  the 
trajectories  of  system  (8.46). 

Now  we  shall  prove  that  the  function  i|)  ( x ,  t,  h)  defined  by  equat¬ 
ion  (8.43),  where  the  functions  cpft  (x,  t)  and  S  (x,  t)  has  been  just 
found  by  us  is  indeed  an  asymptotic  expansion  of  problem  (8.39). 
Take 

iS(x,  t)  N 

^iv  (x,  t,  h)  =  -  e  h  f  cp  (z/  (x,  t))  +  2  h%  {x,  t)  1  . 

V J  (*.  0  L  ZZ,  J 


We  must  prove  that  the  function  (x,  t,  h)  is  insignificantly 
different  from  the  function  (x,  t),  i.e.,  the  exact  solution  of  pro¬ 
blem  (8.39). 

Indeed,  we  shall  prove  that 


N+-—- 

max  |  (x,  t,  h)  —  \p  (x,  t)  \  =  0  (h  2).  (8.52) 

(X,  i)£Rnx[0.^] 


In  order  to  obtain  estimate  (8.52)  we  note  that  {x,  t ,  h)  satis¬ 
fies  the  equation- 


—  ih 


d'pN 

dt 


dx% 


w  Jr**.  0  d2  9a-  (x,  t) 

9*2  VW7T)  ’ 


x 
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'I’.v  |t=o  =  (pe  h 

by  definition  and  therefore  the  difference  ijijy  — 1|>  =  o|5  is  a  solution 
of  the  problem 

-mS-=r( 

(8.53) 

It  is  easy  to  prove  by  direct  calculation  that  the  solution  of  pro¬ 
blem  (8.53)  is  given  by  the  formula 


-jiL  _,iL(i_Sgn(t_x)) 
e  4  -e  1 

_  .  .  _ _  X 

]/  2 n  h  |sin  ( t  —  x)  | 

e2ftsin(f-T)'[C0S(  1  -  T)x2  "  2xy+coS(t -  t)w»] 


—  OO 

i 

X  hN+2e  h 


s  (y,  t) 


d 2  9jy  (y,  I) 

5*2  l/ToTo 


dy  dx. 


X 


(8.54) 


It  follows  from  (8.51)  that  the  functions  0*  ( x ,  i),  /£  =  0,  .  .  .,  and 
<p  (y)  belong  to  Cj°  (a:,  if).  Taking  into  account  that  l/]/"sinz  is 
a  function  integrable  in  the  neighborhood  of  the  point  z  =  0,  we 
obtain  estimate  (8.52)  directly  from  equality  (8.54). 

Now  substitute  x  =  0,  t  =  y  into  our  formulas.  Note  that 
S  (O,  =  ®  (y  ^0,  y)).  This  equality  is  easy  to  obtain 


from  formula 


(8.50).  We 
M> 

W  ‘ 


have  from  (8.47) 


By  hypothesis,  the  equality  ^  =  0  is  possible  only  at  the  point 
y  =  y0.  Thus  y  ^  0,  y)  =  y0  and  we  obtain  expansion  (8.38). 


Note  1 .  The  method  of  stationary  phase  can  be  applied  to  integrals 
of  the  form 

b  .  Q(y) 

(p(y)e  h  dy. 


a 

Let  the  derivative  ^  be  different  from  zero  in  some  neighborhoods 
of  the  points  a  and  b.  Consider  a  partition  of  unity  {et  (y),  e2  (y), 
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e3  ( y )}  on  [a,  b]  under  the  following  conditions:  ex  (y),  e2  ( y ),  e3  (y)  6 
ex  +  e2  +  <?3  =  1  on  [a,  6);  e2  (a)  =  e3  (6)  =  1,  ^  #0, 
when  y  6  supp  e2  U  supp  e3,  supp  ex  £  (a,  6).  Then 
*  { q>.(v)  +(?° 

]«P(j/)e  <fy  =  J  (f>(y)ei{y)e  h  dy  + 

a  —oo 

6 


—  oo 

,  0(2/) 


,  Q(y) 


e2  («/)  <P  (i/)  e  h  dy  +  J  e3(y)<p(y)e  '*  dy. 

a  —  oo 

The  first  integral  has  been  calculated  by  us,  the  other  two,  as  can 
easily  be  proved  integrating  by  parts,  are  of  the  order  0  ( h ). 

Note  2.  We  shall  also  need  sums  of  the  form 
i v 


1 


■h  2 


— O  {.nh) 


<p  (n/i),  fe  =  - 


ysis "  /  TV'"/’  "  *  ‘ 

v  n=—N—i 

They  can  be  reduced  to  the  previous  case  with  the  help  of  the  equation 


N 

h  v 


-O  {nh) 


<P  (nh)  =  j 


5  •  ®(j/) 


n—  -  iV+ 1 

00  t”  ,  <»(!/) 

+  2SJ  - 


e  h  <p  (y)  dy  + 
<P(y)  cos  (2/cWy)  dy, 


(8.55) 


k=  1  —  3T 

which  can  be  proved  very  easily  by  an  expansion  of  the  function 

i cl> 

e  h  tp  (y)  on  the  segment  [ — it,  n]  in  a  Fourier  series  and  by  sub¬ 
sequently  using  the  formula  of  geometrical  progression 
N 

h  2  cos  =  2ix6fe,  2mN,  m  is  an  integer. 

n=— iV+l 

(5)  The  tail  of  oscillations.  Solution  (8.37)  is  a  sum  of  functions 
of  the  form 

+  3t  N 

—  ^  Vife)  2  ed/WnA[S±(x,  (,  nh)+x-|]r 

-  n  n=  -N+ 1 

Put  by  formula  (8.55) 


^ip*  (x,  t ,  nh)  d£. 


N 


h  ^  em)nhis±(x‘ nh)+x~l}  cp±  (x,  t,  nh)  = 

n= -N+ I 

=  j  q>  (x,  to)  e(i/,l)“[S±(*'  *•  M)+3C-S]  dco  +  2  2  J  9  (*,  t,  (o) 

’cos  2kaN  dco. 


X  e' 


-JT 

(i//i)o>[S±(xl  t%  (o)+x-£]. 


oo  -f  JT 


&=1  -Jt 


X 


6—01225 
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The  stationary  point  co0  of  the  integrals  is  defined  by  the  equa¬ 
tions 

S+  (x,  t,  co0)  +  x  +  co0  (x,  t ,  (o0)  =  |-f  2 Nk.  (8.56) 

For  sufficiently  small  t  this  equation  has  a  solution  only  for  k  =  0, 
since  S±  ( x ,  t,  co)  |  <==0  =  0. 

We  shall  estimate  the  kth  (k  0)  term  of  the  sum.  We  shall 
obtain  the  estimate  of  the  form  O  ( h/k 2)  integrating  two  times  by 
parts  the  exponential  (the  first  time  putting  the  cosine  under  the 
differential  sign  and  the  second  time  expanding  the  cosine  by  Euler’s 
formula).  Hence  it  follows  that  a  sum  of  the  series  from  k  —  1  to 
infinity  is  of  the  order  0  ( h ). 

Now  turn  to  the  solution  of  implicit  equation  (8.56).  It  turns 
out,  that  the  left-hand  side  of  the  equation  has  a  remarkable  pro¬ 
perty.  Its  derivative  along  the  integral  curve  of  system  of  bicha¬ 
racteristics  (8.36)  corresponding  to  a  sign  plus  or  minus  equals 
zero.  We  leave  the  proof  to  the  reader;  in  fact,  it  is  of  general  nature. 

Hence  it  follows  that  the  left-hand  side  is  constant  along  the 
corresponding  bicharacteristic,  and  since 


it  equals  x±  ( x ,  t,  to),  i.e.,  a  solution  of  equation  (8.36):  x  = 
=  X±  (x0,  co,  t),  for  sufficiently  small  t.  Therefore,  equation  (8.56) 
for  the  stationary  point  is  equivalent  to  the  equation 

X±  (l,  co0,  t)  =  x. 

Thus  the  equation  for  the  stationary  point  has  a  solution  only  for 
those  x,  which  belong  to  closed  domains 

£2+  =  {Z±  (|,  co,  t),  |  co  |  ^  n}, 


i.e.,  the  domains  formed  by  the  ends  of  the  trajectories  of  the  system 
of  bicharacteristics  (8.36)  going  out  of  the  point  g. 

Let  x  lie  inside  a  domain  of  the  form  Q±.  On  differentiating  sys- 

tern  (8.36)  with  respect  to  co,  we  obtain  that  — — -  0  when  t  0 

and  therefore  I '-jr—  0  when  t  0,  co  =/=  0.  Hence 

the  derivative  of  the  left-hand  side  of  (8.56)  with  respect  to  co  is 
different  from  zero  when  t-=f=  0,  co  =#=  0  and  the  method  of  stationary 
phase  can  be  applied.  Thus,  the  solution  rapidly  oscillates  inside 
the  domains  Q±,  its  derivatives  are  not  bounded  as  h  — >-  0  and  there¬ 
fore  they  obviously  do  not  turn  into  the  derivatives  of  a  solution 
of  the  wave  equation. 
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Note.  If  x  lies  on  characteristics  of  the  limit  wave  equation  (i.e., 

a  v± 

*  =  (?,  t),  where  =  +C  (X±),  X±  (g,  0)  =  g),  then  the 

stationary  point  co0  =  0  is  degenerate 

*’  °)  =  °- 


Indeed,  it  means  that  the  main  shock  wave  propagates  along 
the  characteristics  of  the  limit  wave  equation  and  the  tail  of  rapid 
oscillations  follows  it.  The  support  of  the  tail  is  defined  by  the 
characteristics  X±. 

We  see  from  this  example  that  characteristics  defined  by  Hamil¬ 
ton’s  equation  dependent  on  ordered  operators  define  exactly  the 
support  of  the  oscillation  tail.  The  fact  follows  from  the  general 
theory  for  a  large  body  of  problems  and  the  discussed  equations  are 
of  the  general  type  too. 

Now  we  wish  to  compare  the  support  of  the  tail  with  computer 
calculations. 

We  take  l  =  10  ~5  cm  for  a  measure  of  length,  the  length  of  the 
interval  (a  circle)  21,  h  =  10~8  cm,  the  velocity  of  sound  in  a  crystal 

c  =  105  ^  is  taken  for  a  measure  of  velocity.  We  take  a  periodic 
function  of  the  form 

u  |i=o  =  y  (•*'  —  2  n — 1),  when  n  =  0,  ±1,  ... 

with  a  jump  at  the  points  x  =  2 n,  n  =  0,  ±1,  ...  for  an  initial 
condition. 

In  Fig.  1  there  are  graphs  of  the  functions 


max 

!/£[*- 5 li,  x  +  5h] 


du 

~dx 


(y). 


min 

y£[x-  5 h,  ac-f- 5/1-3 


du  , 


which  correspond  to  the  upper  and  low  boundaries  of  the  domain. 
The  exact  solution  is  represented  by  a  continuous  line  and  the 
asymptotic  solution  is  represented  by  a  dotted  line. 


(6)  The  Cherenkov  effect.  In  1934  the  Soviet  physicist  P.  A.  Che¬ 
renkov  discovered  the  effect  of  non-damping  radiation  of  light, 
produced  in  a  media  by  moving  charged  particles.  The  effect  was 
studied  theoretically  by  I.  E.  Tamm  and  I.  M.  Frank  in  1937.  The 
extraordinarily  wide  scope  of  the  effect,  however,  became  clear 
only  in  the  fifties.  In  1958  P.  A.  Cherenkov,  I.  E.  Tamm  and 
I.  M.  Frank  were  awarded  the  Nobel  Prize. 

The  effect  deals  with  electrons.  When  an  electron  moves  in  a  media 
with  a  velocity  greater  than  a  certain  value  depending  on  the  media, 
fast  oscillating  electromagnetic  waves,  i.e.,  light  waves,  radiate 
in  a  cone  behind  it.  These  light  waves  are  called  the  Cherenkov 

6* 
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radiation.  The  mathematical  nature  of  the  effect  depends  on  the 
characteristics  of  ordered  operators.  The  operational  method  makes 
it  possible  to  find  a  similar  (mathematical)  effect  for  a  broad  class 
of  pseudodifferential  equations  and,  in  particular,  difference  schemes 
(including  systems  of  equations  of  a  crystal).  In  the  latter  case  it 
follows  directly  from  the  asymptotic  formulas  obtained  above 


A  function  of  the  8-type  at  the  point  x  =  vt  is  introduced  into 
the  right-hand  side  of  the  equation  of  oscillations  (of  the  electro¬ 
magnetic  field  for  the  Cherenkov  effect,  the  crystal  vibrations  in 
our  case)  to  define  the  movement  of  an  electron  with  a  velocity  v. 
Mathematically,  the  Cherenkov  radiation  is  a  tail  of  fast  oscillations 
of  the  solution,  which  follows  the  point  x  =  vt.  The  effect  is  related 
to  the  one  studied  in  the  previous  item.  We  shall  study  the  tail 
theoretically  and  then  compare  the  results  with  computer  cal¬ 
culations.  It  will  turn  out  just  as  in  the  previous  example,  that  the 
tail  (i.e.,  the  domain  of  the  Cherenkov  radiation)  is  completely 
defined  by  the  bicharacteristics. 

Thus  consider  the  problem 

|  Lhu  =  h2 +  4c2 sin2  (  y  j^)  “  =  <P(0  8h  (x- vt)  (g  5?) 
l  u  (x,  0)  =  u't  (x,  0)  =  0,  u  (x  -j-  2jt,  t)  —  u  (x,  t), 
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N 

where  8h(x  —  vt)=-^  2  and  9  (t)  is  a  smooth  function. 

ft=-N+l 

We  shall  solve  the  problem  for  sufficiently  small  t.  The  solution 

def 

of  problem  (8.57)  Lhu  —  f  is  unique  by  Theorem  8.2:  u  —  Lrff.ln 
analogy  with  (8.8')-(8.8")  we  obtain  that 

t  t-x  2 

R  (x,  t)  =  -p-  f  (  G  (t',  to,  x )  cp  (t)  8ft  (x  — to)  dx'  dx 

0  0 

satisfies  the  equation 


t  t-x 


12 

LftjR  =  q>  (f)  8ft  (x,  t)  4-  £  j  h  ^x',  a,  cp(x)8h(x,  x)dx' dx, 


0  0 


where  jx  (*,  ©,  x)  satisfies  estimate  (8.7).  By  Lemma  8.2  and  Theo¬ 
rem  8.1  a  solution  of  an  equation 

*  1  2 

LhRi  =  ^  J  fi  (t',  CO,  x)tp(x)8ft(x,  x)dx’dx, 

0  0 


Ri 


|i=0 


dR  1 

dt  t= 0 


=  0 


belongs  to  C’ffi,  where  k  (m)  ->  00  as  m ->  00.  Therefore,  since 
R  -y  R1  is  a  solution  of  initial  problem  (8.57)  the  whole  non-smooth 
part  of  the  solution  of  the  problem  is  contained  in  R.  We  have 
come  to  the  conclusion,  that  the  main  term  of  the  asymptotics  of  R 
as  h  0  having  been  integrated  by  parts  is  defined  by  an  integral 
of  the  form  (in  analogy  with  the  previous  item): 


1 

h*-2nh 


i(oS+(x,  i-j/B,(d) 

«  h  <po  (*>  — ,  <o) 


0S+ 

(  X,  t - —  ,  «  ^ 

dt 

V  V  ’  / 

ia)S-(x,  t-- 1-,  a) 


To 


dS_  I  E  \ 

— - —  (  x,  t - —  (0  ) 

dt\  v  ’  / 


jia(x-l)  (p 


da  dt. 


Applying  successively  the  stationary  phase  method  first  in  co 
then  in  H,  we  obtain  that  the  common  stationary  point  co0,  |0 
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(<o0  =^=  0)  is  defined  by  the  system  of  equations 

-0  ==  Xo~  ^  X t  ~  >  )  i 

®o=±^-sin[^(1+^-  coo)]. 


(8.58) 


It  is  easy  to  verify  that  if  ©  0,  |  co0  |  <Jt,  |  |0  |  <n,  then 

the  second  derivatives  are  different  from  zero  and  the  stationary 
phase  method  can  be  applied. 

For  the  sake  of  simplicity  consider  the  case  c  =  const.  Then 
system  (8.58)  is  of  the  form 


con 


,  2c  .  wo 
±  —  sin  -g- 
v  2 


:  ct  cos 


wo 


io  = 


(8.59) 


.  ,  c  CD0 

1  ±  —  COS  — “ 
v  2 


We  see  on  the  graph  that  a  solution  of  (8.59)  exists,  when  w0  =/= 
=#=  0,  if 


.  .  2c 

c>^>— , 


(8.60) 


since  |co|^Jt.  Inequality  (8.60)  being  satisfied,  the  solution 
oscillates  as  h  -v  0  in  a  domain  consisting  of  the  ends  of  all  trajec- 


<P(t) 

10s  i 


0  O.Z  0.0-  0.6  0.8  t 


Fig.  2 


tories  coming  out,  when  t  =  0,  of  domains 

Q|=  {X0  =  £  (l  i-lcos-^)  }  ,  (8.61) 

where  ©0  is  defined  by  (8.61).  Then  co0  =  0  is  a  degenerate  point 
and  the  solution  is  of  a  peculiar  character  (“resonance”). 

Compare  the  width  of  the  oscillation  tail  for  problem  (8.57)  cal¬ 
culated  by  formulas  (8.61)  with  an  exact  solution  of  problem  (8.58) 
obtained  by  means  of  a  computer  for  various  v.  Take  the  length 
of  a  circle  (in  units  of  the  previous  item)  equal  to  2,  c  =  1,  h  —  10-3. 
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The  second  derivative  ■—  may  be  approximated  by  the  formula 
- 4- sin* 4,  t  =  1.5  x  10~4. 

t2  2  dt 

The  graph  of  the  function  <p  (t)  is  shown  in  Fig.  2.  For  the  graphs 
of  the  functions 


iijua  — —  ,  imii 

[X-  X+10/1]  0x  [x-iO/i,  S+10A]  0x 

in  different  moments  of  time  see  Figs.  3,  4.  The  interval  between 


Fig.  3  Fig.  4 

the  graphs  of  these  functions  is  blackened.  The  boundary  of  the 
oscillation  tail  obtained  from  the  asymptotic  formulas  is  indicated 
by  vertical  lines. 
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(7)  The  focus  in  a  crystal.  Consider  an  example  of  a  fast-oscillating 
initial  condition 


«|t=o  =e\|>  (x,  h), 

[=0  =  —  8~T~  sin  ~T  ^  ^)’  (8-62) 


where  i|5  ( x ,  h )  is  a  periodic  extension  from  the  segment  [0,  2 jt] 
of  a  function  ( x )  cos  -L2  ;  S,  cp  £  C°°,  supp  <p  6  (0,  2jt),  e  is 
a  parameter. 

The  Fourier  coefficients  of  the  function  with  a  number  n,  |  n  |  > 
>  N  are  of  order  O  (h°°)  by  the  stationary  phase  method,  therefore 
the  formulas  obtained  in  the  previous  items  may  be  applied  in  the 
case  of  initial  conditions  (8.62)  as  well. 

Now  we  want  to  compare  the  results  obtained  by  the  formulas 
of  item  3  and  the  corresponding  computer  calculations. 

In  the  computer  case  we  took:  the  length  of  a  circle  3 1,  l  —  10~5  cm, 
the  moments  of  time  1 1  =  2i-10“10  sec  (i  =  0,  1,  .  .  .,  5),  in  the 
units  l 


S  ( x )  —  x 2 


r 


Ax  whena:£[0;  0.25] 
1  when  [0.25;  2] 
4(2  —  £)-f-l  when  x  £[2;  2.25] 
0  when  x  £  [2.25;  3]. 


A  solution  of  the  crystal  equation  for  c  =  const  may  be  calculated 
with  the  help  of  formulas  (8.37)  and  (8.38)  along  the  same  lines  as 
it  was  done  in  the  two  previous  items.  The  term  corresponding 
to  the  sign  has  no  stationary  point  and  therefore  may  be  can¬ 
celled  out.  The  stationary  phase  method  is  obviously  true  for  ct  <  1. 
The  condition  d2(f >/ch/2  ^  0  of  Lemma  8.3  is  violated  at  the  point 

ct  =  1,  x  =  y  .  At  this  point,  called  focal,  the  crystal  vibrations 

have  an  amplitude  bigger  than  in  the  neighboring  points. 

Note  that  the  focal  point  can  be  defined  directly  by  the  equations 
of  bicharacteristics  (similar  to  (8.36))  for  c  —  const: 


dx 

dt 


=  C-COS  -7T  , 


(8.62') 


The  initial  conditions  for  the  system  of  equations  (8.62')  are 
x  (0)  =  x0,  p  (0)  =  p0  =  2x0 

corresponding  to  initial  conditions  (8.62)  with  S  =  x2.  Consider 
a  phase  plane  p,  x  and  there  the  points  x  =  2n n.  If  we  identify 
these  points  we  shall  obtain  a  cylinder.  The  line  p  —  2x,  corres- 


INTRODUCTION  TO  OPERATIONAL  CALCULUS 


89 


ponding  to  the  initial  condition  p0  =  2x0,  moves  along  trajecto¬ 
ries  of  the  system  of  bicharacteristics:  indeed,  we  obtain  a  curve 


{x  {x0,  t),  p  ( x0 ,  <)}  at  the  fixed  moment  t.  This  change  of  the 
curves  at  the  moments  of  time  t  =  tu  .  .  .,  t5  is  shown  in  Fig.  5. 


las 

a 

-Zac 

las1 

0 

-Zac 

Zac 

0 

-ZacV 

Zae1 

0 


1=0.0 


-Zach 


i=0M-10  s 


■a.  (10~scm) 


(z-io~scm) 


t=0.6-10'wS 


(I0~5cm) 


Z 

(Z-Wscm) 


Zae 

0 

-2aeh 


Fig.  6 


3 

(3-io5cm) 


3 

(3io'scm) 


3 

(3-io'scm) 


BK3S33F0 

2.  3 

(10'* cm)  (Z-I0'scm)  (3-io'scm) 


1*E35^r  z  3 

(10-3 cm)  (2-10-3 cm)  (3 -10-3 cm) 


The  curve  is  projected  on  the  axis  p  at  the  moment  t  =  t-0  and  when 
p  =  n  the  tangent  of  the  curve  is  parallel  to  the  axis  p.  The 
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point  at  which  the  tangent  is  parallel  to  the  axis  p  is  called 
a  focal  point. 

The  graphs  max  U  and  min  U  (with  the  domain  between  them 
blackened)  for  the  exact  solution  of  equation  (8.4)  with,  initial  data 


-2ac- 


(W5  cm) 


1 

(l-Wscm) 


k-t=Q.6-tO~10s  (1D'5cnj)  (l-10~5cm) 


(Z-W~scm) 


(2-io~5  cm) 


3 

(3-10~scm) 


3 

(3-Wscm) 


3 

(3-10~5c/ji) 


3 

(3-itr5cm) 


Fig.  7 

(8.62)  and  t  —  t0,  .  .  £4  are  shown  in  Fig.  6  and  the  corresponding 

graphs  for  the  solution  obtained  with  the  asymptotic  formulas 
(a  =  1)  are  shown  in  Fig.  7. 


The  graphs  corresponding  to  t  —  th  are  shown  in  Figs.  8  and  9 
(Fig.  8  corresponds  to  the  exact  solution).  We  see  that  the  amplitude 
of  the  solution  grows  rapidly  at  the  focal  point.  We  shall  now  con¬ 
sider  a  nonlinear  equation  of  the  lattice  vibrations. 
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(8)  Nonlinear  equation  of  a  crystal.  We  have  confined  ourselves 
to  the  harmonic  approximation  of  the  system  of  Newton’s  equations 
for  the  atoms  of  a  lattice.  In  fact,  we  assumed  the  amplitude  of 
the  initial  displacement  to  be  small  and  ignored  the  non-linear 


terms.  Now  we  shall  take  into  consideration  the  amendment  intro¬ 
duced  into  the  equations  of  lattice  oscillations  by  the  quadratic 
terms.  It  means  that  a  term 

c2a  [(un+1  —  un)2  —  (un  —  Un_xf] 

is  added  to  equation  (8.1),  where  a  is  a  parameter. 

On  substituting  Un  +  Wn  into  this  new  equation,  where  Un 
is  a  solution  of  the  linear  equation,  we  obtain  the  following  non- 
homogeneous  equation 

Wn  -  C2  W^-2^+Wn-i  =  C2a  [{Un+i  _  Un)*-{Un  -  Un^f] 

for  |  Wn  —  Wn-x  |  |  Un  —  Un-X  I-  For  the  sake  of  simplicity  we 

consider  the  case,  where  c  and  a  are  constants.  We  shall  consider 
the  general  case  in  Appendix. 

We  assume  that  the  dependence  of  the  initial  data  Un  (0)  and 

Un  (0)  on  the  parameter  h  satisfies  a  substantial  condition.  We  shall 
introduce  the  following  definition  to  the  effect. 

A  system  of  functions  vn  ( h ),  —N  +  1  ^  n  ^  N  corresponds  to 
a  limit  distribution  g  ( x ,  p),  — it  ^  p  ^  n,  where  g  is  an  even 
distribution  in  p,  if  for  any  function  a  6  C°°  ( — it,  n)  the  following 
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limit  condition  is  true 

N 

lim  h  ^  a  ( nh )  vn 
n=-N+l 


where 


def 

Vi+2N  =  vi- 


I 

—  J 


Jt 


f 

—  3 


a  (x)  g  (x,  p)  cos kpdxdp, 
(8.63) 


The  physical  sense  of  this  definition  is  especially  clear  when 
k  =  0,  since  in  this  case  it  is  necessary  that  the  mean  value  a  (nh) 
should  converge  to  a  mean  value  a  ( x )  of  distribution. 

We  shall  consider,  as  we  did  before,  a  space  of  functions  MN 
instead  of  the  functions  on  a  lattice;  moreover,  we  shall  formulate 
the  final  theorem  in  terms  of  the  space  functions  MN.  Note,  that 
the  arguments  of  this  item  can  be  extended  to  a  wide  class  of  non¬ 
linear  pseudodifferential  equations  with  non-linear  terms  considered 
small.  The  first  approximation  of  the  theory  of  perturbations  in 
this  case  is  a  solution  of  equation  (8.4)  and  the  second  one  satisfies 
the  equation 

Lhu  —  —  8ic2ah 2  sin  ~  H  sin  u )  2  j  ,  co  =  to  =  —  ih  , 

(8.64) 

where  u  satisfies  the  linear  equation  Lhu  =  0.  For  the  sake  of  sim¬ 
plicity  we  take  one  term  of  the  sum  2  °f  formula  (8.37)  corres- 

± 

ponding  to  the  minus  sign  as  a  solution  u  of  the  linear  equation. 
We  assume  that  the  initial  value  u0  6  Mn  corresponds  to  a  condition 

Jt  3t  31 

lim  j  u0a  (x)  (cos  kw)  u0  dx  =  |  j  a  (x)  g  (x,  co)  cos  ka>dx  do. 

(8.65) 

First  note  that  a  more  natural  for  the  continuous  situation  and 
a  more  general  condition  follows  from  condition  (8.65).  Denote 

Jt 

(/>  <P)  =  f(x)cp(x)dx. 

-Jt 

The  following  lemma  is  true. 

Lemma  8.4.  Let  f  (x,  co)  6  C°°  be  an  even  periodic  function  ©. 
If  i|)h  (x)  corresponds  to  the  limit  distribution  g  (x,  a),  then 

2  1  jt  3X 

lim  /  (x,  to)  i|5h)  =  j"  |  f  (x,  m)  g  (x,  o)dxdo. 

-Jt  -  Jt 
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Proof.  Expand  the  function  /  (x,  to)  in  a  Fourier  series  in  to. 
We  have 


f(x,  to)=  2  an(x)e-inb>, 
n=— oo 

where 

n 

(a;)  =  [  /  (x,  to)  ein“  dco. 

-n 


(8.66) 

(8.67) 


By  the  conditions  of  the  lemma  it  follows  that  for  any  n  there  is 
an  inequality 


max  |  an  (x)  |  ^ 

X 


(8.68) 


k  >  0  is  any  integer,  Ch  —  const.  The  estimate  can  be  easily  proved 
integrating  equation  (8.67)  by  parts. 

We  prove  that 


lim 

h-*oo 


2  1  2  1 

( ih  (x,  co)  — /  (x,  to)  )  l|Jn(x) 


==0, 


where  we  have  denoted  by  fh  (x,  to)  a  partial  sum  of  series  (8.66) 
/ft  (x,  CO)  =  2  «n  (x)  ein<a. 

I  n|<fc 

Note  that  the  function  fh  ( x ,  to)  uniformly  converges  to  /  (x,  io) 
as  k-y  oo.  We  have  for  any  smooth  function  u  ( x ) 


[/  (x,  to)  —fh  (x,  co) ]  u(x)  = 


=  4/  2  [  f  u(y)  e~'iny  dyjeinxlf(x,  nh)  —  fh  (x,  «/*)]  = 

n=-  oo  -n 
oo  Jt 

=  4/  2  [j  2  am  (x)  eilmnh+nxh 

n—~  oo  -n  |  m  |>ft 

Finally,  we  obtain 

[/(x,  co)  —  /ft  (x,|co)]w(a:)  =  (  2  «n  (x)  u  (x).  (8.69) 

|  n |>ft 

Estimate  the  rath  term  in  sum  (8.69).  The  inequality  is  obviously 
true 


an  ^  x  j  einau  (x) 


<  max  |  an  (x)  |  ||ra||, 

X 
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or  by  (8.68) 

|«n  (*)  einau(x)  <-^-||u||, 
where  kf>0  is  an  integer.  We  have  by  (8.69),  (8.70) 

ii  2  1  2  1 

[|  [/  (a;,  co)—  fh  (a:,  co)  ]  u{x)  <  2  ||  w  ||,  V/, 


(8.70) 


lim  ||  [/  (x,  co^  —  /ft  (a:,  co)  ]  n(x) 


2  1 


I  ™l>ft 

0,  as  k  oo . 


Hence  for  any  S>0  there  exists  such  a  k0,  that 

|  ('I’ft.  (/  [x,  ®)  —/ft  (z,  co))  i|5*  )  |<8  when  ic>/c0, 

3t  .31 

|  J  j  [f  (x,  co )  —  fh(x,  co)]g(x,  a>)dxdco  <8  when  kf^k0, 

-  31  -31 

finally  by  (8.63)  we  have 

2  1  3t  3t 

I  /ft  (•*,  G>)  tft)  —  j  ^  /ft  (x,  co)  g  (x,  co)  dx  dm  <c  (&)  6ft, 


where  c  (&)  =  const,  8A  ->  0  as  h  -+■  0.  Fix  k>  k0  and  let  h  ->■  0, 
then  for  sufficiently  small  /i  the  left-hand  side  of  the  last  inequality 
is  not  greater  than  8.  The  lemma  follows  from  this  statement  and 
the  previous  inequalities. 

Definition.  Let  for  any  finite  function  cp  £  C°°  ( Rn)  the  following 
condition  be  true 

lim  \  cp  (x)  Fh  (x)  dx  =  1  <p  (x)  r  (x)  dx,  x£R'1, 
ft- o  J  J 


where  F h  {x)  £  C°°  is  a  one-parameter  family  of  functions,  h  is  suffi¬ 
ciently  small.  Then  we  shall  say  that  F h  (x)  tends  to  r  (x)  in  the  sense 
of  the  theory  of  distributions  and  write  F h  ( x )  ->  r  (x). 

We  find  the  limit  of  the  right-hand  side  of  equation  (8.64)  in 

the  sense  of  the  theory  of  distributions.  Denote  Fh  —  — 4  (sin  yit)  . 
The  following  lemma  is  true. 

Lemma  8.5. 


n 

Fh-+  4  |  sin2-^- 

-31 


ct  cos 


0) 

2" 
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Proof.  Denote  by  Fx^p  and  Fp^x  the  Fourier  transforms 

Jt  OO 

(Fx~Pf)  ( p ) = 4?  J  /  (*)  e~ipx dx ;  (Fp-+*fp)  ( * )  =  2  z**1**- 

-  Jt  P=  -  OO 

It  is  obviously  true,  that 
/  (co)  f  =  FPW  (pft)  F x_*pi|5. 

We  shall  obtain  the  following  equality  with  the  help  of  this 
formula 


Jt  Jt 

]  'h/  (®)  'I’i  dx=  j  \|)j7  (id)  da:> 


where  ifq,  are  periodic  functions.  Applying  this  equation, 

we  obtain  the  following  equation 

Jt  Jt  ^2 

j  cp  (x)  Fh  (x,  t)  dx  = — 4  j  ip  (x)  sin  -y-  u0  j  dx  = 

—  Jt  Jt 

Jt 

=  4  j  sin  ~  [T*q>  (x)  T\  sin  ■—  u0u0  dx  (8.71) 

-Jt 

2  i  .  .  m 
—  qi  sill  ^ 

for  cp  6  C°°,  u  —  Fu0  (F  :  u0-y  u  =e  T a0). 

Apply  Theorem  1.1  of  Ch.  Ill  to  the  formula  in  the  square  bra¬ 
ckets.  We  have  <p3  =  1,  cp£  =  0,  k  ^  1  in  (8.37)  when  c  =  const 
and 

S  =  —  2 ct  sin  —■ . 

We  have 

co'  .  CO 

or.  sill  - sin  -75- 

00  0  ,  l  l 

-5—  =  —  2ct  - ; - , 

OCO  CO  —  CO 


x  —  x 

Hence 


8S 

8co 


■x-\-2ct 


w  .  co 

Sin  ~2  Sm  ~2 


J  =4^.  =  1. 

dx 


We  have  by  Theorem  1.1  of  Ch.  Ill 


7’*cp  (x)  T  —  cpI  x  -f-  2ct 


1  3  , 

.  CO  .  CO 

sm__sln_ 

1  3 

CO  — CO  1 
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Hence,  by  the  commutation  formula,  equation  (8.71)  is  different 
from  the  integral 


u0dx 


only  by  a  term  of  order  0  ( h ). 
The  last  integral  tends  to 


+  4  j'  j  <p  [x  -f  rtcos-^-j  sin2-^-g(x,  co)  dxdu> 


as  h  0  by  Lemma  8.4.  Hence  follows  the  statement  of  the  lemma. 
Next  we  shall  prove  the  following  theorem. 

Theorem  8.3.  Let  a  equal  to  in  equation  (8.64).  Then  the  solution 

w  of  problem  (8.64),  satisfying  the  zero  initial  conditions,  converges 
in  the  distribution  theory  sense  to  a  function 

t  n 

wl{x,t)=—2c  j  ^  sin2-|-  [^x  —  ctcos  -tj-  +  c  (t  —  t),  coj  — 

0  -it 

—  S  [x~  cxcos - c(t  —  t),  co  j  J  dco  dx.  (8.72) 


Proof.  Introduce  the  following  notation: 

Jt 

r(x,  t)=—  4j  sin2-^-g^x  —  ct  cos  ,  coj  dco. 

-JT 


It  is  easy  to  prove  that  Lwx  ( x ,  t)  =  c2r'x  (x,  t),  where  L  =  nc 
is  a  wave  operator. 


_  (  2  sin  \ 

fh  ~Fh  —  r  ( x ,  t)\  vh  =  Lft1  ^ - jt - fh  J  ; 

Lt  =  h?  ~  +  4c2  sin2  c2  (x) ; 


Denote  by  (Zli)-1  /  and  ( L*)~l  f  solutions  of  the  problems  L\u  — 
=  /  ( x ,  t)  and  L*u  =  f  (x,  t)  satisfying  the  zero  initial  conditions 
when  t  =  T: 
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We  shall  use  the  following  facts  for  the  proof: 

1.  An  analogue  of  Lemma  8.2  is  true  for  the  operators  L%  and  L*. 
In  particular,  if  op  ( x ,  t)  6  Cx  does  not  depend  on  h,  then 

h2  {Lh)~l  (x,  t)  —  (L*)"1  f  (x,  i f)  =  0  ( h ). 

One  can  verify  this  following  the  proof  of  Lemma  8.2. 

2.  The  following  equality  is  true 

T  5  2/  sin  -|- 

h 2  j  \  T  (x,  t)  Lnl  - — fn  dx  dt  = 

0  -JT 

T  jt  r*  2i  sin  — 

=  h 2  J  j  [ - (x,  t) J  fh  dx  dt,  (8.73) 

b  -at 

which  can  be  proved  with  the  help  of  the  equality  aji  =  L%  {L't)"1  \ ji 
and  the  integration  by  parts. 

3-  II  Fh  ||  cji “1/2,  where  cq  is  a  constant  not  depending  on  h. 
By  (l)-(3),  the  right-hand  side  of  the  equation  (8.73)  is  different 
from  a  function 

T 

j  ]  4x  ( x > i))  h  (-r’ i) dx  dt 

0 

by  0  (/W2)  and  this  function  tends  to  zero  as  h  0  by  Lemma  8.5. 
It  follows  from  Lemma  8.2  that 

lim  Ln1  [ - 7- - J  r  (x,  t)  =  . 

The  theorem  is  proved. 

Note,  that  the  convergence  in  Theorem  8.3  in  the  distribution 
sense  may  be  changed  for  the  uniform  convergence.  But  more  esti¬ 
mates  are  necessary  to  the  effect.  A  more  general  theorem  was 
proved  in  Appendix  1  of  the  Russian  edition. 

Note.  We  have  used  only  the  fact,  that  the  function  wx  (x,  t )  and 
notg  (x,  co)  is  smooth  when  proving  the  theorem.  The  latter  function 
could  be,  generally  speaking,  a  distribution  and  the  theorem  is  true 
for  those  t  for  which  w1  ( x ,  t)  remains  smooth. 

Note  that  the  most  interesting  results  are  produced,  when  g  ( x ,  co) 
is  close  to  the  6-function.  (The  actual  form  of  u0  is  of  no  importance.) 

We  shall  consider  the  data  of  computer  calculations  in  the  case, 
when 

g(x,  co)  =  eV(*)  [6(co  +  2cr)  +  6(co  —  2a;)], 
where  cp  (x)  is  defined  in  the  previous  item. 

7-01225 
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We  shall  use  the  most  common  potential  of  interaction  between 
atoms  in  a  lattice  leading  to  a  system 

«»  =  -p-  {  /  A-r”"-1  )  -f(-,ri^u^Un )  }  (8.74) 

/(*)=- /i  =  10~3’  ^[0,  1]  =  [0,  10“10s], 
c2  =  1 ,  re  —  0,  ±1,  ±  3000,  uh  |i=0  ==  ecp  (hn)  cos  { hn 2}, 

un  [f=0  —  ce/r'ip  (/i  (re  —  4j-))  cosj/i,  (re  —  y)2}  — 

—  cefe_1(p  (/i  (re  +  -|-)  j  cos  j/i  («  +  -tt)2}  ' 

We  have  taken  the  same  initial  conditions  as  at  the  beginning 
of  item  7.  The  numerical  solutions  of  the  linear  equation  (see  the 
corresponding  graph  in  Fig.  6)  and  of  equation  (8.74)  calculated  for 
e  =  10_1  are  identical.  The  deformation  of  equilibrium  points 


2ae 

0 

-Zac 


Fig.  10 
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of  the  numerical  solution  of  equation  (8.74)  and  the  solution  obtained 
by  (8.72)  are  shown  respectively  in  Figs.  10  and  11  for  e  =  2,  a  =  1. 
The  moments  of  time  on  the  graphs  are  the  same  as  in  the  linear 


Fig.  11 

case.  The  graph  of  the  exact  solution  at  the  moment  of  generation 
of  the  focal  point  is  indicated  in  Fig.  12.  The  amplitude  of  vibrations 
of  the  atoms  of  the  lattice  is  blackened. 

The  newly  found  effect  may  be  used  to  explain  a  number  of  phy¬ 
sical  phenomena.  It  is  related  to  a  well-known  effect  of  the  heat 

7* 
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expansion  of  a  crystal,  i.e.,  the  transformation  of  heat  vibrations 
of  small  amplitude  (as  if  adding  them)  into  a  non-oscillating  change 
of  a  crystal  by  a  huge,  in  comparison  with  the  amplitude  of  the 
heat  vibrations,  value.  The  obtained  formula  may  be  extended 
to  general  equations  containing  a  small  quadratic  term.  A  similar 


effect  (so-called  rectification)  of  fast-oscillating  initial  conditions, 
is  known  in  some  branches  of  physics.  Therefore  we  can  say  that 
by  the  combination  of  these  two  effects  there  emerges  a  mighty 
running  wave  of  high  energy  concentration  on  the  side  of  which 
the  crysal  is  pressed,  while  on  the  other  it  is  expanding. 


Sec.  9.  The  Concept  of  a  Quasi-Inverse  Operator  and  Formulation 
of  the  Main  Theorem 

(1)  The  main  problem.  We  have  given  examples  of  the  appli¬ 
cation  of  the  method  of  ordered  operators  similar  to  those  in  Sec.  1, 
where  we  gave  examples  of  the  solution  of  equations  by  Heaviside’s 
operational  method. 

On  the  other  hand,  as  we  have  seen  in  Sec.  3,  the  solution  of 
systems  of  ordinary  differential  equations  with  constant  coefficients 
is  reduced  to  the  purely  algebraic  problem.  It  turns  out  that  it 
is  possible  to  state  and  solve  the  problem,  which,  in  essence,  embra¬ 
ces  both  partial  differential  equations  with  variable  coefficients 
and  problems  on  the  stability  of  difference  schemes  within  the  frame¬ 
work  of  algebras  with  p -structures;  i.e.,  it  is  possible  to  include 
the  solution  of  all  these  problems  into  one  algebraic  theorem.  Though 
the  proof  of  the  theorem  is  completed  only  in  the  last  chapter,  we 
shall  try  to  elucidate  its  meaning  and  importance. 

In  the  preceding  examples  the  reduction  of  the  given  equation 
to  an  integral  equation  of  the  Vol terra  type  with  a  smooth  non¬ 
oscillating  kernel  was  considered  to  be  the  solution  of  the  problem. 
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Such  reductions  to  integral  equations  (of  the  Volterra  or  Fredholm 
type)  with  a  smooth  kernel  are  the  main  problem  in  the  theory  of 
partial  differential  equations. 

The  concept  of  the  quasi-inverse  operator  introduced  below  makes 
it  possible  to  extend  the  method  of  solution  of  differential  equations 
to  the  case  of  operators. 


Definition.  Let  X  be  a  module  over  an  algebra  A  with  the  given 
^.-structure,  Au  A2,  .  .  .,  An,  B  £  X.  An  element  f  £  A  is  called 
quasi-inverse,  if  there  exist  such  sequences  of  elements  SBh£  X,  SCf  6  X 
that  the  products  fSBh  and  SB'hf  can  be  expressed  in  the  form 


/I  n  n+ 1  v 

fSBk  =  1  +  Rh  (Ai  a n,  B  j  , 

, n+ 1  2  1  , 

3  u  f  ~  i  A  Rh  [  Ai  i  •  •  •  >  An,  Bj  , 


(9.1) 


where  the  functions  Rk  (x,  a)  and  R’h  (x,  a)  decrease  when  \  x  |  -v  oo 
faster  than  |  x  |-h;  I  Rh  I  =  Ox  ( |  x  |-h),  I  Rk  I  =  Ox  (|  x  |"ft). 

We  shall  call  the  sequences  {2£h}  right  quasi-inverse  and  {%u}  — 
left  quasi-inverse. 

Note.  In  the  case  when  the  algebra  A  is  an  algebra  of  unbounded 
operators  (see  Chapter  I),  this  definition  can  be  replaced  by  the 
following  one.  An  operator  T  £  A  is  quasi-inverse  if  there  exist  such 
sequences  {Xft}  cz  A,  {X'h}  c =  A  that  TXh  —  1  +  Sf,  X'uT  = 
=  1  +  Sjt,  where  operators  Sh,  Sji  satisfy  the  conditions 

n 

||  IJ  AilSk  ||  V;V  S  /,  =  A,  c  =  const. 

i= 1 

In  this  case  the  quasi-inverse  sequence  gives  the  asymptotic  solution 
of  the  problem. 

Everywhere  below  the  elements  /,  SB k,  SV'h  themselves  are  also 

/I  n  n+ 1  \  /  1 

represented  in  the  form/ =  / .  .  .,  An,  B  ) ,  SB h  =  SL k\Ax,  ... 


Our  main  problem  is  to  find  quasi-inverse  sequences  for  an  ele- 

/I  n  n+1 \ 

ment  /  .  .  .,  An,  B  j.  We  shall  solve  it  for  the  operators 

Alt  .  .  .,  An,  B  and  the  symbol  /  (x,  a)  under  some  assumptions. 

Before  formulating  these  conditions,  it  is  natural  to  clear  up 
the  question  of  quasi-inverse  elements  in  the  trivial  case  of  com¬ 
mutative  algebra.  In  this  case  it  is  possible,  for  example,  to  consider 
operators  xu  .  .  .,  xn  and  a,  the  symbols  coinciding  with  the  ope¬ 
rators  satisfying  them.  If  an  operator  f  —  f  (aq,  .  .  .,  xn,  a)  has 
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zeroes  when  a  =  a0  and  |  x  |  -*■  oo  (for  example,  /  =  x2  —  x\  + 
-f-  ix\  sin2  a),  it  is  not  quasi-inverse  (since  it  is  not  possible  to  find 
such  a  smooth  function  &{xu  x2,  a)  that  ( x\  —  x\  +  ix\  sin2  a)  X 
X  SB(xlt  x2,  a)  =  1  +  R  (xx,  x2,  a),  where  R  (xx,  x2,  a)  -»-  0  when 
x\  +  x\  -*•  oo,  because  the  left-hand  side  of  the  equality  becomes 
zero  when  xx  —  x2,  a  =  0).  So  it  seems  natural,  at  first  glance,  to 
demand  that  the  symbol  /  (x,  a)  should  not  have  any  zeroes  when 
|  x  |  oo.  But  this  condition  is  too  rigid:  it  would  deprive  us  of 
the  main  applications.  Indeed,  all  the  difficulties  of  the  construction 
of  quasi-inverse  sequences  emerge  when  the  symbol  of  the  operator 

(1  n  n+l\ 

Alt  .  .  .,  An,  B  )  becomes  zero  when  \x  \  ->•  oo.  In  this  respect 
the  case  of  the  commutative  operators  is  a  special  one.  Let  us  con¬ 
sider  the  example  of  a  differential  equation  in  order  to  comprehend 
this  sudden  phenomenon. 

In  this  example,  our  statement  within  the  framework  of  com¬ 
mutative  algebras  seems  to  be  a  paradox,  since  the  problem  surely 
has  no  solution  in  the  simplest  case  of  a  differential  equation  with 
constant  coefficients.  It  is  clear  that  we  would  like  to  reduce  the 
given  problem  (ignoring  certain  details  and  idealizing  conditions 
somewhat)  to  an  equation  with  constant  coefficients.  The  crux  of 
the  matter  is  not  only  in  the  fact  that  these  equations  have  been 
studied  best  of  all,  but  also  in  the  fact  that  the  solution  of  equations 
with  constant  coefficients  serve  as  a  model  for  equations  with  variable 
coefficients.  As  we  shall  see  from  the  main  theorem,  however,  the 
case  of  constant  coefficients  proves  to  be  very  special  and  degenerate. 

For  example,  consider  the  symbol  /x  (yu  y2)  =  y\  —  y\, 
/ 2  (y i,  y2,  a)  =  y\  —  y\  —  z'cp  (a2)  y\,  where  the  function  <p  (a2)  ^  0 
equals  zero  when  a2  <;  T  and  is  greater  than  zero  when  2T  +  8  ^ 
^  a2  ^  2 T.  Both  symbols  for  a2  <  T  coincide  and  equal  zero 

in  the  infinity  when  yx  =  y2.  Let  A,  =  x,  A2  =  y,  B  =  i  £; ,  hence 

1  2 

Ax  and  A2  commute.  As  we  have  noticed,  the  operator  A\  —  A\ 
corresponding  to  the  symbol  (z/j,  y2)  is  not  quasi-inverse.  But 

1  2  /  3  \  2 

the  operator  A\  —  A\  —  iq  \B2 )  Al  proves  to  be  quasi-inverse, 
which  will  follow  from  the  main  theorem.  Suppose  Ax  =  i  ^ , 

A  2  =  i  B  =  t.  The  operator  corresponding  to  the  symbol 

/i  (l/i»  y 2)  will  be  the  wave  operator  ^5  —  ^  (c^-  Sec.  8).  It  is 

d2 

not  quasi-inverse.  The  addition  to  it  of  the  term  —  up  (it2)  ^  cor¬ 
responds  to  the  symbol  /2  (yu  y2,  a)  and  reflects  the  phenomenon 
of  the  absorption  of  high-frequency  waves  for  t2  >  2T. 
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Note.  Let  the  joint  spectrum  (taking  into  consideration  axiom 

1  n  n+1 

jxj)  of  the  operators  Alt  .  .  .,  An,  B  belong  to  a  domain  D  cz 
cz  Rn  X  Mm  and  let  the  function  P  ( x ,  a)  6  &f°°  equal  1  for  x,  a  £ 
£  D  and  zero  outside  some  larger  domain.  Then,  by  the  definition 

/  1  n  n+1 \ 

of  the  joint  spectrum,  we  have  P  \+,  .  .  .,  An,  B  )  =  1  and 

/  1  n  n+1 \ 

consequently  in  this  case  we  can  substitute  P  (+,  .  .  .,  An ,  B  ) 
for  the  unity  in  the  formulas  (9.1),  since 

1  n  n+ 1 

supp  (i—P(x,  a))f~lor(+!  •••>■+>  B  )  =0. 

Example.  Consider  the  operators 

^l  =  ^~dx'  =  +  =  J/> 


and  let  /  (xx,  x2,  x3,  x4)  be  a  polynomial  in  aq  and  £2  and  x3,  xi  6 
(Is,  i.e., 


is  a  differential  operator.  The  construction  of  the  quasi-inverse 
operator  reduces  the  problem  of  the  differential  equation 


n.  .  v 

l~dx'  lHy 


2 

Xs 


u  (x,  y)=F  (x,  y) 


to  the  problem  of  the  integral  equation 


2 

y 


2  2  \ 

x,  yj  (Ph(x,  y)  = 


)  <pk{x,y)  =  F(x,  y), 


where  Rh  {x4,  x2,  x3,  x4)  tends  to  zero  faster  than  (  |  x4  |2  + 
+  I  x-i  |2)~ft/2-  It  is  not  difficult  to  see  (directly  from  the  Fourier 
transform  of  the  pseudodifferential  operator),  that  the  last  equality 
is  an  integral  equation  of  the  Fredholm  type  of  the  second  order 
with  a  smooth  rapidly  decreasing  kernel.  In  this  case  the  solution 
of  the  given  problem  can  be  represented  in  the  form 


d  0  -  2 

u(x,  y)  =  gh\i— ,  i  —  ,  x,  yj  (pk{x,y), 

where  (pft  (x,  y)  is  the  solution  of  the  integral  equation 
9*  +  Bppk  =  F. 
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Note,  that  the  first  term  of  the  iteration  equals  F,  and  the  seoond 
one  equals  RkF.  Thus,  the  second  term  is  smooth  by  virtue  of  the 
property  of  the  operator  Rh.  Hence  we  may  conclude  that  the  term 
gkF  contains  the  non-smooth  part  of  the  solution  of  the  initial 
problem,  i.e.  the  difference  gk<Ph  —  SkF  is  smooth. 

(2)  The  rule  for  reducing  the  main  problem.  Let  Ax,  .  .  .,  An, 
B  £  X,  B  be  a  vector  operator,  B  £  Mm.  Suppose,  that  the  spec- 

1  3  2 

irum  of  the  pair  of  the  operators  At,  At  relative  to  Aj  is  diagonal 
and  has  a  finite  multiplicity,  i.e.,  for  sufficiently  great  r 

[Ai  —  4,-)  .4j  =  0,  i,  ;  =  0,  1,  2,  . .  .,  n,  (9.2) 

/  1  s  \  2 

where  A0  =  B£Mm.  Besides,  suppose,  that  — At)  Aj  — 

=  — iAka,  j)  for  such  k  that  —  Ai)  Aj  const -1. 

We  shall  call  the  operators  Alt  .  .  .,  An,  B  generative  operators 
and  the  algebra  JF,  generated  by  them,  the  Lie  nilpotent  algebra. 

Note.  It  is  easy  to  verify  that  conditions  (9.2)  are  equivalent 
to  the  statement  that  the  commutator  of  order  n  of  A  ,•  and  A  j  equals 
zero.  Thus  we  may  say  that  sufficiently  high  commutators  of  the 
elements  Alt  .  .  .,  An ,  B  equal  zero.  Besides,  for  any  k,  l  (1 
^  k,  l  ^  n)  and  any  r  (1  ^  r  ^  m)  there  exist  the  indices  /'  ( k ,  l), 
s  (k,  r)  such  that 

[Ah,  Br]  ==  iAs  (k,  r),  [ Aft,  Ai ]  =  iAj  (&,  iy 

Now  we  compare  every  operator  Ah  to  a  partial  differential  operator 
/  2  i  i  \ 

Lh  (a:,  —  i^,  i  ^ j  acting  in  the  space  C%  (Rn  X  Mm)  (here  a  = 

=  (alt  .  .  .,  am)  are  local  coordinates  on  Mm,  (xu  .  .  .,  xn)  6  Rn)- 
Compare  the  vector  operator  B  to  an  operator  of  multiplication 
by  a. 

We  shall  define  the  operators  Lh,  k  —  1,  2,  .  .  .,  n  with  the 
help  of  the  equality 

,1  n  n+1  .  ,1  n  n+ 1. 

(Lfecp)  [A„  ...,  An,  B  )=Ahlcp(Al,  ...,  An,  B  )]  (9.3) 

(k  =  1,2,  .  .  .,  n )  for  any  symbol  cp  ( x ,  a)  £  C%  (Rn  X  Mm).  We 
shall  call  the  operator  Lh  a  representation  of  the  operator  Ah. 
Consider  first  the  construction  of  the  operators  Lh.  Take  operators 
Ax  6  M,  B  6  Mx  and 

A 2  =  i  \AX,B],  A3  =  i  [Ax,  A2],  U2,  B]  =  0, 

[As,  B ]=0,  Ult  ^3)=0,  [A2,  A3 1=0. 
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Besides,  let  A2,  A3  6  M.  Then  Alt  A2,  A3,  B  satisfy  the  conditions 
given  above. 

The  operator  Aa  commutes  with  all  the  remaining  operators  and 
the  operator  A„  commutes  with  B.  Therefore  their  images  L3,  L2 
are  easily  constructed 

L3  =  x3,  L2  =  x2. 

5  /I  2  3  4  \ 

Find  the  operator  Lx.  Consider  A xcp  \^4X,  A2,  As,  B ).  Expanding  9 

4  6 

in  the  Taylor  series  in  B  —  B  (see  Sec.  5,  Sec.  6),  we  obtain 

5,1234.  5.1236, 

Ai 9  (-dj,  A2,  A3,  Bj  =^4j9  ^ ,  A2,  A 3,  Bj  4~ 

5,4  6  a  ,  1  2  3  6  . 

+  Al(B-B)^(Ai,  A2,  A3,  B)  , 

5  ,4  6  ,  h 

since  it  is  given  Ay  (B — BJ  =0  for  k^-2. 

Thus 

1234  3  1  2  5  6  v 

Ay I9  (  Ay,  A2,  A3,  Z?j|  =  2l19  ^  dj,  A2,  d3,  1?)  4- 

+(_j2)|£(i1,i2,  i3,i). 

We  shall  expand  the  first  summand  on  the  right-hand  side  in  the 

2  4  3  /  2  4  \ 

Taylor  series  in  A2  —  d2.  Considering  Ax  \A2  —  A2)h  =  0  when 
ft  >2,  we  obtain 

123  4,  3  .14  56. 

Ay  I9  yAy,  A2,  A3,  5  j  J  =  d1 9  yAy,  A2,  A3 ,  Bj  4- 

3,3  4  \  ,1  4  5  6  v 

+  d4  (d2-d2)  -JL  (d„  A2,  A3,  B)  + 

Hence  we  see  that  we  can  obtain  equality  (9.3)  (for  k  =  1)  by  getting 

,  d  .  d 

Ly  —  Xy  IX3  IX2  ga  . 

In  the  same  way,  for  any  set  Alf  A2,  .  .  .,  An,  B  of  generators  of 
the  Lie  nilpotent  algebra  there  exists  the  representation  Lh  of  the 
operator  Ak  satisfying  condition  (9.3).  Indeed,  to  substitute  Ah 

n  +  2  /  1 

for  the  operator  in  the  ftth  place  in  the  operator  A2- 9  (Hi,  .  .  . 
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n  n+ 1  \ 

.  .  An,  B  )  we  tug  A  h  with  the  help  of  the  Taylor  expansion 
of  cp  computing  a  number  of  commutators  [ Ah ,  B],  [\Ah,  B],  B],  .  .  . 
first  with  B,  then  with  An,  An_u  .  .  .,  etc.  In  the  process  many 
commutators  emerge:  Ah  with  B  and  with  An,  An_x,  .  .  .,  Ak_v 
By  definition  these  commutators  are  some  operators  from  the  set 
(Ax,  A2,  .  .  An).  At  the  next  stage  we  shall  tug  every  of  the 
commutators  to  its  place  with  the  Taylor  expansion.  Here  again 
a  set  of  commutators  emerges,  but  they  are  all  commutators  from 
Alt  A2,  .  .  .,  An  and  we  shall  tug  them  to  their  place.  It  is  clear, 
the  process  results  in  obtaining  large  commutators  which  commute 
with  all  Alt  A2,  .  .  .,  An  (since  Ax ,  A2,  .  .  .,  An,  B  are  the  gene¬ 
rators  of  the  nilpotent  algebra).  These  large  commutators  take  the 
indicated  places  automatically.  At  last  it  is  worth  noting  that  every 
application  of  the  Taylor  expansion  to  cp  produces  a  sum  of  several 
derivatives  of  cp.  The  order  of  these  derivatives  cannot  exceed  n0, 
i.e.,  the  maximal  order  of  the  commutator  of  A j,  .  .  .,  An.  Therefore 


,  1 

n 

n+1  . 

n 

n+1  . 

(Ai»  •  • 

■  i  An , 

B  )] 

j; 

8- 

II 

•  •  >  An, 

B) 

where  cpfe  ( x ,  a)  is  the  result  of  the  application  to  the  symbol  cp 
of  a  differential  operator  Lh  ( x ,  i-^-)  of  the  order  not  grea¬ 

ter  than  n0.  Let  T  =  2  <+/,  aA”/1  •  ...  -A^lh.  Take 


=  2  cha(LH) 

3,  a 


3,  a 
aji 


•  (Ljk) 


Lik 


If  T  £  J'\  then  for  any  symbol  cp  £  C°g  (Rn  x  M m) 

,1  n  n+1.  .  1  n  n+1, 

T^A,,  ...,  An,  B  )]  =  (A,  (T)  cp)  ( Aj,  ...,An,  B).  (9.4) 

Indeed,  take  for  example  T  —  AhAj ,  then  by  (9.3)  we  get 

,1  n  n+1.  ,1  n  n+1, 

AhAj  [ [cp  ( Alf  . . . ,  A„»  B  j]j  =  Ah  [(Lj-cp)  ^  At,  •  •  ■ ,  An,  B  j  |  = 

,1  n  n+ 1 , 

=  {BhBjty)  ^  A4,  .  .  . ,  A„  ,  B  j  = 

^  Yl  Yl  _1_  ^ 

==  (^  (AftA;)  cp)  ^  Aj,  ...,An,  B  j. 


Equality  (9.4)  for  all  elements  T  of  the  algebra  JT  is  verified  in 
the  similar  way.  Thus  the  operators  Ls  are  themselves  the  generators 
of  the  Lie  nilpotent  algebra,  which  we  shall  denote  by  11. 

The  constructed  mapping  i:  -+  n  is  called  an  ordered  repre¬ 

sentation  of  the  nilpotent  algebra  jf  ‘ . 
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It  follows  from  (9.4)  that  the  operators  Lk,  k  =  1,2,  .  .  n;  a 
satisfy  the  same  commutating  conditions  as  the  operators  A  ft,  B. 
Particularly  the  operators  Llf  L2,  .  .  .,  Ln,  a  are  generators  of 
the  nilpotent  algebra  FT.  Hence  if  P  (x,  a)  is  a  polynomial  in  x 
with  coefficients  depending  on  a,  then 

IP  (A„  ...,  An,  B  )].[G  (a„  ...,  An,  B  )]  = 

/  1  n  n+l. 

=  11 i(Au  ...,An,  B  ),  (9.5) 

/  1  n  n+ 1 \ 

where  ijj  ( x ,  a)  =  P  \Llt  .  .  Ln ,  a  )  G  (x,  a)  for  any  G  ( x ,  a)  g 
6  Cjg.  We  can  ask,  whether  this  equality  holds  for  P  (, x ,  a)  £  #°° 
and  G  (a;,  a)  6  C%. 

In  all  probability  the  answer  is  negative  if  we  limit  ourselves 
to  axioms  pj-pg  (without  topological  axioms).  To  give  a  positive 
answer  to  the  question  we  shall  formulate  two  additional  algebraic 
axioms,  which  are  useful  and,  in  addition,  permit  to  obtain  an 
explicit  formula  for  any  function  of  non-commuting  operators 
via  a  composition  of  functions  of  commuting  operators. 

Consider  symbols  f  (x,  a,  t)  depending  on  the  parameters  t  £ 
6  Rfe  (k  is  not  fixed);  all  the  derivatives  with  respect  to  the  para¬ 
meters  belong  to  tf°°. 

Axiom  (p7)  (the  parameter  axiom).  Let  /  (x,  a,  t)  £  Cj^,  i  6 
verify  the  equation 

If  (a)5  . .  .,  An,  B  ,  «)]  =  0 

for  all  t  6  Rk.  Then  for  any  function  d>  ( t )  6  ok°°  (Rft)  and  symbols 
h(x,  a,  t)  =  CD  ,  i~^~)  /  (x>  0 

the  condition  is  satisfied 

(1  n  n+ 1  . 

A4,  ...,  An,  B  ,*)]]  =  0. 

If  the  condition  of  Axiom  (p7)  is  satisfied  for  all  t  0,  it  is  valid 
for  t  =  0  as  well. 


Axiom  (p8)  (the  uniqueness  axiom).  Let  the  following  conditions 
be  verified 


1  7X  Tl~\~  1 

(Ps)[/(^1.  ....  An,  B  ,  0)]  =  0, 

,1  n  n+l  .  n+2  .  1 

(fis)  lift]  (^1.  •  •  •>  An,  B  ,  tjJ  =  iA  f  (a,, 


n  n+ 1  . 

An,  B  ,  *)] 


for  A£M  and  symbols  f(x,  a,  t)  £  of00,  ££R. 
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Then 

(1  n  ii+l  . 

Ait  An,  B  ,  / ) ]]  =  0 
for  all  ££R. 

Problem.  Prove  the  following  formula  for  an  operator 
t  (i„  ...  =  . iJL)  x 

X  (&~  ‘Ajltig - g-iAitn\ 

K  ‘  '  ;J+=0  ' 

We  shall  prove  in  Chapter  II,  that  the  positive  answer  to  the 
question  posed  above  (see  (9.5))  follows  from  these  axioms. 

The  main  point  is  to  construct  such  a  function  GN  ( x ,  a)  for 
the  given  function  P  ( x ,  a)  that  condition  (9.5)  is  verified  when 

tM*.  a)  =  1  +  Bn  (*,  a), 

where  the  function  RN  ( x ,  a)  —  0 %  (|  x  |~N)  for  any  N.  It  means 
that  we  should  solve  the  problem  (9.5);  i.e.,  the  main  problem  (9.1) 
is  reduced  to  the  following:  find  the  sequence  gN  ( x ,  a)  such  that 

,1  n  n+ 1 , 

f\Li,  ...,Ln,  a  j  gN(x,  a)  =  l+RN(x,  a),  (9.6) 

where  R  N  =  O-g  (|  x  |-JV)  decreases  faster  than  |  x  when  |  x  |  ->• 

->  OO. 

Suppose  we  have  constructed  the  function 
ifv  (a,  q,  x,  t)  6  Ci  (Mm  X  R2,!);  t  6  [0,  oo) 


(for  some  numbers  pft  ^  1,  p  O  1,  T,  r]0  and  a  finite  function  p  (q) 
which  equals  unity  when  |  q  |  sC  q0)  decreasing  for  t  —  T  when 
x  oo  faster  than  A~N,  where 


and  which  satisfies  the  following  conditions: 

3  1'  a  ,1  n  n+1.  I  i  1  \  . 

pAa  ~dt — f  \Ll'  ■  •  ”  Ln,  a  )l  T.v  (a.  i  ,  x,  tj  = 

l  d  1  \ 

= =Bn  i-fo,  X,  tj  , 

(a.  T  x,  0)  =  p(q), 


(9.7) 
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where  BN(a,  t],  x,  t)  decreases  faster  than  A_A  as  x  oo  uni¬ 
formly  in  t.  Here  and  below  F=f  denotes  F  cp  (x)  =  / <p  (x) , 

vcpeC- 

We  shall  integrate  equation  (9.7)  with  respect  to  t  from  0  to  T 
and  apply  both  sides  of  equality  (9.7)  to  the  unit  function;  taking 

into  consideration  that  p  (i  1=1  and  denoting 

/  |  i  \  i _n 

x,  t)  =  ^N  ^a,  i-^-,  x,  tj  A  1, 

B'n  (a,  x,  t)  ==  Bn  |a,  i  ,  x,  t  j  A  **  1,  (9.8) 

T 

8n  (x,  a)  =  +  i  j  t|hv  (a,  x,  t)  dt, 
o 

we  obtain  the  following  equation: 

,1  n  n+1. 

f[Li,  Ln,  cc  j  gN(x,a)  = 

T 

=  1  —  ilpN  (a,  x,  T)  —  i  j  B'n  (a,  x,  £)  =  1  +  RN  (a,  x), 

o 

where  RN  decreases  faster  than  A~N  as  x  -»-  oo  by  the  initial  con¬ 
ditions  and  therefore  we  obtain  a  solution  of  the  main  problem. 

Example.  Consider  the  equation 

~iw+iw~l yu==0'  f(y)ec(Ri).  (9.9) 

We  shall  use  this  equation  to  demonstrate  the  general  method  of 
constructing  solutions  up  to  the  functions  of  the  class  CN  in  y  and 
decreasing  faster  than  |  y  |-JV  as  |  y  |  -v  oo  {N  >  0  is  a  given 
number).  Let  Alt  A2,  B  be  the  operators 

Ai=—  A2  =  y,  B1  =  t,  B2  —  y.  (9.10) 

The  operators  are  evidently  generators  of  the  Lie  nilpotent  algebra. 

/  1  2  3\  4 

Calculate  their  representation.  Consider  an  operator  cp  \At,  A2,  B  )  Ax. 
We  must  transform  in  such  a  way  that  the  operator  Ax  should  act 
first  in  the  obtained  operator;  to  this  end  we  must  pass  the  operator 
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Ct  o 

Ax  through  the  operators  A 2,  Ba.  We  have 

4  /  1  2  3  .  4,1  2  5  . 

A^p  yA i,  A2,  BJ  —  Affl  (/44,  Az,  BJ  -f- 

4/3  5  v  Qq.  /I  2  5 1 

+^*(js-b)wK‘1*'b)= 

=  i1(p  (ilf  i2)  j).  (9.H) 

4  2 

Commutate  Ay  and  A2 

4/125.  4150. 

ilicp  (/4l5  /42,  5J  =/4iCp  ^/4j,  A2,  B  J  -j- 

4/2  5  \  /I  5  6  \ 

+  (/12  —  /42)  —  (Au  A2,  Bj  = 

=  ^<P  (i,  i  i)  (ii,  i.  B)  ■  (9-12) 

By  Eq.  (9.11)  and  (9.12)  we  have 

T  .9.9 

Li  =  x1  —  l  -3 - l  -T - . 

1  1  9aj  9^2 

The  representation  L2  of  the  operator  Aa  evidently  has  the  form 
L  ^  —  X2  • 

Now  we  shall  observe  the  following  general  facl.  Let  us  find  such 

(1  n  n+i  . 

Ait  . . . ,  An,  B  ,  tj  that 

—  &  ~gf  till  +  1/1  =  Rn  •  •  •  i  R  >  ^  )  I  |(=0  =  1> 

(9.13) 

where  the  symbol  R N  (x,  a,  t)  satisfies  an  estimate  RN  —  0%  (|  i  |-JV) 
uniformly  with  respect  to  a,  t.  The  symbol  g  (x,  a,  t)  may  be  deter¬ 
mined  by  the  equation 


g{x,  a,t)  =  lg[\x,  -i-fc,  tjji  (x), 


(9.14) 


(1  #  \ 

x,  — i  — ,  a,  t  J  is 

a  solution  of  the  problem  (cf.  (9.7)): 

2 

a  d  nn+l,  ,1  a  , 

—  i ir8'+f  \Ll'  •  •  a’  0  S'=Rn,  [x,  a,  f),  (9-1  :A 

&'  (x,  T],  a,  0)  =  p(T]),  R'N(x,K],a,t)  =  Ox{ \  x  \~N). 
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The  proof  of  the  statement  follows  from  (9.5).  Hence,  to  construct 
a  solution  of  problem  (9.9)  we  must  solve  the  problem 

j  2 

-i^-(L1  +  L2)¥=0,  ¥=¥(x,-ij^,a,*).  (9.16) 

'f|H  =  p(-4)l  p(r06CS°(R“) 

p(rl)=l  as  |r]|^e. 

We  shall  search  the  solution  of  (9.16)  in  the  form 


i  / 1  1  \  ,  2 

,  IAS  1  x,  -i  -j—  ,  a, t  I  /  1  .3  \ 

=  «  V  ax  '<P  (*»  — 1  "to’  “>  t)  ’ 


(9.17) 


where 


S  (x,  T),  «,  0)  =  0,  cp  (x,  T],  a,  0)  =  p  (rj),  A  =  |  x  |. 

On  substituting  the  function  ¥  defined  by  (9.17)  into  (9.16)  we 
obtain  by  the  commutation  formulas  (we  drop  the  arguments 

1  .  I 

i  i  cc,  t  of  cp,  iS) . 


a  dS  .  <9cp  f  \  dS  ,  J  dS  "1  . 

L  1  dr\2  J  t  arji  dTl2 


Let  x4A  1  =  (o1?  x2A  1  —  co2-  Using  the  symbols  and  equating  to 
zero  the  coefficients  at  the  powers  of  A  we  obtain 


{as  ,  as  as  .  as  n 

dJ  ®i  "I-  dtp  3Kl  032  "f-  ar|2  ’ 

JfP _ m4_  j5L_i_i£  =  n 

dt  ar|1  '  Sr)2 

Equations  (9.18),  (9.19)  have  solutions  of  the  form 
S  —  (ft>i  -j"  ®2)  t 


(9.18) 

(9.19) 


iril  i  (m-t)2 


p(%  — L  ha  —  t), 


i  112  {Ul2-02 

¥  (x,  a,  T),  t)  —  e{  (*i+*2)t  e  2  2  p  (% —  t,  %  —  f). 

To  construct  the  solution  of  the  initial  problem  we  must  calcu- 
1 1  |  \ 

late  the  value  of  ¥  (x,  —  i—  ,  a,  t  1  (x). 
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We  have 


¥ 


2  2  1  i  /  d  _ i  /  .  a  \2 

—  i-~,  a,  tj  (1  (x))  =  e  2  '  *  '  2  V  dx2  ~  )  x 

it 2 

_  gi  (X1+X2)  i  g  2  —  (J  (#,  a,  i). 


The  solution  of  (9.9)  has  the  form 

/  1  2  3  \  .1  2  i!  ivi+— 

u  (y,  t)  —  G  \^4t,  A2,  B,  t)  f  =  e  2  /  =e  2  /(y  +  f) 


Thus  an  application  of  the  operational  method  enables  us  to  solve 
the  problem  exactly. 

Now  let  a  ( y )  be  a  positive  smooth  function  uniformly  bounded 
with  its  derivatives  in  the  region  y  6  R1,  0  <  Cx  ^  a  (y)  ^  C2. 
Consider  the  equation 

S— d^-y2a(y)u  =  0  (9.20) 

with  the  initial  conditions 

w|i=o  =  w1  {y),  u't  |t=0  =  0)  (9.21) 

where  the  function  ux  (y)  belongs  to  the  space  II s  (R)  for  some  s. 
We  shall  investigate  the  same  problem  for  (9.20)  with  initial  con¬ 
ditions  as  for  Eq.  (9.9). 

Let  Ax,  A 2t  B  be  the  operators  defined  by  equation  (9.10).  Their 
ordered  representation  was  calculated  in  the  previous  example. 
Rewrite  (9.20)  in  the  form 

f^-lAlA-a{B2)AUu=  0. 


Similarly  to  the  previous  example  it  is  sufficient  for  the  solution  of 

1  2 

the  given  problem  to  construct  an  operator  gN  (x,  —idldx,  a,  t ) 
satisfying  the  conditions 

+  LlJg’N  =  Ox{\x\-N), 

gN  (z-  ¥  o)  =  P(fi)>  [x,  p,  a,  0)  =  0. 


(9.22) 
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We  shall  search  for  the  solution  of  (9.22)  in  the  form 


gN  \X 


2 

.  3  .  . 

■I—,  a,  tj=e 


1/1  9  ) 

lAS(X’  ~i~dx  ’  */  y 


A  =  (^+x|)‘ 


1  .  S  \ 

1  dx'  a,t!  ' 

c;)i/2.  (9.23) 

On  substituting  the  function  gN  defined  by  (9.23)  into  (9.22)  wo 
obtain  by  the  commutation  formulas 

1/1  O  4  \ 

iASi  x,  -x  — —  ,  a,  t  I 
p  \  ox  / 


,  /  ]  .  dS  dS  .  1  3  .  l_i  3  \2 

+  riA  +!^7  +  ^7~iA  3^_iA  551)  ■> 

+  «  (  « )  (  *  2  A" 1  +  ~ ) ! *|  ¥  w  }  =  Oz  ( |  x  |  - N ) . 


(9.24) 


2 

.  3 


2 

.  3 


i  — ,  a,  /  of  5  and  x,  —  i  —  ,  a,  /  of 


The  arguments  x, 
are  omitted. 

Apply  the  A-formula  to  the  term  in  the  braces  in  (9.24).  We 
obtain  that  the  symbol  of  the  operator 


(4-^1)+  (*,  A-- 


os 


dS 


iA 


+  a(a)  ^Fjv 


dx\\  da* 
dS  \2_ 


-iA' 


-1  _i_ 
da 


IS 


{~(4r+(»,+4+4r+«Mh+4r+ 

+<-‘A-')H£M+2«(°,h+4)^+ 

CO, 


a  (a) 


32.S’ 


d>ll 


■2^2  ( 


.  dS 

1  dm 

r  3a,  ) 

CO, 


35 


dpi 


dS  \ 

(J-  J 

_ IA 

d2S  0  3‘25 

da2  ) 

\  da. 

h  dpt  / 

3pf  '  “  3>i,3a, 

^  da,2  J 

N 


+  2  (-iA-i)hRk)  WN  +  A~N+iRNWN, 


(9.25) 


ft=2 


where  co,  =  XiA-1,  i  —  1,  2;  /?A  are  differential  operators  of  the 
order  k  with  smooth  coefficients,  RN  is  the  remainder  term  in  the 
commutation  formula. 

Note  that  the  successive  application  of  the  ./(/-formula  enables 
us  to  determine  an  explicit  form  for  all  the  operators. 


8-01225 
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Equation  (9.22)  is  an  easy  corollary  of  the  equations 
/  dS  \ 2  /  .  dS  .  dS  \  2  /  dS  \  2 

(“at")  +  —  « («)  (“2  +  -^)  -0, 


N 


2  (  — tA_1)h  Rk]  ¥*  =  0(1*1""), 

ft=i 


(9.26) 

(9.27) 


where  i?x  is  the  operator  in  the  square  brackets  on  the  right-hand 
side  of  (9.25)  and  0  ( \x  |-JV)  is  a  smooth  function  decreasing  as 
|  x  |_JV  with  its  derivatives  as  |  x  |  -*■  oo. 

Equation  (9.26)  is  a  Hamilton-Jacobi  equation  with  the  initial 
condition  S  |^0  =  0. 

We  shall  search  for  the  function  Y*  in  the  form  of  the  expansion 

**=  sVia-Y**. 

k= o 


On  substituting  this  expansion  into  (9.27)  and  equating  to  zero 
the  coefficients  of  the  powers  A~h,  k  =  0,  .  .  .,  N  we  obtain  the 
system 


=  0, 

i?1¥1  +  /?2¥0  =  0 


+  •  •  •  +  Rn-^o  —  0) 

^o|i=o  =  P(T|);  %\t=0  =  0,  k>  0.  (9.28) 


Equations  (9.26),  (9.28)  are  solved  similarly  to  (8.32)  of  Sec.  8. 
Denote  their  solutions  by  A*,  ...,  Yjv-i.  Let 


2  n- li/i  a  \ 

±  h=  o 

i  i  2 

X  (  —  iA-1)feffc  (*,  a,  if), 


then  the  asymptotic  solution  of  (9.20)-(9.21)  is  a  function 
um{y,  0  =  A2)  B,  t)jut(y), 

/I  2  2  \ 

where  gN  (Ai,  Az,  B,  t)  is  an  operator  with  the  symbol 
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Sometimes  it  happens  to  be  useful  to  reduce  the  solution  of  the 
main  problem  to  an  exact  solution  of  a  simpler  equation.  We  have 
seen,  that  the  asymptotic  of  the  equations  of  crystal  vibrations  might 
not  be  found  generally  only  with  the  help  of  bicharacteristics.  We 
are  able  to  reduce  merely  the  solution  of  the  asymptotic  problem  to 
a  simpler  one;  i.e.,  an  exact  solution  of  the  wave  equation  (see  Sec.  8). 
This  section  deals  with  the  construction  of  a  quasi-inverse  operator 

/  1  n  n+ 1 \ 

of  an  operator  f  .  .  .,  An,  B  ) . 

/  1  n  n-f  1  \ 

Choose  a  certain  operator  r  \^4X,  .  .  .,  An,  B  /  6  X  as  a  standard 
one. 

Definition  9.T.  A  right  quasi-inverse  sequence  for  an  operator 

I  1  n  n+l\ 

/  \ ^4 15  .  .  .,  An,  B  )  is  such  a  sequence 

tl  (  1  n  n+l\  2  n+1  n+2\ 

•••)  An,  B  /J,  At,  . . , ,  An,  B  ) 
that  the  product  fxh  can  be  put  in  the  form 

/ 1  2  n+ 1  n+2  \ 

fxh  =  l  +  Rk\r,  Au  ...,  An,  B  ), 


where  the  function  Rh(x0,  xt,  ...,  Xi,  Xi+i,  .  ..,  xn,  a)  decreases 

-  N  “I  —ft/2 

faster  than  2  X1  I  as  t.e., 

J=  i  j 


oo,  i.e.. 


faster  than 
Rh  =  0 


The  left  quasi-inverse  sequence  for  the  operator  /  .  .  .,  An, 

7l-f-  1  \ 

B  )  is  defined  along  the  same  lines  (cf.  9.1). 

We  shall  investigate  the  method  of  reduction  of  the  main  problem 
to  a  solution  of  the  Cauchy  problem  for  a  function  of  differential 
operators. 

/  2  2  l  1  \ 

T  _  .  S~1  I  &  V  1  _ i'  1 L  ~ 


/  2  2  I  \  \ 

Let  Gk  la,  x,  —  i  ^  ,  —i£l  be  a  differential  operator  with 

partial  derivatives  defined  in  the  space  C]g  (Rn  X  Mm).  Denote 
this  operator  by  Gh.  We  define  Gk  by  the  following  equation: 

/I  n  n+l\  /  1  n  n+l\ 

(<^ncp)  V-4i,  •••,  An,  B  j=[(pUu  •  ...  An,  B 
Further,  we  define  Gn+i  as  follows: 


(  1 

n  n+l\  / 

i 

?i  n+ 1  \ 

(GnHcp)  ‘  • 

•  ,  An,  B  /  =[cp  ( 

A\, 

.,  An,  B  ) 
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The  operators  Gk  are  generators  of  the  Lie  nilpotent  algebra  which 
will  be  denoted  by  II'.  The  proof  is  the  same  as  in  Sec.  9.  The  map¬ 
ping  A'  :  JP  -+  IT  is  called  the  (right)  ordered  representation  of  the 
algebra  JT . 

An  analogue  of  (9.5)  is  true 


[<P 


(  1 

n  n+l) 

l  1 

n  n+l  \ 

Ui,  •• 

An,  B  ) 

'][[/>(+,  •• 

An,  B  ) 

(n+l  2  1  \  /I  n  n+l\ 

P\Gi,...,  Gn,  Gn+i) cp(x,  oc)Ui»  ...,  An,  B  j,  (9. 


29) 


where  (p(x,  a)£C^,  P  (x,  a)  is  a  polynomial. 

Equation  (9.29)  is  verified  for  any  P  (x,  a)  £  S°°  (Rn  X  Mm), 
<p(;r,  a)£Cg  if  axioms  (p7)  and  (p8)  are  satisfied.  The  proof  is 
essentially  the  same  as  of  (9.5). 

/  1  n  n+l \ 

Take  Au  An,  B ,  r  Ui,  . .  .,  An ,  B  )  £X, 
f(x,  a)£<?°°,  r  (x,  a)^#00. 

Consider  a  symbol  g  (x 0,  x,  a)£#°°  (Rn+1  X  Mm)  and  calculate 
the  product 


(  i 

n 

n+l  \ 

(i  ( 1 

n 

n+l  \ 

If 

Ui,  •• 

• ,  An , 

b  ); 

Ui,  •  • 

■  • ,  An 

,  B  j] 

2 

n+l 

n+l  \ 

At,  . 

•  •  >  A  n , 

B  ) 

]• 

On  applying  (9.5) 

we  get 

(  i 

n 

n+l\ 

/ 1  ( i 

n 

1/ 

Ui,  •• 

• ,  Ant 

b  h 

A  n 

.  B  j] 

2 

n+l 

n+2  \ 

At,  ■ 

•  • ,  A  n , 

,  B  ) 

]= 

I 

1 

n 

n+l  \ 

=  /  \ 

Lt,  . . . 

»  Lm 

a  )  g(x o,  X, 

a)  -f- 

(i  (  i 

n  n+ 1  \ 

2 

n+l 

+  lg 

\lr\A 

1»  •  •  • 

,  An,  B  / 1, 

Ai ,  •  • 

•  >  A  n , 

1 

n  n+  1  \ 

I  i 

n 

X 

r  Ui,  . 

•  •  j  * 

+  ,  B  J]-([r 

Ui,  • 

•  •  j  An , 

where 

X»  =  fr 

n 

A 

r  2 

l+,  •  • 

n+l  ) 

■,  AnJ 

X 
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On  applying  (9.29)  we  get 


(1  (  1 

n  n+ 1  \  2 

An:  B  J],  Ay,  .... 

I g  i[r  \At, 

/  l 

n  n+ 1  \ 

X  [r  U1;  . 

...  An,  b  ;j  = 

(  /n+l 

2  1  \ 

=  v  \  Gy,  . 

•  ■  :  Gn,  Gn+yJ  g  (Xq, 

X  ([r  (hj, 

n  n+l\  2 

....  An,  B  j],  Ay, 

X 


X 


In  the  same  way 


I  1  n  n+ 1 \  /  /  1 

If  [A,.  ...,  An,  B  j][g  i[r  (Hi, 

n  n+ 1  \ 

2 

■  An,  B  ) 

J,  Ay,  .  .  . 

?i+l  n+2l 

...,  An,  B  j]  = 

/ 1  /  1  n  n+l \ 

=  ¥([[r  Ui,  -  B  J], 

2  n+l 

n+2\ 

Ai,  .  • . ,  An , 

B  )  , 

where 

1/1  n  n+l 

¥(x0,  X,  a)  =  If  [Li,  . . .,  Ln,  a 

\  (n+l 

2  1  \ 

)-r[Gi,  .. 

•  i  Gn,  Gn+i )  -j- 

+  x0\g(x0,  x,  a). 


Thus  the  main  problem  is  reduced  to  (9.6)  with  ihe  left-hand 
side  having  the  form 


n  w+1  \  /  n-f  1 

•  ,  Ln,  a  )  —r[  Gu 


The  remaining  part  of  the  proof  of  the  reduction  to  the  Cauchy 
problem  is  preserved  unchanged.  The  operator 


/  1 

n 

n+l\ 

/  n+  1 

2  1  ) 

Ui, .. 

•  >  Bn, 

a  j 

—  r  1  Gy,  . 

•  • »  ^n+1/ 

/I  n  n+ 1 \ 

is  called  the  Hamiltonian  of  the  operator  /  (Hj,  .  . .,  An,  B  /  with 

(1  n  n+ 1  i 

Ay,  . . An,  B  )  . 


Example.  Let  Cff  (Rn)  be  the  space  of  functions  satisfying  the 
conditions 


|| (1  —  h2A)s  cp (x,  h)\jLi<Cs, 

where  s=0,  1,  ...,Cs  are  constants  depending  on  the  function 
(p  but  not  on  h  as  h-y  0. 
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Let  q)(x,  h)^Ch  (Rn).  We  shall  write 

cp  (x,  h)  =  0M  (/tp)  if  q)(ar, 

°h 

|[h_pq)(;r,  h)  ||l2^ const  for  h  ->  +0. 


Let  <p(x,  h)  =  0  oo  (h®).  Let  Q  be  a  subset  of  the  space  R2"  of 

Ch 

the  variables  x  and  p  and  let  Q  have  the  following  property: 
the  equation 

/(*.  “ i~w)  *P  (*»  h)  =  Oc<x,(hf,+l) 


is  true  for  any  function  /  {x,  p)  £  aP°°  (Rn  X  R”),  such  that 
Supp / (x,  p)C\®=  0. 

The  set  Q  is  called  a  support  of  singular  points  of  cp(x,  h). 
Consider  an  equation  of  the  form 


■  ih 


d'P 


dt 


^H(l,  -ih-L)  v=0, 


¥ 


t=o : 


T0(y,  h), 


(9.30) 


where  H  ( y ,  p)  (E  #°°  (Rn  X  R")  is  a  real  function,  ¥0  ( y ,  h)  £ 
6  Ch  (R").  Suppose  that  for  any  ¥0  ( y ,  h)  £  C™  (Rn)  a  solution  of 
problem  (9.30)  does  exist  and  belongs  to  Ch  (Rn).  Let  Q0  be  a  sup¬ 
port  of  singular  points  ¥0  ( y ,  h).  Let  Qt  be  a  support  of  singular 
points  of  the  solution  ¥  (y,  t,  h)  of  problem  (9.30). 

Theorem.  The  set  Qt  is  included  in  an  image  of  the  set  Q0  by  a  cano¬ 
nical  transformation  g\i  with  the  Hamiltonian  function  H  ( q ,  p). 

Proof.  We  shall  use  the  concept  of  the  standard  operator  in  the 
Hamiltonian  formalism  to  prove  the  theorem. 

Take  the  operators 

•••’  A*=-ih-£z>  B==y- 

These  operators  are  evidently  generators  of  the  Lie  nilpotent 
algebra.  It  is  easy  to  verify  that  the  left-ordered  representation  of 
these  operators  is  constituted  by  the  operators 

Li  =  X\  —  ih  , •••,  Ln  —  x  ih~Q ~  >  Lo  =  oc. 
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The  right-ordered  representation  has  the  form 
Gj  =  Xj ,  .  •  • ,  Gn  —  xn , 

Gn  =  —  ih  ,  i  —  i,  7i. 

Take  the  operator 

r[y>  ~ih~w)  =  H  (»*  -^^r)=r- 

as  the  standard  one. 

To  construct  a  solution  of  (9.30)  we  may  construct  an  operator 

(1  2  2  3  \ 

g  \r,  j4i,  ...,  yln,  5,  t ,  h)  satisfying  the  condition 

-ib-jf  (r>  •  •  •>  X,  C  + 


/  2  1 

l  \ 

/I  2 

2  3  \ 

(5,  ... 

•  i  /  . 

Jig  \r,  Au  . 

•  •  >  An,  B ,  t ,  ft / 

/I  2 

2  3 

\ 

(  i 

1  2  \ 

g  ^4i,  ■ 

..,  B, 

0,  ft) 

=  go  Ui,  •  • 

■,  ^n,  5/  , 

where  g0  (x,  a)  £  #°°  is  an  arbitrary  function. 

By  the  previous  construction  we  need  a  solution  of  the  Cauchy 
problem 

—  ih-^-(x0,  x,  a,  t,  h)  +  lH  (a2,  Lu  .  .  .,  Ln )  — 

1  2  2 

H  (Gn+l,  Gj,  •  •  • ,  Gn )  -f-  XqJ  g  (x0,  x,  oc,  £,  ft)  =  0, 
g(x0,  x,  a,  0,  ft)  =  g0(x,  a)  (9.31) 

to  construct  the  symbol  g. 

If  g0  (x,  a)  s=  1  then  a  solution  of  (9.31)  is  the  function 
g(xp,  x,  a,  t,  ft)  — e  h  tx°. 

Hence  we  obtain  the  following  formula  for  the  solution  of  problem 
(9.30): 

¥(y,  t,  ft)  =  exp  j[  — (y,  ¥0  {V,  h). 

Now  to  prove  the  theorem  it  is  sufficient  to  prove  the  following 
statement:  if  F'  ( q ,  p)  £  (Rn  X  Rn)  is  a  function  with 
Supp  F'  ( q ,  p)  f)  =£■  0  (t  is  any)  then 

F'  (y,  -ih-^)  ¥(y,  t,  h)  =  0 ^  (ftp+1), 

whence  ¥0(y,  ft)  =  0  «*,  (ftp). 


(9.32) 
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Consider  the  canonical  transformation  g\[  corresponding  to  the 
Hamiltonian  function  H  ( q ,  p).  By  definition,  g~xH  (Qr)  ==  Q0.  Let 
ig){)*  be  an  automorphism  generated  by  gxH  of  the  ring  of  smooth 
function  defined  in  R2n. 

Let  F  ( q,p )  6  #°°  (R"  X  Rn)  be  such  a  function  that  Supp  F  ( q ,  p)  f| 
f|  =  0.  Let  /  (q,  p)  —  (gh)*  F  ( q ,  p).  It  is  obvious  that 

/  (q,  P)  6  <?°°  (Rn  X  R"),  Supp  f  (q,  p)  n  =  0. 

Hence  the  estimate  is  true 

f(y,  -  ih -~)  V0(yr  Ji)  =  Oc„(h*+1). 

Let  G  ( x0 ,  x,  a,  t,  h)  be  a  solution  of  problem  (9.31)  with  initial 
values 

g0  {x,  a)  =  /  (x,  a).  (9.33) 

We  shall  search  the  function  g  (x0,  x,  a,  t,  h)  in  the  form 

itx o  i  _  N_ 

Gn  (x0,  x,  a,  t,  h)  —  e  h  h  ^!(  —  ih)h  <ph  (x,  a,  t).  (9.34) 

ft=0 


To  satisfy  the  initial  value  conditions  let 
S  (x,  a,  0)  =  0,  cp0  (x,  a,  0)  =  /  (x,  a) 

(ph  (x,  a,  0)  =  0,  ft  >  1,  (9.35) 


then  substituting  the  function  GN  of  (9.34)  into  (9.31)  and  equating 
to  zero  coefficients  of  the  powers  h°,  h1,  .  .  .,  h1*-1,  we  obtain  a 
system  of  equations 


x  ■ 


dS 


da 


*  («,  ,  +  £)  . 


dt 


%o_\ 
da  / 
d(f0 


{H'<  X)  ’  -  to1)-0 


(9.36) 


(9.37) 


+ -^Th-i  +  •  •  •  ~r nfPo — ft  —  1,  2,  1 ,  (9.38) 


where 


R'=-k+{Hp(a'  I+lr)  >  it)- 


Rh,  1  </c  are  differential  operators  of  order  not  higher  than 

k  with  smooth  coefficients. 
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Equation  (9.36)  is  a  Hamilton-J acobi  equation.  Solving  (9.36) 
and  taking  into  account  the  initial  condition  (9.35)  we  obtain 

S  (x,  a,  t)  =  0 

Hence  we  may  rewrite  the  operator  Rx  in  the  form 

r.=4+<">.(«.  *>•  *>•  -k)=4r- 


where  -  is  a  Hamiltonian  vector  field  corresponding  to  the  one- 

parameter  family  g\j  of  canonical  transformations  of  phase  space. 
Therefore  by  (9.35)  the  function  (p0  (x,  a,  t)  is  a  solution  of  (9.37) 

(p0(.r,  a,  =  a). 

In  particular,  when  t  —  x 

To  (*,  «.  t)  =  F  (x,  a). 

When  k  —  2,  .  .  .,  N  —  1  equations  (9.38)  have  the  form 
-jfVh  +  Fh  (<Pft-i,  •  ■  •,  T0)  =  0. 

<Ph  \t=o  =  0, 

where  the  alleged  function  Fh  ((pft_lf  .  .  .,  (p0)  depends  on  the  func¬ 
tions  Tft-x,  .  .  .,  <p0  and  its  derivatives.  Hence  (9.38)  is  easy  to  solve. 

On  substituting  the  function  GN  ( x0 ,  x,  a,  t,  h)  into  (9.31)  the 
right-hand  side  is  evidently  obtained  in  the  form  hNR N  ( x ,  a,  t,  h), 
where  the  function  RN  ( x ,  a,  t,  h)  is  of  the  space  of'00  (R"  X  R") 
for  any  t  and  h  £  [0,  1].  Hence  the  asymptotic  solution  of  problem 
(9.31)  with  initial  condition  (9.33)  has  to  be  of  the  form 


-it 


GY  (x0,  x,  a ,  t,  h)  ■■ 


•  Xq 


«)+^i(®,  A)}. 


(9.39) 

where  the  function  gx  (x,  a,  t,h)  belongs  to  the  space  if  oo  (B„  x  RB) 
for  any  t  and  fe  £  [0,  1]. 

Since  the  function  GN  is  a  solution  of  (9.31)  with  initial  condition 
(9.33),  the  following  equation  is  true: 


—  c 

1 

■Jg 

T 

2 

Ai,  . . 

2  3 

•  i  An,  R , 

t,  h)  -f- 

/  2  1 

i  \  / 

1  2  2 

3 

+  [//  \B,  Ait 

/ 

•  •  * »  - 

l„)][G^l 

r,  Ax,  .  . . ,  An, 

B,  t,  h 

( 1  2 

2 

3  1 

1  2  1 

i  \ 

Gy  \  r,  A  j ,  .  . 

•  >  ^TlJ 

B,  0,  h) 

=  /U,  Au  ... 

,  Aj. 

122 


OPERATIONAL  METHODS 


Hence  the  function  T'  (y,  t,  h) 

t,h)  =  lGN  (r,  Au  ...,An,  B,  t,  fc)jT0(y,  h) 
is  a  solution  of  the  problem 


■ih 


d'VN 


dt 


B(y ■ 


c. 


^a|(=o  =  /  [y,  -ih—)w0(y,  h)  =  0r?o(hni). 


Hence  the  estimate 


V’n(v,  t,  h)  —  O  oo  (/ip+1) 

°h 

is  valid  for  any  t. 

From  the  last  equation  and  (9.39)  we  have 

-ih-!L)  ^  (y,  -ai-)]} 

xw0(y,  h)  =  Ocoo(ht+1). 

Taking  (  =  t  we  finally  get 

,2 


X 


117  (y, 


■ih 


)]T(y,  t,  h)  =  0cOO(h^+l),  Q.E.D. 


Example.  Consider  the  pseudodifferential  operator 


A  = 


iJk+H\ v. 


i 

d 

dy 


where  H  (y,  p)  £  C°°  (Rn  X  (Rn\{0}))  is  a  real  function  positively 
homogeneous  in  p  of  the  first  order.  Let  ut  ( y )  be  a  solution  of  the 
problem 

Aut  =  0,  ut\t=o  =  u0,  u0£Hs. 

Following  Ilormander  we  call  the  set* 

WF  (v)  cz  T*R” 

WF  ( v )  —  fl  char  ( B ) 

Bu£C°° 

1 2  _£ 

a  wave  front  of  the  function  v  6  Hs  (Rn),  where  B  =  B  \y,  —i  dy 
is  a  pseudodifferential  operator  with  a  symbol  B  ( x ,  p)  6  S 1  (Rn  X  Rn). 
In  the  phase  space  T*Rn  char  (B)  is  a  set  such  that  B  (y,  p)  =  0 
when  (y,  p)  £  char  ( B ). 

*  For  the  notations  see  L.  Hormander.  Acta  Math.,  127,  1-2  (1971) 
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Let  gn  be  the  canonical  transformation  of  the  phase  space  r*Rn 
with  the  Hamiltonian  function  //. 

Theorem.  There  is  an  inclusion 

WF  (ut)  c =  guWF  (u0). 

Proof.  Following  the  previous  example  we  use  the  concept  of  the 
standard  operator  to  prove  the  theorem. 

It  is  evidently  sufficient  to  prove  that  the  relation 

ib  [l  -i  JL)jiu0ec~^i((g-r  b)  (l, 

(9.40) 

h  l  \ 

is  valid  for  any  operator  B  I  x,  —i  -r—  I  with  a  symbol  of 

Sl  (Rn  x  Rn). 

The  left  representation  of  the  operators 

. 1- B-y 

has  the  form 

ai  —  xi~l  >  •  •  •  >  an  =  xn  —  i  .  a 

and  the  right  representation  of  the  same  operators  has  the  form 
Gj  =  x^,  ■  •  • ,  Gn  —  xn , 

G%)+i  =  ai-i~-,  i  =  \,...,n. 

Let 

rU,.|)  =h(a,  b)  . 

Consider  the  problem  (cf.  pr.  Example) 

x-i~t)-H  (a-^-  x)+*o_  x 

X  ¥  (a;0,  X,  a,  £)  =  0, 

¥(a:0,  x,  a,  0 )  =  B(a,  x),  (9.41) 

where  B  (a,  x)  £  S1  (Rn  X  R"),  B  (a,  x)  =  0  when  |  x  |  <1. 

We  shall  seek  for  an  asymptotic  solution  of  problem  (9.41)  in  the 
form 

N 

yN  =  e-ixo <2  cpft(a,  x,  t), 

k=0 


(9.42) 
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where  the  functions  <pft  (a,  x,  t)  satisfy  the  estimates 

I  DlD%h  (x,  a,  t)\^Cyfih(l  +  \x\)-k-m+\ 

where  y,  p  are  indices  and  Cap&  are  constants.  To  satisfy  the  initial 
conditions  of  problem  (9.41)  let 

<Po  (a,  x,  0)  =  B  (a,  x), 

cpk  (a,  x,  0)  =  0,  /c  >  1.  (9.43) 

On  substituting  the  function  YN  (x0,  x,  a,  t)  of  form  (9.42)  into 
(9.41)  and  equating  to  zero  the  terms  belonging  to  the  spaces 
S~h  (Rn  X  R"),  k  =  0,  —1,  ...  we  obtain 


d<Po  n 

dt 

d(pi  ,  l  i  /  d 
dt  "r  1  2  \  da  ’ 

H pp 

1  V 

1ST/  + 

(9.44) 

■  /  \ 

J_  1  /  3  TT 

*'  2  \  dx  ' 

(  2)  a 

x)-er/. 

|  cp0  =  0 

"  dt  '  +  «t'i  h-l  +  • 

■  ■  +  •ftfcTo  = 

0,  k  =  2,  . 

(9.45) 

where  Rh,  1  ^  k  ^  N  are  differential  operators  of  order  not  higher 
than  k  with  coefficients  smooth  in  the  region  x  0. 

From  (9.44)  we  get 

cp0  (a,  x,  t)  =  (g-tj*  B  (a,  x). 

It  is  easy  to  see  that  the  function  (p0  (a,  x,  t)  belongs  to  S1  (Rn  X  Rn) 
for  any  t.  Hence  the  solutions  of  (9.45)  <pft  belong  to  the  spaces 
S~k+1  (Rn  X  Rn)  for  any  t. 

By  construction  the  function  Y N  (x0,  x,  a,  t)  satisfies  the  condition 

.-iir+H  (“•  x-i'w)-H[a-i~k’  *«)+*<>] x 

xYlV(%  x,  a,  t)  =  /.v  (x,  a,  t), 

WN  (x0,  x,  a,  0)  =  B  (a,  x), 


where  fN  (x,  a,  t)  6  S~N  (Rn  X  Rn)  for  any  t 
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/  1  2 

We  infer  from  (9.5)  and  (9.29)  that  the  operator  \r,  A,  .  .  . 

2  3  \ 

.  .  An,  B,  t)  satisfies  the  condition 


xl\ 


dt  v  ’ 

2  2 

Alt  ■■■,  A 

n,  B,  t) 

+[//(!,  i)i  x 

( 1  2 

2  3 

\  / 1  i 

[r,  Au 

>4n,  B, 

£/ 1  =  In  V  •'iii  •  •  • :  A 

a  2 

2  3 

\ 

/ 2  t  \ 

s,  Au  . 

..,  An,  B, 

Oj  =B 

\y'  ~w)  • 

Hence  the  function 

(12  2  3  \ 

r,  Au  . .  .,  An,  B,  t)}u0{y) 


satisfies  the  equation 


—  i 


,  dvN 


dt 


H\y, 


l 

d 

% 


VN 


i 

d 

dy 


VN  —  Rn  {y,  t)  6  Hs+N  (f^y)> 


l«o  (y)- 


(9.46) 


By  (9.42)  the  function  vN(y,  t)  has  the  form 

vN(y,  t)  =  ((gtf1)*  B)  (y,  expj— i*pr(y,  —  i-^-)]|} 


X 


xun+x^i  l)ut{y)^  (9-47) 

x  (a,  x,  t)  6  So  (Rn  x  Rn). 

Since  N>0  is  any,  we  infer  from  Eqs.  (9.46),  (9.47)  that 

(ten  )*  B)  [»,  -  i  4f]  Ut  W  £  C°° 

if  B  (y,  -i-fif)  u0(y)eC°°, 

Q.E.D. 

Now  we  shall  consider  a  still  more  general  case.  Let  /;  = 

/  1  n  n+lt 

=  fi\Au  ...,  An,  B  )  £M.  Consider  an  operator 

F  =  F  (/i,  L 
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In  the  same  way  we  obtain  that  the  symbol  of  the  product 


„  l  1 

2 

h  \ 

/ 

2  3 

n+l 

n+  2  1) 

\/l! 

fzi 

-,/J] 

At,  A2,  ■  . 

•  , 

B ,  r) 

'l 

is  equal  to 

F  ([/,  ( 

1 

Lv  .. 

n 

•  >  ^-'715 

ra+l\ 

a  ) 

/«+ 1 

—  nGi,  • 

2 

■  Gn 

i 

/ 

+  *oI. 

2 

(  1 

n 

n+ 1 

\  (n+ 1 

2 

i 

\ 

[/ 2 

Uo . 

J-rUi,  . 

..,Gr 

it  (*n  +  iJ 

+  ^ol>  • 

1 

n 

n+ 1  \ 

l n+l 

2 

1  ) 

,  lih  l 

Li,  .  . 

.,  L, 

i ,  a  /  — r 

Ui,  • 

■  -  i  Gn 

1 

^!l  +  i/  + 

+  *ol)  ■  ■  •,  xn,  «,  x0) 

We  shall  call  the  operator  in  the  right-hand  side  applied  to  the 
function  g  the  Hamiltonian  of  the  operator  F. 

Now  let  r  =  0,  g  (xlt  .  .  .,  xn,  a,  x0)  ==  1.  Then  we  obtain  a  formula 
of  the  reduction  of  a  composite  function  to  a  simple  function  of  the 
same  ordered  operators.  Indeed,  to  define  the  symbol  i|)  (x,  a)  of  the 
operator 


( 

1 

n  n+l\  / 1 

k  \ 

j4j,  .  . 

.,  An,B  )=F\fu  .. 

•  5  fh) 

we  obtain  the  formula  . 

/I  /I  n  n+l\ 

\|>  (x,  a)  =  F  vi/i  Ui.  •  •  • ,  Ln,  a  )],  ... 

hi  1  n  n+l\  \ 

lfk[Lu  ...,Ln,  a  JjJ  1,  (9.48) 

where  the  composite  function  of  differential  operators  in  the  right- 
hand  side  is  applied  to  the  unit  element  belonging  to  the  space  of 
symbols. 

3.  Bicharacteristics  and  absorption  conditions.  In  the  last  examples 
we  came  across  the  concepts  of  bicharacteristics  and  characteristics. 
We  have  seen  that  in  those  examples  a  non-smooth  and  rapidly 
oscillating  part  of  the  solution  is  defined  by  solutions  of  equations 
with  partial  derivatives  of  the  first  order  which  we  have  called  the 
equation  of  Hamilton-Jacobi  (the  characteristics  equation)  and  the 
system  of  ordinary  differential  equations  of  Hamilton  (the  bicharac¬ 
teristics  equation). 

We  have  considered  an  example  of  the  equations  of  vibrations  of 
a  crystal  lattice  over  a  circle  or,  which  is  just  the  same,  the  equations 
with  periodicity  conditions.  The  corresponding  solutions  of  the 
system  of  equations  of  bicharacteristics  (8.36)  X  ( x° ,  t),  P  (x°,  t) 
were  such  that  X  ( x° ,  t)  could  be  considered  as  coordinates  of  a  point 
moving  in  a  circle  and  P  (a:0,  t) — in  a  line.  The  pair  X  (x°,  t ), 
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P  (x°,  t)  as  a  whole  defined  a  trajectory  of  the  point  on  the  cylinder, 
i.e.,  a  product  of  a  line  by  a  circle.  This  cylinder,  called  a  phase 
space,  is  denoted  by  p,  x,  where  p  is  a  coordinate  on  a  line  and  x  is 
a  coordinate  on  a  circle  (or  a  q-coordinate).  Henceforth,  we  shall 
consider  its  property  more  thoroughly  and  the  property  of  the  system 
of  Hamilton  equations  defining  a  family  of  curves  in  this  phase  space. 
It  is  clear  that  for  any  rc-dimensional  torus  M71  there  exists  a  phase 
space  T* Mn  of  dimension  2 n,  such  that  ^-coordinates  belong  to  Mn 
and  p-coordinates  belong  to  R”. 

We  have  seen  that  the  equation  of  Hamilton-Jacobi  as  well  as  the 
system  of  Hamilton  is  defined  by  a  function  H  (p,  x),  which  is  called 
a  Hamiltonian  function.  This  function  has  the  form 

H  —  +2-^-  sin  [4r(l  +  P)J 

in  the  case  of  a  crystal  and  depends  on  the  parameter  |  co  |  n.  This 
parameter  is  a  symbol  of  the  operator  of  differentiation  and  sub¬ 
stantially  influences  the  property  of  the  solution. 

In  the  general  case  of  a  function  of  ordered  generators  of  the  Lie 
nilpotent  algebra  the  symbol  is  a  function  of  m  +  n  coordinates, 
where  m  is  a  dimension  of  the  manifold  Mm,  i.e.,  the  number  of 
components  of  a  vector  operator  B  and  n  is  a  number  of  operators 
Alt  A 2,  ■  ■  .,  An.  Thus,  the  domain  of  the  definition  of  the  symbol  is 
a  manifold  Mn  X  Rm  =  Mfm. 

Let  T*M'f+m  be  the  corresponding  phase  space.  We  want  to  dis¬ 
cuss  the  problem,  how  to  find  a  quasi-inverse  operator.  We  have  seen 
from  previous  examples  that  the  sought  quasi-inverse  operator  is 
connected  with  the  system  of  bicharacteristics  and,  therefore,  with 
the  Hamiltonian  function.  Thus  it  is  natural  to  ask,  how  to  define 

the  Hamiltonian  function  corresponding  to  the  symbol  /  (.+,  .  .  . 

n  n+ 1  \ 

.  .  .,  An,  B  ).  We  want  to  define  bicharacteristics  of  this  system. 
We  consider  the  function  /.  On  substituting  the  representations 
Lx,  .  .  .,  Ln,  a  of  the  operators  Ax,  .  .  .,  An,  B  for  its  arguments, 

/  1  n  n+ 1 \ 

we  obtain  the  Hamiltonian  /  \Z/X,  .  .  .,  Ln,  a  ) . 

Then  we  make  a  certain  leading  term  of  the  obtained  formula  with 

respect  to  the  variables  xu  .  .  xn,  i  ^  .  This  leading  term  defines 
the  Hamiltonian  function. 

We  shall  introduce  the  definition  of  the  leading  term  of  a  function. 
(1)  Let  /  (y)  6  c?00  (Rs)  and  let  there  be  such  numbers  p1?  .  .  .,  p,  ^  1 
*nd  r  >  0,  that 

1Ckply i,  ....  *.p'y,)  =  W(y),  VX > 0; 

then  the  function  is  a  p -quasi-homo geneous  function  of  degree  r . 
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(2)  The  function  0  ( y )  is  called  subordinate  to  the  function  f  ( y ),  if 


(y) 

dy\l  ■  ■  ■  0ykss 


^c(Vy2/pt  +  i)r-l-'h'. 


N 

Let  F  (y)  =  2  ft  ( V )  +  o  (y),  where  /;  ( y )  are  p-quasi-homogeneous 

0 

(P  —  Pu  •  •  •,  Ps)  functions  of  orders  rit  rt  ^  ri+1  +  8  for  some 
6  >  0  and  0  ( y )  is  subordinate  to  f0  ( y ).  Under  these  conditions 
F  (y)  is  called  asymptotically  p-quasi-homogeneous  (p  =  pt,  .  .  ps), 

N 

/0  (y)  is  called  the  leading  term  of  the  function  F  (y)  and  2  ft  (y) 

0 

is  called  an  essential  part  of  the  function  F  (y). 

For  the  time  being  take  xt  =  yt,  i  <  n,  i  ^  =  yn+h,  — i i  ^  =  q. 

Let  the  obtained  function  be  asymptotically  p-quasi-homogeneous  in  y 
and  pn+;  =  1,  0  <  i  ^  m  (the  variables  t),  a  are  taken  as  parame¬ 
ters;  q  belongs  to  a  small  neighborhood  of  zero  in  R",  a  £  Mm). 

The  leading  term  of  the  function  will  be  called  the  Hamiltonian 
function  corresponding  to  the  given  Hamiltonian,  and  will  be  denoted 
by  n  (y,  q,  a). 

Thus  the  construction  of  the  Hamiltonian  function  of  an  operator 
4  (i  consists  of  4  steps:  (1)  (p-1)  the  choice  of  Au  .  .  .,An,  B  6  X, 

2  n+1  n+2  1 

r  =  r  (x,  a),  f  ( x ,  x0,  a)  6  such  that  /  {Au  .  .  .,  An,  B,  r)=A; 

(2)  (A  ->  L )  the  construction  of  the  Hamiltonian  by  the  ordered 
representation; 

(3)  (p)  the  pointing  out  of  the  leading  term  n  (y,  q)  of  the  Hamil¬ 
tonian; 

(4)  ->  (p,  q)  the  determining  of  the  Hamiltonian  arguments  in  the 
function  jt  (y,  q). 

Thus 


u.— 1 

A'Uf 


( 2 

n+1 

n+2  1\ 

A-+L 

U,  • 

A 

■  •  1  -^71) 

B ,  r) 

- > 

n 

n+1  \ 

/n+1 

1  \ 

Ui,  • 

■  •  >  Bn, 

-r[  Gu  . 

•  ■  i  Gn+l) 

+  x0- 


-+n(y,  q,  a)  —A  H  (p,  q,  co). 


The  operations  (p-1)  and  (p)  are  defined  not  uniquely  generally  and 
do  not  exist  occasionally  for  a  given  A  £  Jl.  Now  we  pass  over  to  the 
last  step  of  the  indicated  construction. 

For  the  sake  of  definiteness  let  p;-  be  equal  to  a  unity  for  the  first  s 
arguments,  s^.n,  pn+;  =  l  for  0 <.i^.k. 
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Take  new  variables 

2/ 1  =  ®1  Pm+1>  •  •  •  *  2/s  —  ©s  Pm+si  2/s+i  =  ffls+H  •  •  ■  i  2/n  =  ®n> 

lln+l—Pii  ■  ■  •  >  2/n+ft  =  Phi  yn+h+l  —  ■  •  •  =  Vn+m  =  0, 
hi  =  *7m+l>  •  •  •  >  fin  =  Q'm+ri)  ®1  =  2/l>  •  •  • )  =  2/m- 

Denote  by 

r],  a)  =  3#(p,  q,  co),  H  =  Re38,  H  —  lm38. 

Besides  this,  denote  by  38  0  (p,  q,  co)  the  essential  part  of  the  symbol 
/  (Lu  .  .  Ln,  a).  Assume  that  Im  38 0  ^  0  in  this  item. 

Let  Qe  be  the  manifold  in  the  space  of  arguments  p,  q ,  co  defined 
by  the  conditions 

2  ®“/p;  =  l,  2  (gm„)2<e 

i=l  i=l 

{qi,  •  •  •  ,  qm)£Mm,  p  =  0,  |<$?(p,  co)|<e. 

/  1  n  n+1 \ 

Define  the  bicharacteristics  of  the  operator  /\Alt  . An,  B  ) 
as  a  solution  of  the  Hamiltonian  system 


dqj 


dH 


dx 

dPj 

dx 


dPj 


r(p-  q,  «>),  qj  |t=o  —  q°h 


dH 


dqj{P,  9*  «>).  Pi  |t=o  =  P°h  7  =  1.  2,  .  .  .,[s  +  m, 

(p°,  q°,  co)€^e.  (9.49) 

In  the  following  examples  we  denote  sometimes  the  arguments  of 
a  symbol  by  ylt  .  .  yn,  a  to  avoid  ambiguity. 

Examples.  Turn  to  the  construction  of  the  Hamiltonian  function 

d 


and  consider  an  example  of  a  polynomial  in  the  operators  — i 


dx  ’ 


x  =  xY,  .  .  xn  with  coefficients  dependent  on  x.  In  this  case  the 
second  commutator  is  zero  and  the  representation  of  the  operator 

Ah  = 


i  — —  has  the  form  yk  —  i  —  and  Bh  —  xh  —  ah.  The 


d 2 


polynomial 

-  2  °« <*>-&■  (9-5°) 

.  i 

i 

has  the  form  2  ai  ($)  (  At  )  .  Its  representation  has  the  form 


2  ah  («)  (2 lk- 


dah 


■Y 


(9.51) 


9-01225 
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The  Hamiltonian  function  (for  ps  =  l,  Vi)  has  the  form 

n 

H  {Pt  ?,©)==  2  ah  (?1>  •  •  •»  *ln)  (©ft  Ph~^~  Pn+h)z •  (9.52) 

A=1 

Consider  also  the  Hamiltonian  system  defined  by  the  Hamilto¬ 
nian  function 

Hi  (q,  p)  =  2  ah  (<l)  Ph >  (9.53) 

where  q  =  qi,  •  ••,  qn »  P  =  Pi>  -•■,Pn- 
A  solution  of  the  Hamiltonian  system 

Pn+]  =  9 

Pi  =  Hq.  (9.54) 

'qj=—HPj  /  =  1,  .  . n 

n 

satisfying  the  initial  conditions  q  (0)  =  q0,  p  (0)  =  0,  2  ©I  =  U 

k=i 

H  ( <70>  “ft)  —  0  is  defined  as  bicharacteristics  of  operator  (9.51). 

Note,  that  these  bicharacteristics  can  be  defined  by  a  solution  of 
the  system 

q  —  Hip,  p  —  H \q 

satisfying  the  conditions 

qu  (0)  =  q0h,  Pk  (0)  =  ©ft- 

Thus  the  definition  given  above  is  reduced  to  the  definition  of  bi¬ 
characteristics  of  the  wave  equation,  given  in  Sec.  8. 

Now  consider  an  operator 

—  2  a*  ~dxf  + ibn  W  ’  (9.55) 

i=l  1 

In  this  case  the  Hamiltonian  function  equals 

n- 1 

H  (P,  q,  CO)  =  2  ak  (?1.  •  ■  •  ,  qn)  (©ft  —  Ph  +  Pft+n)  ~ 

ft=l 

— M?i>  ■■■,  qn) ©n- 

Denote 

n-  1 

Hi(p,  *1,  o)=  2  ah{q)pl+bn(q)wn. 

A=1 
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The  solution  of  the  problem 
P= — P(0)  =  Po, 

?  =  ?(°)  =  ?o-  (9-56) 

n-1  n- 1 

I  S  ffln(go)«I  — &n(?o)®„|<S,  S  Co|+|o)„|  =  l 

ft= 1  ft=l 

is  defined  as  bicharacteristics  of  operator  (9.55). 

Now  we  shall  consider  the  Schrodinger  operator 

f)  \  /)2 

~~ih~llt — 2nT  “t-  h~2v  (x)  —  <5?,  m  =  const,  r£R.  (9.57) 

Take 

Al=—  l~gf’  A2=—l-^-,  "43  =  X’  B^  =  t'  B2  =  X- 

Then 

X—-\-  AtA3  -f-  A\  -f-  v  ( B )  A\. 

The  representation  of  the  operators  has  the  form 

Li==~*iir+^’  L2=~^+j/2> 

Thus,  the  representation  of  X  has  the  form 

^=+^(-^  +  J/1)+-4r(-^  +  i/2)2  +  ^(a  a). 

The  Hamiltonian  function  (for  Pj  =  l,  Vi)  has  the  form 

H  —  (co3  +  Pe)  (“i  +  Pi  +  Pn)  +  (©2  +  Pz  +  Ps)2  + 

+  (®3  +  P6)2y(<Z2)- 

Reduce  the  equations  of  bicharacteristics  to  the  system 


E  =  0,  i  =  l,  v'(g),  (?=+-£-, 

with  the  inital  conditions  and  the  Hamiltonian  function 

«W)--g-.  p(0)=-|-.  ^(?. /»)-•£■ +p(«) 

with  the  help  of  a  substituion  of  the  form 


?2  +  ©2 


We  have  obtained  the  equations  of  the  classical  mechanical  problem, 
corresponding  to  the  quantum  problem,  which  is  defined  by  the 
Schrodinger  operator  (9.57). 
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Problem.  Consider  a  differential-difference  operator,  defining  the 
equation  (8.4).  Taking 


obtain  the  solutions  of  system  (8.36)  as  bicharacteristics. 

Definition.  We  shall  say  that  the  absorption  conditions  are  fulfilled 
if  there  exist  the  constants  T  >  0,  e  >■  0  and  the  number  x'  — 
=  t'  ( q° ,  ©,  p°),  0  <  %'  <JT  such  that 

(1)  when  0  ^  t  t',  there  exists  a  solution 

q  ( q° ,  ©,  p°,  t);  p  (q°,  (0,  p°,  t) 

of  problem  (9.49)  of  the  class  C°°, 

(2)  when  0  ^  t  ^  r'  and  (q°,  ©,  p°)  £  Qe  the  function 

—H  (p  (q°,  w,  p°,  t);  q  (q°,  to,  p°,  t);  co) 

is  non-negative,  and  when  x  —  x'  the  function  is  strictly  positive. 

A  few  words  regarding  this  condition.  A  condition  similar  to  this 
one  was  first  strictly  formulated  by  Zommerfeld  for  the  needs  of 
electrodynamics  and  is  now  called  Zommerfeld’s  radiation  conditions 
at  infinity.  It  enabled  Zommerfeld  to  solve  difficult  problems  in  the 
mathematical  theory  of  diffraction.  Physicists  have  come  to  the 
conclusion  that  this  problem  (the  problem  of  an  absolutely  black 
body)  cannot  be  solved  by  putting  only  boundary  conditions  without 
additional  conditions  on  the  coefficients  of  the  equation  itself  and  its 
form.  This  problem  is  especially  often  dealt  with  in  modem  physical 
problems  (for  example,  in  the  theory  of  laser  resonators).  However, 
analysis  of  physical  problems  shows  that  the  non-smooth  part  of  a 
solution  is  more  often  absorbed,  since  the  non-smooth  part  is  defined 
by  higher  Fourier  harmonics  and  precisely  these  higher  Fourier 
harmonics  are  absorbed  in  many  problems.  For  example,  the  walls 
of  a  house  absorb  light  and  let  radio  waves  through.  What  are  the 
mathematical  devices  modelling  the  phenomenon?  It  seems  likely 
that  the  only  way  is  to  introduce  a  strong  absorption  potential, 
which  is  equal  to  zero  inside  a  room  and  small  for  low  frequences. 

The  absorption  condition  introduced  above  is  in  some  sense  a 
substitution  for  the  missing  condition  of  the  absolutely  black  body 
and  in  many  problems  it  is  quite  adequate.  From  this  point  of  view 
the  ideal  degenerate  case  is  the  one  when  short  waves  do  not  fade. 
This  is  the  case  of  constant  coefficients. 

The  main  theorem  (the  simplest  form).  Let  Ax,  .  .  .,  An,  B  be 

(  \  n  ?i+  i 

generators  of  a  nilpotent  Lie  algebra.  An  operator  f  \A1(  .  .  .,  A  „ ,  B ) 
is  quasi-inverse,  if  its  Hamiltonian  is  such  that  the  absorption  condition 
is  satisfied. 
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This  theorem  is  proved  in  the  last  chapter  and  at  the  same  time 
(and  this  is  the  main  thing)  the  construction  of  quasi-inverse  sequence 
is  given  there. 

Note  1 .  Let  Mn  =  Mh  X  Rn-ft,  k  n,  where  Mh  is  a  torus, 
then  in  the  simplest  form  the  main  theorem  remains  true,  if  there 
is  a  function  P  ( B )  of  a  vector  operator  B  with  a  compact  support 
equal  to  1  in  a  domain  Q  in  the  right-hand  side  of  (9.1)  instead  of  the 
unity.  Note  that  when  Mn  is  compact,  the  unity  is  a  function  of  B 
with  a  compact  support.  In  this  case  it  is  necessary  that  q®  £  supp  P  (a) 
for  i  >  n  in  conditions  of  absorption. 

Example  1.  Consider  the  equation 

.  du  du  , 

”t“5T  +  l^==1- 


Let 


*  *  n-r  —  -^2>  t  —  -®i*  y  —  B  —  (Bi,  B2), 


at  ax 

then  we  obtain  the  equation 

{Ax  —  A?)  u  =  1. 

We  shall  construct  a  quasi-inverse  sequence  for  the  operator  Ax 
within  the  framework  of  the  introduced  definitions. 

The  representations  of  the  operators  Ax,  A  2  are 


L\  —  aq 


L,  — • 


dai  ’  z  ~ 

Hence  the  Hamiltonian  of  the  operator  Ax  —  A2  has  the  form 

/<L„  Lj- (*, -!■£■) 

Thus 

/  (Lj.  (y),  L2  (y))  =  (yt  +  y3)  —  (y2  +  q4). 

Let  pa  =  p2  =  p3  =  p4  =  1,  then 

«  (y*  Tl»  «)  =  n  (y)  =  f(L  (y)). 

The  absorption  condition  is  not  satisfied  in  this  case,  since 
Im  it  ( y )  =  0.  It  looks  like  the  operator  Ax  —  A  2  has  no  quasi¬ 
inverse.  Indeed,  it  has  not.  The  operator  Ax  —  A 2,  however,  can  be 
modified  in  a  way  that  the  obtained  operator  will  have  a  quasi¬ 
inverse  and  its  symbol  will  coincide  with  the  symbol  A]  —  A2 
in  a  closed  domain  A  c  R)  X  Ry- 

Consider  the  operator 


/ 


Ui,  J21  J)  =Ai-A2-iq>  (J)  lY\-A\-A% 
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where  q>  (alt  a2)^0  is  a  smooth  bounded  function  equal  to  zero  in 
a  closed  domain  A  and  strictly  positive  outside  A.  We  shall  not  dis¬ 
cuss  the  form  of  A. 

We  shall  prove  somewhat  later  that  an  addition  of  the  operator 

—  19(5)  lY i  —  A\  —  AU  to  the  operator  At  —  A2  provides  the 
fulfilment  of  the  absorption  conditions. 

(  1  1  2  \ 

The  Hamiltonian  of  the  operator  /  V^1(  A2,  B)  has  the  form 

/(2t,  l 

-*<p(a)q/  (*i-«  afr)2+h-ii^)2+1i» 

thus 

f(Ll(y),  L2  (y) ,  a)  =  {yl  +  ya)  —  (y2H-y4)  — 

—  a2)  V  (yi  +  i/s)2  +  (1/2  +  i/4)2  + 1  • 

Let  pi  =  P2  =  P3  =  P4  =  l.  Then 

n(y,  a)  =  (yt  +  y3)  —  (y2  + 1 /*)  — 

—  iq>(ai,  a2)  V ( Ui  +  Vs)2  +  (1/2 +  I/4)2 + 1  • 

Therefore  the  Hamiltonian  function  of  the  operator 

/  1  1  2  \ 

f\Au  Az,  B)  has  the  form 

&8{p,  q,  co)  =  (co1  —  pt-f  p3)~  (w2  —  Pz  +  Pi)  — 

—  ic p  (q3,  g4)  / (®i  —  Pi  +  Pzf  +  (®2  —  Pz  +  A)2- 

The  manifold  Qe  (cf.  p.  129)  is  determined  by  the  equations 
=  Pi=Pi=p3  =  P4=0,  (g3,  g4)6R2 

9f  +  ?2<6>  g)l<e.  (9-58) 

/  1  1  2\ 

Consider  the  bicharacteristics  of  the  operator  f  V-dj,  A2,  B) 


dgj 

3ReJ$? 

?7  |t=0 

_,o 

d% 

dP7  ’ 

=© 

dpj  _ 

3  Re 

1 

=  p?. 

dx 

dQj  ’ 

Pj  |t=0 

The  solutions  of  (9.59)  are  the  functions 
Pi  =  0,  7  =  1,  2,  3,  4; 

qi  —  (7t>  i  =  1 ,  2, 

g3  =  g»  +  r,  g*  =  gj— T. 


(9.59) 
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Consider  the  function 

Ini  SB  (p  (g°,  t),  q{q°,  t))=— (p  (q°3  +  T,  —  t)  («>?  -+-  cof)1/2. 

(9.60) 

From  (9.60)  we  infer  that  the  absorption  conditions  will  be  verified 
if  the  trajectory  q3  =  q°3  +  t,  ft  =  Ql  —  t  of  Eqs.  (9.59)  intersects 
the  boundary  of  the  domain  A  for  any  (q°3,  ql)  £  A  and  t  ^  T' ,  where 
T'  is  a  constant  not  depending  on  (q°,  q4).  Therefore,  in  the  space 
Rqaqt  we  may  take  any  domain  containing  no  direct  lines  parallel 
to  the  line  q3  —  —ft  as  the  domain.  For  example  we  may  take  the 
stripe 

A  =  {(&,  ft)  I  0  <  ft  <  Q,  q2  e  R1}  (9.61) 

as  the  domain  A.  Note  that  in  this  example  a  condition  stronger 
than  the  absorption  condition  is  verified.  Indeed,  the  inequality 

Im  38  {p  (q°,  r),  q(q0,  T'))  <0 

is  valid  when  {q°,  p°)  6  Qie,  where  the  manifold  Qle  is  defined  by 
the  equations  (cf.  (9.58)) 

“k  ©2  =  Pi  =  P2  =  Pa  =  Pi  —  0,  (ft,  ft)  €  R2 
q\  +  ql<  e, 

i.e.,  all  the  bicharacteristics  are  absorbed. 

We  shall  construct  the  symbol  of  a  quasi-inverse  operator  for  an 
/  1  i  2  \ 

operator  /  A2,  B)  and,  at  the  same  time,  explain  the  meaning 

of  the  absorption  conditions.  Take  the  stripe  defined  by  conditions 
(9.61)  as  the  set  A.  Then  the  function  <p  (alt  a2)  can  be  chosen  not 
depending  on  a2.  Let  <p  (ax,  a2)  =  v  (a4)  and  consider  the  operator 

g  (ill,  A2,  b)  =Ai-A2-i(f  {b){V\-A\-AII  (9.62) 

By  the  reduction  rule  for  the  construction  of  a  quasi-inverse 
operator  we  must  find  a  function  satisfying  the  conditions 


1  Bn(x,  tj,  a,  t)  =  Ox(\x\  N). 


(9.63) 


136 


OPERATIONAL  METHODS 


There  is  T  >  0  such  that  the  estimate 
(x,  T),  a,  T)  =  0£  (|  *  |"M) 

is  true  when  x  =  T  and  M  >  0  is  any. 

Suppose  that  the  function  can  be  put  in  the  form 

i|hv  \x,  —  ,  a,  t J  = 

_4.«.  ,),  (9.64) 

where  A  =  (Xj  +  x\ )1/2. 

The  function  satisfies  the  initial  conditions  of  problem  (9.63)  if 
S  (x,  t],  a,  0)  =  0  (9.65) 

0JV  {x,  T],  a,  0)  =  p  (rj).  (9.66) 

On  substituting  in  (9.63)  by  the  commutation  rules  we  obtain 

i  g  4  \ 

eiAS \x-  eS  ’  V  |A  —  -  i  —  - 


5x  +  + 


+  A 


55 


5a  i 


1' 

-A 


55 


5r)i 


—  l- 


5a2 


iv  (aj  )  [( 


+  (  ^2  —  A 


55 


<5^2 


A 


5a  i 
i  a  55 

Xi+A-55rr 

5 

5a2 


a  ^ 

^2  A 


<5112 
-A  55 


-A 


55 


5r)i 


5a2 

55 
5a  i 


)2+ 


55 


5a2 


r+o 


1/2, 


0,v  =  0. 


On  ordering  the  operators  by  the  A-formula  we  obtain 


IA 


55 


5t 


•  d  i  .  *  55 

■l'?r+a:i+Aisr 


-A  55 


—  (x2- 


-A-dS 


X 


[(*1  +  A 


5r)2 

55 


1' 

-A 


55 


+  A 


55 


5a2 


55 


5r)i 

+  (  ®2  ■ 


-C02- 

55 


5a  t 
5 

5a2 

55 


5a2 

X" 


51)! 

5 

5a2 


5a  i 


5r)i 


5a  i 


)  —  iv  (ai) 


x 

r 


(9.67) 


55 


^P2 

55 


)2+lf2|0jV  =  i{^.  +  COl, 

iv  (aj)  £  ^co 


55 


5a2 

,2-11/2 


■  iv  ( 

JV- 1 


5a  i 
55 


5a  i 
ft+l 


5n 


r)  + 


X 


5a2  5r ]2 

2 
5 


)T+2(-A.r*„}e 


rX 


ft=0 
3 


(  X’  ~lk’  ~~iTx'  X'  K’  0  ’ 

“n-  <*,  0=^i;((l«l+UI)_JV)- 
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where  Rh ,  1c  =  0,  .  .  .,  N  —  1  are  differential  operators  of  order  not 
higher  than  k  with  coefficients  being  smooth  functions  of  x ,  a,  t 
and  the  derivatives  of  the  functions  S,  ©!  =  aqA-1,  co2  =  a:2A-1. 
Let 

S1  —  Re  S,  S2  =  Im  S, 


os 

dx 


+  «>l ' 


dS 


dS 


da  i 


■  IV 


(«i)  [  ( 


COj- 


dx\i 

,  dS 


-0)2- 


os 


dS 


da  2  dr\2 


da. 


£)*  +  ( 


C02- 


dS 


da2 


dS  \  2-1 1/2 

anT/  J  ■ 

(9.68) 


Equation  (9.68)  is  the  Hamilton-J acobi  equation  with  dissipation 

/l  1  2  \ 

with  the  Hamiltonian  function  of  the  operator  /  \A,lA2,B)' 


( P ,  q)  =  (®i  —  Pi  +  Pa)  —  (®2  —  P 2  +  Pi)  —  i(P  (§3.  Vi)  X 
X  [(cox  —  pt  +p3)2  +  (©a  —  Pa  +  Pi)2]1'2- 

Applying  the  formulas  of  Ch.  IV,  Eq.  (9.68)  and  equating  to  zero 
the  remaining  terms  in  the  parenthesis  in  the  right-hand  side  of 
(9.67)  we  obtain  the  transport  equation  with  dissipation  for  the 
function  0^.  This  equation  can  be  solved  by  the  method  of  Sec.  6 
of  Ch.  IV.  Let 


D  =  —  j  Im  PI  ( p  (< f,  t'),  q  (q\  x'))  dx'  |go=3o(a,  T).  (9.69) 

o 

We  shall  prove  in  Ch.  IV  that  the  solution  of  (9.20)  satisfies  the 
dissipation  inequality 
Im  S  (x,  a,  x)  ^  yD, 
where  y  is  a  constant. 

def 

When  x  =  2Q  -f-  1  =  T  (cf.  (9.61))  the  inequality  D  ^  6  >  0 
follows  from  (9.69)  and  the  absorption  conditions.  Therefore,  the 
function 

ifiv  (x,  T),  a,  x)  =eiAS<x- Ti>  a>  X>0Y  (x,  q,  a,  x) 
satisfies  the  estimate 

[il3jv(^>  hi  T)  |  ^  const  e-6llxl. 

Thus  the  functions  satisfy  (i),  (ii)  and  the  operator  with  the 
symbol 

T  . 1  (l  .  I  \ 

kn(x,  a)  =  i  |  ^e,AS  Vx’ _1ax’“’T)  x 
0 

!  2 

X0jv(z,  t)]-1(x))(Ix 
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(l  1  2  \ 

is  a  quasi-inverse  of  the  operator  f  \Alt  A2,  B)  by  the  reduction 
rule  (cf.  p.  108). 


Note  2.  Introduce  the  construction  of  the  first  term  of  the  quasi¬ 
inverse  sequence  in  the  simplest  case  of  the  main  theorem  in  a  par¬ 
ticular  case.  The  general  case  is  not  within  our  scope  for  the  present 
time,  since  it  demands  a  number  of  topological  concepts  which  will 
be  introduced  only  in  Chapter  IV.  In  order  to  orient  the  reader,  how¬ 
ever,  we  shall  provide  the  construction  in  a  particular  case  and  con¬ 
sider  one  example.  In  particular,  we  shall  assume: 

(1)  The  Hamiltonian  H  is  a  homogeneous  function  in  p  of  degree  k 
and  does  not  depend  on  £  and  rj. 

I  1  n  n+1 \ 

(2)  The  operator  /  \L„  .  .  .,  Ln,  a  )  does  not  change  if  all  indices 
over  the  operators  (and  inside  every  L*  as  well)  are  written  in  the 
inverse  order  (i.e.,  n  +  1  ->  1,  n  ->  2,  .  .  .,  1  -*■  n  +  1,  i.e.,  the 

/  1  n  n+l \ 

operator  f  \Li,  .  .  .,  Ln,  a  )  is  “formally”  self-adjoint. 

These  conditions  are  not  vital  and  introduced  merely  for  the  sake 
of  simplicity.  Now  let  us  introduce  the  principal  conditions  without 
which  we  shall  get  rather  complicated  formulas.  These  two  conditions 
will  invoke  the  non-existence  of  the  focal  points,  and  we  saw  on  the 
example  of  Sec.  8  their  principal  importance  for  the  asymptotics 
of  solution. 

(3)  The  Jacobian  ^- ¥=  0  for  0  ^  ^  T  and  the  Jacobian 

J  (q0,  t)  =  d%qo  ¥=  0  in  the  same  segment.  Here  the  function 

z  (a,  t)  is  defined  by  a  linear  system  of  equations  (the  “germ”  equa¬ 
tions) 

z=iHr  ( q ,  p)  +  c mvq  ( q ,  p)  z  +  &SPV  (q,  p)  w, 

(9.  /  0) 

w  =  —iHq  ( q ,  p)  —  Siqq  {q,  p)z  —  3£qp  ( q ,  p)  w 
and  the  conditions 

z  |i=o  =  w  |t=o  =  0,  Z=Zl5  ..  .,  S„,  w  =  w1,...,wnt 

where  q  =  q  (q°,  t),  p  =  p  ( q° ,  t),  q  =  qlt  .  .  .,  qn,  p  =  plt  .  .  pn 
are  the  solutions  of  the  Hamiltonian  system 

q==~W'  p  =  — W'  q\^=q'  pI*-o  =  °-  (9-d) 


Introduce  the  construction  of  the  symbol  (y,  a),  i.e.,  of  the  first 

t 

term  of  the  quasi-inverse  sequence.  Denote  by  D  =  —  j  H  dt 

o 
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(all  integrals  in  t  are  defined  as  integrals  along  trajectories),  for 
example, 

t  ,  ,  t 

^  def  ^  ^ 

J  Hdtss  \  H  (p  (q°,  t),  q(q°,  t))dt; 

o  o 

d  (q  i  ~f"  z  i ) 

p  =  (z,  C~lBz),  where  Ctj= - ^ - , 

Bu  = - - ;  x  =  -g-  [(A  Hp)  +  (q,  Hq)  —  i  (Hp,  w)  — 

—  z)  +  ~((p,  q)  —  (w,  z»]-c$?,  (9.72) 

where  the  symbol  (a,  b)  denotes  the  sum  2  aibi •  Denote  by 

t 

(I >(g°,  t)  =  [i(q°r  t)+  j  Xdt.  (9.73) 

o 

The  absorption  condition  involves  an  important  inequality  (the 
so-called  inequality  of  dissipation) 

Im  <D  >  cxD  -  c2D 3/2-8  (9.74) 

which  is  true  for  some  cx  >0,  c2  >-  0,  and  e  >-  0.  Let  M  be  the 
lower  boundary  of  such  constants  c2  for  which  the  dissipation  ine¬ 
quality  is  true.  Then 

gi(Uu  Vn,  o)  = 


■■  2-8(go,  o>  |a#=g0(af  yt)  dt,  (9.75) 


where  q°  (a,  y,  t )  is  a  solution  of  the  equation  qt  (g°,  t)  =  ai}  m  -f-  n  ^ 
>  i  >  n;  qt  (q°,  t)  =  yt,  i  <  w. 


Example.  Consider  an  operator 
1  (  2\  1 

At  —  i<p\B)  Az  (9.76) 

with  the  symbol 
Ui  —  « P  (a)  Vt* 

T 

where  <p  (a)  0  equal  szero  for  |  a  |  <-y  and  is  strictly  positive  for 

a  >  172.  If  the  operators  Alt  A2,  B  commute  then  the  quasi-inverse 
element  obviously  does  not  exist  (cf.  p.  102). 

Take 

Ux,  B)  =  i,  IA2,  Ax]  =  0,  [At,  B]  =  0. 
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Let  the  spectrum  of  A2  lie  on  the  half-axis  y2  >  5  >  0.  In  this  case 
it  is  sufficient  that  the  symbol  should  belong  to  C°%  only  for  y2  >  8. 

For  example,  let  Ax  —  —  i  ^  ,  B  —  x,  A2  =  k,  where  i  is  a 

dcf 

parameter  8  <  k  <  oo  and  let  F  ( x ,  k)  —  F  ( x )  be  a  function  with 
a  support  in  Q,  such  that  F  (x,  k)  P  (x)  ==  F  ( x ,  k).  The  function 
P  (a)  was  defined  earlier  in  the  remark  to  the  main  theorem.  Consider 
the  equation  for  u  (x,  k): 

i,A1  —  Up  {b)  A2 )  u  (x,  k)  =  P  (B)  F  (x,  k), 

|  F  (x,  k)  |  <  const.  (9.77) 

We  can  tell  by  formula  (9.77),  that  (see  Sec.  6  of  Ch.  V)  an  asymp¬ 
totic  solution  of  the  problem  is  obtained  by  a  “quasi-inverse”  sequence 
applied  to  F  ( x ),  which  satisfies  the  equation  within  the  accuracy 
to  any  function,  tending  to  zero  as  k  ->•  oo  faster  than  k~N  for  any  N. 

We  shall  verify  this  by  the  given  example,  using  formula  (9.75). 
The  Hamiltonian  of  the  operator  (9.76)  is  of  the  form 

- «P(«)|02|-  (9-78> 

The  Hamiltonian  function,  corresponding  to  the  Hamiltonian  (9.78), 
is  of  the  form  &£  —  co1  —  +  p3  —  i(p  (qx)  |  o)2  —  p2  +  p4  |, 

oo2  >  0.  The  systems  of  Hamilton  and  of  the  germ  are  the  following 
in  this  case 


?i=l>  ?2  =  <73=94  =  0;  q  (0)  —q0, 

P  —  0;  /?(0)=0. 

zi  =23  =0,  Z2  =  z4=  — icp (<7i);  z  (0)  =  0 
=  iq>' (qt)  co2,  w2=w3  =  wi  —  0;  ir>(0)  =  0. 


(9.79) 


Calculate  the  values  entering  formula  (9.75).  We  have 

t 

®(?0>  i)==  —d)it  +  i(x>2,  j  <P(?10  +  T)dt.  (9.80) 

o 

We  see  that  z  (q0,  t)  ==  0  by  the  germ  system.  Thus  p  ( q0 ,  t)  =  0. 
We  shall  calculate  the  dissipation  D. 

By  the  definition  we  have 

t  t 

D  (g0,  t)  =  —  j  Hdt  =  (o 2  |  cp  (g0  + 1)  dt. 

0  0 


(9.81) 
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By  (9.80)  and  (9.81),  the  inequality  of  dissipation  is  satisfied  when 
c1  =  1,  c%  =  0  in  our  case.  We  shall  find  the  solution  of  the  equation 
q3  (q0,  t)  =  a.  We  have  q3  —  q03  —  t  —  a  by  the  Hamiltonian  sys¬ 
tem.  Therefore  q03  =  a  —  t.  It  is  easy  to  see  that  J  ( q0 ,  t)  =  1. 
On  substituting  the  necessary  functions  in  formula  (9.75),  we 
obtain 

a 

T  <p(g) 

g(y,  a)  =  i\e  a~l  P(a  —  t)dt  = 

o 

a 

-iVlt-llfel  l  <P(S)  dg 

=  i  J  e  «-*  P(a-t)dt  +  0(\y2\~°°).  (9.82) 

o 

Transform  the  integral  in  the  right-hand  side  into  the  form 

a 

~2°  -iyi(a— (5)— y2  J  <p(!)<Ji 
—  i  j  e  P  P($)d?>  = 

a 

a  0 

-iyia-\y2\  $  cp<i)d|  “  iyiP-lyal  J  cp(i)d| 

=  +ie  0  J  e  P  P(p)c$  (9.83) 


with  the  help  of  the  substitution  a  +  f  =  p.  Considering  that 

21  i 

eixAe-i$AF  (x)  —  F  (p),  we  obtain 

x  3 

(1  1  2\  -k§cp(£)ds  *  ft  l  <p(t)  cfg 

g  Ui>  A2,  B/  F  (x)  =  ie  0  j  e  0  F(P)dp  +  0(fc-°°) 

—  CO 

applying  the  operator  with  symbol  (9.83)  to  the  function 
F  {x)  =  F  (x,  k). 

It  is  easy  to  verify  that  the  first  term  in  the  right-hand  side  produces 
the  exact  solution  of  equation  (9.77).  Thus  in  this  example  the  first 
term  of  the  asymptotic  (i.e.,  of  the  “quasi-inverse”  sequence)  happens 
lo  coincide,  correct  to  0  (1  /kn),  for  any  n,  with  the  exact  solution  of 
the  problem. 

Note  the  following  circumstance.  If  F  (x,  k)  —  0  when  x  <0 

a: 

and  x  <  T,  then  the  obtained  integral  equals  j  F  (x,  k)  dx. 

o 
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Thus  we  may  take  the  integral  of  the  function  F  (x,  k)  from  0  to 
x,  i.e.,  we  may  solve  the  problem  (Sec.  6  of  Ch.  V) 

i  =  F  (x,  k),  u|*=0  =  0  (9.84) 

with  the  help  of  the  main  theorem  by  the  following  procedure: 

d • 

1.  Add  such  a  term  to  the  operator  ^  ,  that  the  absorption  con¬ 
ditions  might  be  fulfilled; 

2.  Take  an  ordered  representation  of  the  obtained  operator; 

3.  Apply  the  formula  of  the  main  theorem  (considered  above  in 
the  particular  case). 

Then  the  above-mentioned  formula  of  the  main  theorem  has  merely 
stated  that  the  solution  of  problem  (9.84)  is  given  by  the  integral 

X 

j  F  (x,  k)  dx  correct  to  0  (Ar1/2+e);  indeed,  the  solution  of  problem 

o 

(9.84)  is  exactly  equal  to  this  integral  by  a  formula  indicated  in 
Chapter  V.  The  same  procedure  provides  a  solution  of  a  broad  class 
of  differential  equations. 

Note.  Consider  a  square  of  an  operator  of  the  form  (9.77): 

— £-+2A:cp  (*)• 


Here  the  absorption  condition  in  the  form  indicated  above  is 
obviously  not  fulfilled;  nonetheless,  it  is  clear  that  the  operator  is 
quasi-inverse.  There  is  a  generalization  of  the  theorem  for  this  case 
in  the  following  item.  This  generalization  also  contains  the  example 
in  Sec.  8,  which  does  not  satisfy  the  condition  of  this  item. 


Example.  Consider  the  wave  operator  (cf.  (8.6)) 

H  =  ~c*(x)A. 

The  Hamiltonian  system  corresponding  to  it  has  the  form 
f  A  =  0, 

j  p  =  2cVc  |  p  |2,  p°  =  ±c  (x°)  |  p°  |; 
i  —  2p4>  (P4)2  +  |P°|2  =  1> 
x  =  2  pc2  (x), 


(9.85) 


where  x  =  xlt  x2,  x3;  p  =  plt  p2,  p3.  It  follows  from  equations  (9.85) 
that 

(c2  (*»)  +  1)  |  p»  |2  =  1 
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and 

1 

l 

c2  (:e0) 

Hence 


t  —  -4-2 


I  c  (s°)  [ 
l  +  |c(*o)| 


T  +  t0. 


Add  to  the  wave  operator  a  complex  term  of  the  form 

iH=  —  i<pt  (f2)  p2cp2  (p2)  ,  p  =  iV, 

where  2  (f2)  =  0,  when  |  t  |  ^  T,  <}>!,  2  ( t 2)  =  a  >  0  when  t  — 
=  T  +  1.  Then  the  absorption  condition  of  each  trajectory  is  ful¬ 
filled,  since  #  0  is  on  a  trajectory  as  it  follows  from  equation 
(9.85). 

Therefore,  the  operator  H  +  iH  is  quasi-inverse.  It  is  not  diffi¬ 
cult  to  see  that  the  solution  of  the  problem 

[jT  +  iff  u  =  F  (x,  t ), 

where  F  ( x ,  t)  is  finite,  does  not  depend  on  the  form  of  cp  (f),  when 
t2  <  r2  and  H,  H  are  defined  above. 

Thus  the  solution  of  the  problem  for  sufficiently  small  t  (t  <  T) 
does  not  change,  when  we  introduce  the  absorption  term. 


Note.  An  addition  of  the  summand  — icp  ( x )  p* cp  (p),  where  <jp  ( x )  = 
=  0  when  |  x  \  <.  M  and  <p  (a:)  =  a  >  0  when  |  x  |  =  M  +  1 
provides  the  absorption  condition  for  every  trajectory  as  well,  since 
for  sufficiently  large  t  |  x  (x°,  t)  |  >  M  +  1  by  equations  (9.84). 
But  in  this  case  only  the  asymptotic  of  the  non-smooth  part  of  the 
solution  does  not  depend  on  the  form  of  the  absorption  term.  None¬ 
theless  the  addition  of  the  term  makes  sense  (from  a  physical  view¬ 
point)  for  some  problems. 

(4)  The  main  theorem.  Consider  a  one-parameter  family  of  symbols 
/  (xu  .  .  .,  xn,  a,  H)  and  symbols  of  order  n,  r  {xx, .  .  .,  xn,  a,  £),  where 
|  is  a  parameter,  0  <  |  ^  oo.  Let 

lim/fo,  a,  l)=fo(xl,  ...,xn,  a,)6#°°, 

i-»°o 

lim  r  {xu  ...,xn,  a,  £)  =  r0  (xu  . . . ,  xn,  a)  £  cP0, 

l-+oo 

/0^iO,  r0^0. 

Let  P0  (x)  be  a  function  of  the  class  Co  (Rn)  equal  to  unity  in  the 
domain  |  x  |  ^  d,  where  d  is  a  constant. 
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„  /  i  n  n+1  \ 

Let  Alf  .  .  .,  An,  B£X,  r=r \Alt  .  .  .,  An,  B ,  %)  £  X  and  the 

I  1  n  n+1  \ 

Hamiltonian  of  the  operator  /  An ,  B,  g/  with  respect 

to  r  is  asymptotically  p-quasi-homogeneous  in  the  variables  yt  =  xu 

0  ^  i  n\  yn+j  =  —  i  ,  j  m;  g,  and  the  numbers  p,,  corres¬ 
ponding  to  the  last  (ro  +  1)  arguments,  are  equal  to  unity.  This 

Hamiltonian  depends  also  on  the  parameters  a,  <p  —  — i  ^ .  The 

leading  term  of  this  symbol  is  denoted  by  n  ( y ,  <p,  a,  g)  and  the  es¬ 
sential  part  is  denoted  by  n0  (y,  <p,  a,  g),  where  y  —  ( y0 ,  ylt  ... 

•  •  •)  Pn+m)>  T  =  (Ti>  •  •  •»  *Pn)>  ®  =  (®1>  •  ■  •>  ®m)- 

Let  Pi  ^  i  when  s  -<  i  ^  n,  p*  =  1  when  i  ^  s  (in  the  opposite 
ease,  we  shall  change  the  indices  of  the  arguments  y).  Introduce  the 
Hamiltonian  coordinates.  Denote 

Pi  —  ©l  Pm+ 1»  •  •  •>  JJs  ~  ®s  Pm+si  Ps+1  =  ®s+l>  •  •  •> 

Pn  ~  ®ni  yn+ 1  ~  Pi)  •  •  •)  Pn+m  =  Pmi  Tl  Pm+1>  •  •  • 

•  •  •>  tPn  =  Pm+7i- 

®I  ^  Pl>  •  •  •)  ®m  =  Pm- 

Besides  this,  take  the  parameter  v  =  g  instead  of  the  parameter  g. 
Denote  by  SB  ( p ,  g,  ©,  v)  the  function  n  considered  in  the  new  argu¬ 
ments  and  by  SB0  ( p ,  g;  co,  v)  the  function  it0. 

Define  SB  ( p ,  g,  ©,  v)  as  a  Hamiltonian  function.  Denote  by  H  — 

=  Re  SB,  H  —  Im  SB  as  previously  and  let  Qe  be  a  set  in  the  space 
of  the  variables  g,  ©,  p,  v  defined  by  the  following  system  of  equations 

llK>2/P‘  =  l,  2  (Pm+i)2  <  8 
1=1  1=1 

(Pi,  •••)  Pm)  €  Mm,  p  =  0,  |<$?(p,  P,  01,  v)  |  <e 
|  v  |^d. 

Now  we  shall  formulate  the  absorption  conditions,  generalizing 
the  conditions  of  item  3. 

Definition.  The  absorption  conditions  are  fulfilled,  if  there  exist 
constants  e  >  0,  T  >  0,  a  number  x'  =  x  (q°,  to,  p°,  v),  0  <t'  <  T 
and  a  function  Jk  ( q ,  co)  £  C°°  which  is  not  equal  to  zero  when  (q,  oi)  6 
6  {(p,  ©):  (p,  oi,  0,  0,  v)  6  O0}  such  that:  (1)  when  0  ^  x  ^  x'  and 
(p°,  oi,  p°,  v)  6  Qs  there  exists  a  solution 

q  (g°,  ®,  p°,  v,  x);  p  (g°,  co,  p°,  v,  t) 
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of  the  Hamiltonian  system 
q  =  Hp,  9|t=o  =  ?°, 

P=  —Hq,  p\x^Q  =  p°, 

belonging  to  the  class  C°°; 

(2)  when  0  ^  x  ^  x'  and  ( q° ,  ©,  p°,  v)  f  Qe  the  function 
A  (q°,  a>)-H  {p  (q°,  ©,  p°,  v,  x);  q  (q°,  ©,  p°,  v,  x);  ©;  v) 
is  non-negative  and  when  x  =  x'  the  function  is  strictly  positive. 

Theorem  9.1.  (The  main  theorem.)  Let  the  absorption  conditions  be 
satisfied  for  a  Hamiltonian  function  corresponding  to  a  symbol 
f  (x,  a,  l).  Then  there  exists  a  sequence  of  symbols  gN  (x,  a,  x0,  £)  6 
6  C%  depending  on  the  parameter  g,  such  that 

1/  Ui,  +,  ....  Ant  B ,  U]x 


r  i 2 

3 

n+1 

n+2  1  \ 1 

UlV  \+> 

+,  .. 

•  i  An, 

B,  r,  g)J 

=  p0(rPi'ii,  rp2i2, ....  i„rp»)  + 

/  2  n+1  n+2  1  \ 

+  ^v\+,  . An ,  B,  r,  \) ,  (9.86) 

where  the  function  RN  (xu  .  .  .,  xn,  a,  x0,%)  —  0%  (|  x  |_JV)  for  any  N 
uniformly  in  g  and  a* 

/  2  n+1  n+2  \ 

The  construction  of  gN  \+,  .  .  .,  An,  B,  g/  is  contained  in 
Chapter  V.  In  the  case  g  =  oo  we  obtain  the  simplest  version  of  the 
main  theorem  formulated  earlier.  Though  in  the  right-hand  side  of 
(9.85)  there  is  the  function  P0  instead  of  1,  which  was  in  the  main 
problem,  this  theorem  gives  a  direct  answer  to  the  question  stated 
by  the  main  problem.  Indeed,  it  is  possible  to  take  a  unity  instead 
of  the  function  P0  in  the  right-hand  side  of  (9.86),  if  the  common 

1  n  n+ 1 

spectrum  of  the  sequence  Alt  .  .  .,  An,  B  belongs  to  the  domain 
Q;  X  Q.  This  condition  is  not  fulfilled  as  we  saw  in  the  problem  on 

the  crystal  ( there  is  the  spectrum  of  ih  on  MN  in  the  segment 
*  Under  the  same  conditions  there  is  a  left  quasi-inverse  sequence 

(n+1  2  1  n+2  \ 

Sk  =  S'N\  Ai  ,  An,  B,  r,  l)  : 

Kpfl  —  Po  —  Oc^(\x\  N). 

See  the  Main  Theorem  in  the  general  form  in  Ch.  V. 
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[— n,  n]  and  |  =  .  But  it  is  true  for  general  difference  schemes 

if  a  convenient  space  of  smooth  functions  is  taken  instead  of  M N. 
There  is  a  similar  situation  in  the  case,  when  B  is  the  Hamiltonian 
of  the  oscillator  considered  in  Sec.  8  and  therefore  has  a  discrete 
spectrum  located  on  a  lattice  of  a  step  h,  where  h  is  Planck’s  constant. 

/  1  71+1  71+2  \ 

The  construction  of  gN  (+,  .  .  .,  An,  B  )  in  these  problems  permits 
to  obtain  the  quasi-classical  asymptotics  of  the  secondary  quantized 
equations. 

Indeed,  all  the  results  obtained  for  the  equations  of  vibrations  of 
a  crystal  lattice  can  be  extended  to  this  general  case,  moreover,  if 
the  absorption  term  in  the  given  equation  is  missing,  it  must  be 
introduced  in  the  same  wmy  as  it  was  done  in  the  example  with  the 
wave  operator. 


The  expansion  in  a  power  series  in  can  be  obtained  in  just  the 


same  way  in  the  general  case.  Here  the  parameter  v  has  the  function 
of  ©  in  the  crystal  equation. 


Problem.  Find  the  effect  of  Cherenkov’s  type  for  a  difference  scheme 
approximating,  as  h  ->-  0,  the  wave  equation: 


*n+l 


—  2  uT 


*n-  1 


h2 


r2 

’  ^  (772) 


T2 


:  F  (n,  to) 


Y  =  d,  —  const,  c  (x)  6  C°°,  F  ( n ,  to)  =  0, 

when  n  =  —1,  —2,  .... 

Find  an  asymptotic  of  the  solution  correct  to  hN. 

Hint.  The  cited  Hamiltonian  function  has  the  form 

sin2  vp±  =  ca  (x2)  d2  -sin2  vp2. 

Use  a  space  of  integer  functions  of  the  first  order  of  the  type 
as  an  analogue  of  Mn  (Kotelnikov’s  theorem). 


Note.  There  is  no  operation  “prime”  in  the  statement  of  the  main 
theorem.  Indeed,  we  have  used  the  operation  proving  the  theorem 

only  for  M  —  |  i  ~  ,  x  j  ;  the  rule  of  the  reduction  of  the  main  pro¬ 


blem  remains  true  without  the  operation  “prime”.  Therefore,  the 
main  theorem  is  true,  if  the  structures  satisfy  axioms  (piMps)-  If 
the  axioms  (pi)-(p6)  are  true,  then  the  main  theorem  can  be  proved 
only  in  the  case,  when  the  symbol  /  ( x ,  |,  a)  is  a  polynomial  in  x. 

In  conclusion,  the  following  statement  can  be  taken  as  an  axiom 
instead  of  p(8):  (9.5)  holds  for  any  Pg#°°  (so  to  say,  the  p- 
structure  agrees  with  the  ordered  representation  of  the  nilpotent 
Lie  algebra). 


I.  FUNCTIONS  OF  A  BEGULAB  OPEBATOR 


In  this  chapter  we  shall  develop  an  operational  calculus  corres¬ 
ponding  to  a  p-structure  (see  Introduction)  based  on  the  commutative 
unbounded  operator  algebra  in  a  Banach  space  B.  It  will  be  our 
purpose  to  determine  how  wide  an  operator  class  constitutes  a  set  M. 
In  addition  we  shall  clarify  which  symbols  correspond  to  bounded 
operators  on  B.  This  will  facilitate  the  forming  of  a  closed  extension 
of  the  C^-symbol  class. 

For  simplicity  our  presentation  will  not  depend  on  the  p-structure 
notion.  The  symbol  concept  introduced  in  this  chapter,  however, 
proves  to  be  coincident  with  a  similar  notion  within  the  p-structure 
framework. 

To  illustrate  the  function  of  an  operator  concept  we  shall  consider 
a  function  of  multiplication  operator  A  by  an  independent  variable  x 
defined  on  a  Sobolev  space  W\  (R").  It  is  easy  to  see  that  if  cp  6 
eck(  r  ")  then  one  can  readily  define  the  function  of  multiplication 
operator  A  by  x,  this  operator  being  in  turn  a  multiplication  operator 
by  <p  (x).  It  will  be  seen  that  (p  (^4)  is  a  bounded  operator  on  W\. 
If  the  /cth  derivative  of  (p  (x)  is  unbounded  then  the  multiplication 
operator  by  cp  (x)  is  also  unbounded  in  W\. 

On  the  other  hand  a  multiplication  operator  by  x  defined  on  W\ 
has  the  following  properties: 

(1)  it  generates  a  one-parameter  group  of  multiplication  operators 
by  the  exp  {ixt}  family; 

(2)  the  multiplication  operator  satisfies  the  condition:  for  any 
g  6  Wl  (Rn),  where  s  ^  k,  the  following  inequality  is  valid: 

II  eixtg  (•£)  c  (1  + 1  f  |ft)  II  g  (x)  \\Ws, 

that  is, 

ii  «lsrtCt<c  (1+1*1*). 

c  —  const. 
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In  terms  of  the  corresponding  evolution  equation  we  can  formulate 
the  conditions  (1),  (2)  as  follows:  there  exists  a  unique  solution  u 
of  the  evolution  equation 


.  du  (t) 
1  dt 


Au  ( t ), 


(*) 


u  (0)  =  g,  g£B2,  B2  =  w[, 


u  being  a  continuous  function  of  t  with  values  in  Bx  =  W\,  k  ^  l 
satisfying  the  condition 

II“(<)IIb,<c(1  +  |«|*).||u(0)||Bs  (**) 

for  all  u  (0)  6  B2  =  W[. 

As  we  shall  show,  a  wide  operator  class  is  covered  by  the  relation 
between  the  number  s,  featured  in  the  estimate  on  the  solution  of 
evolution  equation  (*)  (where,  as  a  given  operator,  we  have  a  mul¬ 
tiplication  operator  by  x),  and  the  boundedness  of  a  multiplication 
operator  by  q>  (a:). 

The  condition  (**)  for  the  growth  rate  of  the  solution  of  the  evolu¬ 
tion  equation  generated  by  unbounded  operator  A  becomes  necessary, 
if  it  is  required  that  the  finite  k  times  differentiable  function  of  A 
should  be  a  bounded  operator.  If  we  skip  this  requirement  and  restrict 
ourselves  only  to  the  infinitely  differentiable  functions  of  an  operator, 
then  the  growth  rate  condition  (**)  may  be  essentially  relaxed. 

Consider  a  differentiation  operator  in  a  space  C  (R)  of  continuous 
functions  bounded  in  infinity  (or  in  a  space  C  N  of  continuous  func¬ 
tions  increasing  less  than  |  x  |N).  As  it  is  easily  seen,  the  totality  of 
functions  of  such  an  operator  form  an  algebra  ,S0  (or  an  algebra  PS  N, 
respectively).  This  example  shows  the  necessity  of  using  the  algebra 
99  0  (the  algebra  N  is  the  case  of  -unbounded  continuous  functions) 
if  we  wish  to  consider  an  algebra  of  functions  of  operators  drawn  from 
a  class  which  includes  a  differentiation  operator  in  a  continuous  func¬ 
tion  space.  With  these  two  examples  we  wish  to  emphasize  “the  neces¬ 
sity”  of  using  a  growth  rate  condition  of  type  (**)  as  well  as  the 
algebra  PS  N. 

Finally,  let  us  consider  a  multiplication  operator  A  by  x  -f-  iy 
defined  on  1F^(R2).  It  is  natural  to  define  a  k  times  differentiable  func¬ 
tion  of  x  +  iy  as  a  function  q>  (x,  y)  of  two  arguments  x  and  y.  It 
is  evident  that  each  operator,  x  =  Re  A  and  y  =  Im  A ,  will  satisfy 
the  condition  (**),  Re  A  being  commutative  with  Im  A. 

We  shall  introduce  operators  satisfying  a  condition  of  type  (**) 
and  call  them  generators  of  degree  s.  Then  we  shall  consider  operators 
of  type  A1  +  iA2,  where  Ax  and  A2  are  generators  of  degree  s,  Ax 
being  commutative  with  A2.  Such  operators  will  be  called  regular 
operators  and  functions  of  them  will  be  considered  as  functions  of 
Ax  and  A2. 


CH.  I.  FUNCTIONS  OF  A  REGULAR  OPERATOR 


149 


In  Sec.  7  we  shall  prove  the  theorem  which  will  show  the  sufficiency 
of  a  condition  of  type  (**).  Specifically,  we  shall  prove  that  in  the 
case  of  a  purely  discrete  operator  spectrum  the  existence  of  a  complete 
system  of  eigenelements  and  associated  elements  (the  number  of 
the  latter  not  exceeding  N  for  a  given  eigenvalue)  is  equivalent  to 
the  regularity  of  the  operator  (of  degree  N).  Thus,  for  a  discrete  spect¬ 
rum  at  least,  we  shall  show  how  wide  the  regular  operator  class  is. 

When  the  spectrum  is  not  discrete  the  concept  of  a  system  of  eigen¬ 
vectors  and  associated  vectors  is  introduced  in  the  case  of  the  regular 
operator  in  Sec.  8.  The  theorem  of  completeness  of  such  a  system  will 
be  proved  there.  A  similar  concept  in  the  case  of  an  arbitrary  opera¬ 
tor,  however,  has  not  yet  been  involved.  Therefore,  there  is  no 
inverse  theorem  as  yet. 


Sec.  1.  Certain  Spaces  of  Continuous  Functions  and  Related  Spaces 

We  shall  now  consider  certain  Banach  algebras  of  continuous 
functions.  First  of  all,  consider  the  set  of  continuous  bounded  comp¬ 
lex-valued  functions  with  the  field  of  definition  Q  c=  Rn.  As  usual, 
we  introduce  the  structure  of  a  vector  space  on  this  set.  Define  the 
norm  of  function  /  by  the  formula 

II  /  II  =  sup  |/(x)|.  (1.1) 

xCQ 

Denote  such  normed  space  of  functions  by  C  (Q).  The  space  C  (Q) 
is  a  Banach  space. 

In  analogy  with  C  (Q)  we  define  the  Banach  space  C(ft)  (Q),  k  >  0 
being  an  integer.  The  norm  in  C(h)  (Q)  is  defined  by  the  formula 

il/llcfe(Q)=  max  sup|ZF/(*)|,  (1.2) 

osl  i  |s;ft 

n  ■  al  i  I 

where  ;'  =  (/ 1,  /2,  •••,  /»),  1/1=2  /;,  D3  =  — 

j= i  dx\l...dx3n^ 

Let  C*  (Rn)  be  the  space  conjugated  to  C  (Rn).  The  Dirac  8 j- 
junction  is  called  the  functional  on  C  (Rn),  which  gives  the  value 
g  (£)  at  point  |  g  Rn  for  every  function  g  g  C  (Rn).  The  functional 
85  belongs  to  the  space  C *  (Rn). 

Let  N  ^  0.  By  C N  (Rn)  we  denote  the  space  of  continuous  func¬ 
tions  in  R"  with  finite  norms 


1'^®")=  SUP 

x£Rn 


g  (•?) 

(i  +  l*l)N 


Thus,  by  definition,  the  space  C N  (Rn)  will  include  all  continuous 
functions  increasing  not  faster  than  |  x  |w. 
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In  this  respect  it  resembles  “a  superstructure”  on  C  (Rn)  which  is 
similar  to  W~\  (Rn)  being  “a  superstructure”  on  L2  (Rn). 

Obviously,  the  Dirac  function  8^  can  be  considered  as  an  element 
of  the  space  C%  (Rn). 

The  functional  .F  provides  another  example  of  an  element  of 
C%  (Rn): 

•F«p(g)  =  j  y(x)g(x)dx,  (1.3) 

lln 

where  cp  is  an  element  of  the  vector  space  C “  (R7i)  of  infinitely  differ¬ 
entiable  functions  with  compact  carriers. 

It  will  be  convenient  to  identify  the  functional  JFn  with  the  func¬ 
tion  <p  (it  is  easy  to  see  that  (tp  0)  {.F  ^  =f=  0),  i.e.,  it  is  easier 
to  write  down  cp  ( x )  £  C%  (R")  instead  of  ,'F,1  6  C%  (Rn)).  We  shall 
denote  any  functional  :F  6  C%  (Rn)  by  cp  (x)  (though  (p  ( x )  may  not 
be  the  function  in  the  ordinary  sense  of  the  word);  the  functional  .F 

will  be  denoted  as  j  (p  ( x )  g  ( x )  dx,  though  the  integral  does  not 
exist  in  the  Riemann  sense.  In  particular,  the  functional  8?  will  be 
written  j  6  (x  —  1)  /  ( x )  dx,  as  accepted  in  physics  literature.  - 

It  will  be  sufficient  for  us  to  consider  a  space,  simpler  and  easier 
to  understand,  namely,  the  subspace  of  C%  (Rn)  which  is  the  linear 
core  of  the  association  of  the  Dirac  8-function  and  (R"). 

Let  us  denote  by  Cn  (Rra)  the  closure  in  Cn  (Rn)  of  the  linear  core 
of  the  set  C™  (Rn)  U  {6l}geR«- 

Let  us  now  define  the  Fourier  transformation  in  Cn  (Rn)-  As  usual, 
the  Fourier  transform  of  function  cp  6  C “  (R”)  cz  Cn  (Rt‘)  will  be 
denoted  by  function  (p  defined  by  the  formula 

i(P)  =  (^(P)  (P)  =  -r-^7T  J  cp (x)e~iP-xdx.  (1.4) 

Rn 

The  function  defined  by  the  formula 

k  ( P )  =  (Fk)  ( P )  =  J  k  (x)  c>p’xdx  =  -^TF e~ip'S  O-5) 

R  n 

will  be  called  the  Fourier  transform  of  the  8|-/ unction. 

Denote  by  (Rn)  a  vector  space  which  consists  of  linear  com¬ 
binations  of  the  functions  of  type  (1.4),  (1.5). 

The  formulas  (1.4)  and  (1.5)  define  an  operator  which  maps  a  linear 
core  of  the  set  C™  (R")  (J  {8g}££Rn  into  (Rn).  The  operator  F 
will  be  shown  to  have  an  inverse  operator. 
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Let  us  now  introduce  the  norm  in  space  $¥%  (Rn): 

~  dcf  ~ 

llCPll^(R«)=ll/;’'1(PllcJv(R«)-  (!-6) 

Denote  by  N  (Rn)  the  completion  of  the  space  (Rn)  in  the 
norm  (1.6).  Then  the  operator  F  can  be  uniquely  extended  to  the 
isometric  isomorphism  of  space  Cn  (Rri)  on  $ N  (Rn).  We  shall 
denote  this  isometric  isomorphism  by  F  and  call  it  the  Fourier 
transformation  of  the  elements  of  space  Cn  (Rn).  We  shall  later  see 
that  the  space  38  N  (Rn)  is  nothing  but  the  space  of  continuous  (smooth) 
functions. 

In  the  linear  core  of  the  set 
[Co  (Rn)  (J  {6g}|eRn]  c=  <?n  (Rn) 

there  exists  a  commutative  composition  which  transforms  this 
variety  into  the  algebra,  namely 

(tp  *  vp)  (a)  =  ■  1  /;p  j  cp  (y)  \f  (x  —  y)  dy  for  <p,  tp  €  Cq  (Rn); 

R™ 

(h  * (*)  =  *!>(*-£)  for  ^  €  Co°  (Rn)  • 

Show  that  there  is  a  constant  c,  such  that 

II  f  II  <  c  ||  (p  ||  ||ip  ||. 

Let  /  6  CN  (Rn).  Consider  the  integral 

I  =  j  [<P  *  tf]  (*)  f  (x)  dx.  (1 .7) 

Rn 

The  integral  (1.7)  can  be  transformed  to  the  form 

(2n)n/2 1  =  j  i  {t)dt  j  f  (y  +  t)(p(y)dy.  (1.8) 

R™  R" 

For  a  proof  thereof,  it  is  sufficient  to  consider  three  particular  cases 
since  we  consider  the  linear  core  of  the  set  Co°  (Rn)  U  {5s}: 

(a)  cp,  6  Co*  (Rn) ; 

(b)  ^6  C  (Rn),  ^  = 

(c)  cp  =  8g,  = 
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In  the  (a)  case 

(2n)n/2  j  [cp  *  i|3]  (x)  /  (x)  dx  =  j  /  (x)  dx  j  cp  (y)  i|>  (x  —  i t)dy  = 

Rn  Rn  Rn 

=  j<p(i/)d!/  j/(x)ij)(x  —  y)dx  =  ^(p(y)dy  j\|)(0 f(y  +  t) dt=- 
r”  r"  r”  r” 

=  j  ${t)dt  j  (P  (y)f(y  +  t)dy. 

Rn  Rn 

In  the  (b)  case 

(2n)nl2  I =  \  <p(x  —  |)  /  (x)  dx; 

%> 

Rn 

on  the  other  hand, 


j  8(t  —  l)dt  j  f(y  +  t)<p(y)dy  = 

Rn  Rn 

=  j  /  (y  + 1)  <p  (y)  dy=  j  /  (x)  cp  (x  —  1)  dx. 

Rn  Rn 

Finally,  in  the  (c)  case 

(2jt )n/2/  =  j  8(x  —  l  —  r])f(x)dx  =  f(l  +  x\), 
r" 

j  8{t  —  \\)dt  j  f(y  +  t)8(y  —  l)dy  = 

Rn  Rn 

=  j  S(*— h)/(l+0^==/(£+1' i). 

Rn 

This  completes  the  proof  (1.8).  Using  (1.8)  we  have 


j  (<p  *  M7)  (*r)  /  (x)  dx 


<(2  n) 


-n/2  , 


'l5  Hc^cr")  X 


X 


l 

(sup  (l  +  |i|)_JV  j  f(y+t)(p(y)dy^ 

nn 


^(2m) 


-n/2  I 


^  llc|,(RJl)  il  T  llct(Rn)  X 


Cft(R”) 


X  sup  ["(1  + 1 1\ )  N  sup 
«£Rn  ye  R; 


N 


^(2n) 


-n/2  | 


f(y  +  t) 
n  (1  +  1  if  1) 


^  ilc^(R«)  II  <P  IIc^cr")  x 


X  sup  _ f  (y  +  0 _ 

t,ye r”  (l  +  |t|)w(l  +  l»l)" 
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sup  _ /Jg±*> _ 

i.Ja"  (1  +  I<I)N(1  +  Ii/I)N 


t^n  (  (1  +  |ln  (1+|  y  | )  )  ^  11  /  licjv<Rn>’ 


we  have 


J  (<P  *  *P)  (X)  /  (*)  dx  <  (2jX)  n/2  II  'l3  llCft(R»)  H  <P  Wc%(Rn)  H  /  llCw(R")* 


Thus, 

II  CP*'!’  llc|,(Rn)^(2It)  n/_J  II  fp  llc|^(Rn)  II  *P  llc^lR")’  (1>9) 

Q.E.D. 

By  virtue  of  the  estimate  (1.9)  we  can  extend  the  operation  *  to 
the  whole  space  C %  (RM)  in  a  unique  fashion,  the  inequality  (1.9) 
remaining  valid.  Cn  (Rn)  will  then  become  converted  into  the  Banach 
algebra  (to  be  more  precise,  into  a  fully  normalized  one).  Since  the 
Fourier  transformation  is  an  isometric  isomorphism  of  the  Banach 
space  C)v  (Rn)  on  3ft  N  (Rn),  the  operation  *  will  induce  a  binary 
operation  which  transforms  3ft  N  (R”)  into  Banach  algebra  and  is 
defined  by  the  formula 


cp.i|5  =  F’[(F  lcp)*(F  *fp)]. 

Let  us  see  how  the  operation  •  acts  on  3ft°N(R.n).  Let  cp0,  \p0  6  Co°  (Rn) 
and  let 

(P  =  tpO+S  $  =  'PoT"  S  (1.10) 

3  k 

Then 

(p  *\p  =  cp0  *ip0+SaAi*'Po-f  <Po*  SMrifc-+ 

i  1  k  h 

+  2alPh(2jt) 

i,  k  * 

and  we  thus  have 

(/ty.Fip)  (p)  =  (FqvFhp 0)  ( p )  +  (2nyn/2  ajeip'li  (F%)  (p)  + 

+  (2nyn/2^heip^(Fcp0)  (p)+ 2  C  2«)-B^fl/'¥V. 

ft  j,  h 

It  is  easy  to  verify  that  (Ffpo-Apo)  (p)  =  <p0  (p)  "<Po  (p)-  So  (Ffp-Fip)  (p) 
=  fp  (p)  ip  (p)  for  any  <p,  ip  of  the  form  (1.10),  i.  e.,  in  3ft  %  (Rn)  the 
operation -is  in  fact  a  point-by-point  multiplication  of  func¬ 
tions.  For  this  reason  we  shall  drop  the  point  in  the  notation  of  this 
operation: 

<p$  =  rp  .\j>,  cp,  fp£J*jv(R”). 
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Sec.  2.  Embedding  Theorems 

Quite  often  it  is  difficult  to  determine  whether  functions  belong  to 
the  Banach  algebra  C  or,  in  particular,  the  Banach  algebra  38  K. 
For  this  reason  it  is  important  for  us  to  establish  the  salient  features 
which  show  that  the  belonging  to  a  Sobolev  space  includes  the  belon¬ 
ging  to  S3  N  or  C.  To  be  more  precise,  we  have  in  mind  the  existence 
of  the  natural  embedding  of  Sobolev  spaces  in  C  or  38  N. 

Theorem  2.1 .  For  k  >-  N  +  —  there  exists  an  embedding  W\  (R")  c 
c  38 N  (Re¬ 


proof.  Let  f  £  S.  Then 

H  /  HCft(Rn>  =  SUP 
N  iH’i'cmV1 


\  +\x\)N  f  (x)dx 


=  sup 


l|,pllC(R»)=1 


J  /(*)  (1  + 1 X-  l)ft 


cp  (x) 


(1  +  1*1) 


k-N 


dx 


<: 


<c 


sup  i/  r 
lq>l,C(R")=1  V 


|  cp  (a;)  |2  dx 


X 


X 


We  have 


Vi 


|  /  ( x )  |2  (1  + 1  x  |  )2h  dx. 


(2.1) 


,,CV' „l 


dx 


(l  +  |a:|)2(ft-N) 


<  CO, 


since  2(k  —  N)  >  n.  Next,  (1  + 1  x  |)2ft^(l  +  x2)k  2?i,  therefore 


(2.2) 


j \f(x)\2(l  +  \x\fhdx<^2h\\f\\#u(nny  (2.3) 

Rn 

By  virtue  of  (2.1),  (2.2),  (2.3)  we  obtain  ||  /  ||c*.  ^  c  ||  /  ||  ^|(R n)% 
where  the  constant  c  depends  on  N,  n  and  k,  but  is  independent 
of/  e  S.  This  means  that  for  any  cp  6  Co°  (Rn)*  the  following  estimate 
is  valid: 


Hfpll.53iv<itn>S^Cll fp  Htv+H71),  c  =  const. 

It  remains  to  be  shown  that  if  the  sequence  {cp;}  of  functions 
cp£C”(Rn)  converges  to  zero  in  3?N( Rn)  and  is  fundamental  in 

*  By  C ^  (Rn)  we  denote  the  space  of  Fourier  transforms  of  functions 


CH.  I.  FUNCTIONS  OF  A  REGULAR  OPERATOR 


155 


H72  (Rn) ,  then  it  converges  to  zero  in  (Rn)  as  well.  Let  {tp;-} 
be  such  a  sequence  and  let  Then  cpt  (Rn), 

in  C*N (R")  and  {(p^}  is  fundamental  in  W*  (Rn).  It  is  to  be  shown 
that  ^-*0  in  IT'!(Rn). 

Since  {cp,}  is  fundamental  in  W\  (Rn)  there  follows  the  con¬ 
vergence  of  this  sequence  in  L2  (Rn)  o  W*  (Rn) .  It  is  sufficient  to 
show  that  II  <Pilli2(Rn)->-0.  Let  x|)£C”(Rn).  Then 

j  <Pt  (x)  'I5  (*)  dx  <  ||  (pj  Hc^r")  II  y?  IIC^(R«)  0 

Rn 

for  /  —v 0.  On  the  other  hand,  if  <py->-0  in  Lz{ R")  then 

lim  f  rPj  (X)  \|)  (x)  dx  =  (cp,  ip)  „ 

00  %, 

Rn 

Consequently,  (tp,  '|’)£j,(Rn)  =  0  for  any  \|)6Co°  (R"),  whence  it  follows 
that  cp  =  0,  Q.E.D. 

Theorem  2.2.  There  exists  an  embedding  (Rn)  a  C<JV)  (Rn). 
For  the  proof  of  Theorem  2.2  we  shall  need  the  following  simple 
lemma. 

Lemma  2.1.  Let  f  d$?%(Rn),  f  =  F~if.  Then 
Daf(p)  =  (2nyn'2  J  (-ix)aeip-xf(x)dx. 

Rn 

Here 

=  •••,  «„),  Z)“=D“i,  ...,  Z)“n, 

( —  ix)a  =  ( —  x . . .  x„n,  |  oc  |  =  aj  -f 

Proof.  It  is  obviously  sufficient  to  verify  the  statement  of  the 
lemma  in  two  cases:  /  £  Co°  (R")  and  /  =  85.  In  the  first  case  the 
statement  is  obvious.  Let  /  =  5 g.  Then 

f  (p)  =  (2n)~n/2  e~ip'^,  so 

Daf  (p)  =  (2 n) ' ~n/2  ( -  il)a  eip ' g  = 

—  (2jt)_n/2  j  e-v-xS  (x—%)(  —  ix)adx, 

R  71 

this  proves  the  lemma. 
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Proof  of  the  theorem.  Let  /6i?]v(Rn),  f  —  F  */•  Then  for  |a|^iV 


\Daf(p)\  =  (2n) 


-nil 


j  f  (x)(  —  ix)ae  ip  x  dx 


iC 


<(2  n) 


-n/2  , 


/  llCft(R«)  SUP 

x£R" 


(1  +  1*1) 


IV 


For  this  reason  operator  /0  of  the  identical  embedding  J?^(Rn)cr 
cz  38 n  (Rn)  is  bounded  in  C(JV)  (Rn)  and  can  be  extended  to  cover 
the  homomorphism  /:  J>w(Rn)->C<iV)(Rn).  It  remains  to  be  proved 
that  (/<p  =  0)=^((p  =  0). 

Let  / cp  —  0  and  let  {cp;}  be  a  sequence  of  functions  belonging 
to  i?^(Rn)  and  such  that  (p;-->cp  in  38 iv(R”)  when  /'->  oo.  Then 


lim  ||  cpj  Hcdvvpn.  =  lim  ||  /q>;-  ||cov)(Rn  =  ||  /cp  ||  =  0. 

j  — ►  oo  j-*oo 


Let  =  cp  —  F1^.  We  have  cpj-*tp  in  ^(R”),  whence, 

in  particular,  for  any  /^CjvCR71), 

\  (p  (x)  /  (x)  dx  —  lim  \  ip  j  (x)  f  (x)  dx. 

*  i-*-o o  J 


We  shall  show  that  for  any  infinitely  differentiable  function 

/ecN(  Rn) 

lim  \  <p;-  ( x )  /  (x)  dx  =  0; 

j-*-  OO  J 

Rn 

hence  it  follows  that  (p  —  0  since  C°°  (Rn)  f|  C N  (Rn)  is  dense 
in  CN  (Rn). 

Thus,  let  /  be  a  fixed  infinitely  differentiable  function  of  CN  (R") 
and  e  >  0  be  a  fixed  number.  Choose  a  number  /„  so  that  for  /  >  ;0 
the  inequality  ||  cpy  —  cp,-  ||c*r(Rn)  <e  holds.  Since  cp^  is  the  linear 

combination  of  the  function  of  C'o  (Rn)  and  5|-functions,  a  positive 
A  will  be  found  such  that  j  cp7o  ( x )  g  (x)  dx  —  0  for  any  function 

Rn 

g  6  CN  (Rn),  which  becomes  zero  in  a  sphere  |  x  |  <A.  Let  /„  £ 
e  Co  (Rn)  be  a  function  which  coincides  with  /  in  this  sphere  and 
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which  does  not  exceed  modulo  /.  We  have 
j  <p;-  (x)  /  (x)  dx  =  j  cp;  (x)  fo  (x) dx  + 

Rn  Rn 

+  \  l<Pi  (x)  —  cpio  (x)]  [/  (x)  —  /o  (x)]  dx,  (2.4) 

Rn 

since 

j  9i0  (x)  [/  (x)  —  /n  (x)]  dx  =  0. 

Rn 

Consider  the  first  term  in  the  right-hand  member  of  (2.4).  We  have 

j  <Pi  (x)  f0  (x)  dx  =  j  q>,  (x)  [Ff0]  (x)  dx  < 
r"  r” 

<11  <P;  1 1  C(Rn)  J  |[^/ol(*)|dx-^0 

Rn 

for  j-yoo.  The  second  term  in  the  right-hand  member  of  (2.4) 
may  be  estimated  in  the  following  way: 

j  [?';  (x)  —  <Pj0  (x)]  [/  (x)  —  f0  (x)]  dx  < 

Rn 

<e  II/- fo  llcN(Rn)<^e  II  /  HcjV(Rn)‘ 

It  means  such  a  number  /j>/0  will  be  found  that  for  i^]\ 
j  <Pi  (x)  /  (x)  dx  <e(l  +  2  ||  /  llc^n,). 

Rn 

Since  e  is  arbitrary,  it  follows  that 

lim  \  <p/(x)/(x)  dx  =  0, 

J 

nn 

Q.E.D. 

Thus,  from  Theorems  2.1  and  2.2  it  follows  that  for 

k>^  +  N,  w’:  (Rn)  C  SSN  (Rn)  c:  C{N)  (Rn). 

We  can  see  that  the  Banach  algebra  N  (Rn)  is  “in-between”  the 
Sobolev  space  contained  in  C(JV>  (R")  and  the  Banach  algebra  C(JV>  (Rn). 
So  the  3S N  (Rn)  is  a  Banach  algebra  which  is  closer  to  the  Sobolev 
space  than  C(JV)  (Rn). 
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Problem.  Show  that  for  any  cp  6  Cn  (Rn)  the  following  formula 
is  valid: 

[Fq>}(p)  =  (2n)~nl2j  j  cp  (x)  e~ip  x  dx. 

Rn 

Consider  a  subalgebra  SN(p)  of  the  Banach  algebra  Si  N  (R) 
obtained  by  closure  of  the  set  of  functions  of  Si  N  (R),  which  are 
equal  to  zero  in  the  neighborhood  of  set  a  (one  should  note  that  for 
every  function  there  is  a  corresponding  neighborhood).  Obviously 
Si  N  (p)  is  a  closed  ideal  in  Si  N  (R).  The  factor-algebra  Si  N  (R)/J?  N  (p) 
with  the  ordinary  norm 


ll{<P}ll=  inf  ||<p|| 

<PEf<P> 


^A'(R) 


will  be  denoted  by  Si  N  (a). 


Sec.  3.  The  Algebra  of  Functions  of  a  Generator 

Let  E  be  a  vector  space  given  over  field  C  with  the  norms  ||  •  Hj 
and  II-H2,  where  c  H-lh  ^  ||-||2,  c  =  const.  Let  Bx  be  a  completion 
to  space  E  in  the  norm  ||  - 1 jx  and  B2  be  a  completion  to  space  E 
in  the  norm  ||-||2. 

In  this  case  let  us  write  B1-<Bi. 

Let  u  (i t)  be  a  function  with  values  in  E  defined  on  R  and  satisfying 
the  equation 

i*L-Au  =  0,  (3.1) 

and  the  initial  condition 

u  (0)  =  g,  ge  E.  (3.2) 

Here  A  is  the  linear  operator  A  :  E  -*■  E  and  the  derivative  ^  £  E 
is  such  that 

_du(t)_  _  u(t  +  h)-u(t)_  _^_0  for  h-+0. 

dt  hi 

Definition.  A  homomorphism,  A  :  E  ->  E  is  said  to  be  a  generator 
if ,  for  any  g  £  E,  the  solution  u  (t)  £  E  of  equations  (3.1),  (3.2)  exists 
and  is  unique  for  the  class  of  functions  satisfying  the  inequality 

||  u  ( t )  II*  <  c  (1  +  |  <  |)\ 

where  c  >  0,  k  ^  0;  k,  c  being  constants. 

We  shall  assume  that  A  is  a  generator  of  degree  s  ^  0  with  the  defining 
pair  of  spaces  (Blt  B2)  if  a  constant  cx  exists  such  that 

II  «  (t)  IU  Cl  (1  +  \t  |)5  I]  g  111 
for  any  t  £  R  and  any  g  £  E. 


(3.3) 
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If  =  B2  =  B  then  we  shall  assume  that  A  is  a  generator  on  the 
Banach  space  B. 

Note.  By  substituting  the  norms  ||  •  and  ||  •  ||2  with  equivalent 
norms  whenever  necessary  we  can  put  c  =  1  in  the  above  definition. 
We  shall  do  likewise  in  the  text  that  follows. 

Lemma  3.1.  The  mappings  {U  (£)}f£R»  U  (t)  :  E  ->  E  defined  by 
the  equality  U  (t)  g  =  u  ( t ),  g  and  U  satisfying  the  conditions  of  the 
definition ,  are  homomorphisms  of  the  space  E  and  form  a  one-parameter 
group ,  i.e., 

U(t2)-U(t  x)  =  U(tt  +  4). 

Proof.  Let  u  (t)  —  U  (t)  g,  ux  ( t )  =  U  ( t )  and  (4).  By  definition 
u  (4  +  t2)  —  U  (4  +  4)  g •  This  means  that  one  needs  only  to  show 
that  u  (4  +  4)  =  14  ( t ).  Denoting  u  (4  -f  t)  by  v  (t)  we  obtain 

u(0)  =  w(4),  i~  =  Av. 

Since  14  is  a  solution  of  the  same  Cauchy  problem,  v  ( t )  —  14  (t) 
due  to  the  uniqueness  of  the  solution,  Q.E.D. 

Definition.  The  family  {U  (4}  will  be  said  to  be  a  group  generated 
by  A. 

Lemma  3.2.  AU  (t)  =  U  ( t )  A  for  any  t  6  R. 

Proof.  For  any  fixed  t  6  R 

lim  i  -V-V-tQ-UJl  g  —  AU  (t)  g  =0. 

/>-o  h  1 

Presuming  t  —  0  and  taking  into  account  that  U  (0)  g  =  g  we  obtain 

..  .  U{h)  —  1  .  n 

I'm  1 . 4- . g  —  Ag  =0. 

h-o  h  1 

We  shall  apply  U  ( t )  to  the  expression  within  ||*|li-  Then  with 
h->  0  (3.3)  gives 

\u(t)(i  u-^  g—Ag}  ||2<(1  +  |<|  )s  I  i  U-^  g-Ag  !+  0. 

Hence 

iU ( t )  g  =  V  (L)  Ag-\-  o  (A), 

where  ||o(A)||2  +  0  for  A  +  0.  On  the  other  hand, 

tU(t)-±J - g  =  l-±T.J - y-Eg  =  AU  (t)g+8{  A), 
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where  ||  6(A)  ||i->0  for  A->0.  Therefore, 

||  [V  (t)  A  —  AU  (0]  g  ||2  =  II  8  (A)  -o  (A)  ||2  -v  0 
for  A  ->  0.  This  completes  the  proof  of  the  lemma. 


Lemma  3.3.  Let  A  be  a  generator  of  degree  N  with  the  defining  pair 
of  spaces  (Blt  B.2).  Let  {U  {t)}  be  a  group  generated  by  A  and  let  <p  £ 
€  $  N  (»)•  Then  the  element  I  [cp;  g]  of  space  B**  defined  by  the  formula 

00 

I  [cp;  g]  ( h *)  =  Y=-  j  $  ( t )  h*  ( V  ( t )  g)  dt,  h*  e  B*,  <p  =  F~l(p 


belongs  to  B2,  where 

II I  [cp;  g]  IIb*<  y=r  II  (p  II^cr)  II  g  Ik- 

Proof.  Let  h*  £  B*.  We  have 


|  J  [<p;  g]{h* 
1 


]/  2n 


j  cp  (; t )  h*  ( U  (t)  g)  dt 

-  00 

\h*  (V  (t)  g)  | 


By  the  definition  of  the  generator  we  have  ||  U  (t)  g  ||b2^ 
<(l  +  |i|)N||g||Bl;  therefore 

1 1  [«p;  g]  (h*)  I  II  <P  \\aNm  II  h*  list  II  g  ll-Bi- 

Hence 


II /[cp;  g]  ||B|*<Tj^ II  <P  Hj8N(R)|kllBi.  (3-4) 

It  remains  to  be  proved  that  /  [cp;  g]£B 2. 

If  $6C(R),  then 

00 

/[cp;  g]  =  - 7==-  j  cp {t)U(t)gdt. 


The  above  integral,  being  a  Riemann  integral  of  a  Z?2-valued  func¬ 
tion,  is  an  element  of  B2.  If  cp  =  8|,  then  once  again  I  [<p;  g]  £  S2 
since 

/[<p;el=/ki7®e' 

Hence,  if  cp  £  (R)  we  have  I  [<p;  g]  6  B2.  From  (3.4)  it  follows 

that  the  norm  of  the  operator  on  38  N  (R)  to  B2  sending  9  into  I  [cp;  g] 
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1 

is  bounded  by  the  number  ——=  ||  g  ||Bl.  Since  B2  is  closed  in  Bf* 

y  2ji 

we  obtain  /  [cp;  g]  d  B2  for  any  cp  d  98  N  (R). 

In  this  section  A  is  presumed  to  be  a  generator  of  degree  N  with 
the  defining  pair  of  spaces  (B1,  B2)  while  {U  (<)}  constitutes  a  group 
of  homomorphisms  generated  by  the  operator  A. 

def 

Set  cp  6  3$ n  (R).  Denote  by  cp*  (A)  the  operator  q>lt.(A)g  = 

def 

=  1  [cp;  g]  on  Bt  to  B2  which  is  defined  on  region  E.  Lemma  3.3 
gives 

II  CP*  (^)  II  <  II  <P  ll^jvCR)' 

Lemma  3.4.  Let  cp  d  98 n  (R)  and  JF  d^N  (R),  where  AF  ( x )  = 
—  xcp  ( x ).  Then  cp ^  (A)  A  =  AF #  (A). 

Proof.  By  definition,  for  any  h *  d  B't  and  q  £  E  we  have 

oo 

h*{y*  (A)  Aq]=-P=-  j  y(t)h*[U  {t)Aq]dt, 

v  — OO 

oo 

h*  (A)  q]  =  -±=  J  jF(t)h*[U(t)q]dt, 

v  — oo 

where  cp  and  P  are  the  Fourier  transforms  of  the  functions  cp  and  .jF. 

Let  us  show  that  for  any  function  g ,  which  with  its  derivative 
belongs  to  the  space  CN  (R),  the  following  formula  is  valid: 

OO  OO 

i  j  ~p  (t)  g' (t)  dt  =  j  JF{t)g(t)dt.  (3.5) 

—  oo  — oo 

First  of  all,  note  that  it  is  sufficient  to  prove  the  formula  (3.5) 
for  a  case  when  g  d  C°°  (R)  f]  CN  (R)  because  for  g  d  CN  (R), 
g' d  C  N  (R)  for  any  e  >  0  there  is  an  infinitely  differentiable 
function  h  such  that 

II  S— K II  cN( R)  <  e,  ||  g'  —  W  ||c¥(r)  <  e. 

Thus,  let  g d  C°°  (R)  D  CN  (R) ,  g'dCN( R).  Consider  the  sequence 
{gn}  c=  C o°  (R)  which  has  the  following  properties: 

(a)  gn(t)  =  g(t)  for  td{  —  n,  n), 

(b)  II  in  —  gWc^R)^^,  || g;  —  ?||cw(r)<c2,  cu  c2  =  const. 


11-01225 
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Then,  for  any  element  0£Cjv(R)  the  following  relationships  are 
valid: 


oo  oo 

\  3>  (t)g  (t)  dt  =  lim  f  <D(t)gn(t)dt, 

*  n-*oo  v 

—  OO  —00 

oo  oo 

f  0  (t)  g'  ( t )  dt  =  lim  \  0  (t)  g'n  ( t )  dt. 


(3.6) 


(3.7) 


In  fact,  let  0  =  lim0;,  CD;  £  F~i38n  (R).  For  any  e>0  we  shall 


J-+0O 


find  such  a  number  that  ||  CD;  —CD  ||  C  e  for  Let  the  function 

support  <D;o  be  in  the  interval  (  —  n0,  n0).  Then  for  n^n0 

oo 

j  ®(t)(g(t)  —  gn(t))dt  = 

00 

j  (0  (t)  —  0;o  (t))  (g(t)  —  gn  (t))  dt  <ce,  c  =  const. 

—  00 

For  any  R),  /i£C“(R)  Parseval's  equality  is  valid: 

OO  oo 

f(t)h(t)dt  —  j  /  (t)h(  —  t)  dt,  (3.8) 

—  00  — OO 

where  /  =  Ff ,  h  =  Fh.  From  the  embedding  38  N  (R)  c r  C  (R)  and 
from  the  density  38%  (R)  in  38  N  (R)  it  follows  that  the  formula  (3.8) 
is  valid  for  any  f  £  C%  (R).  This  means  that  we  can  rewrite  the 
formulas  (3.6)  and  (3.7)  in  the  following  way: 


\  CD  (t)  g  (t)  dt  =  lim  f  CD(x)gn(—x)dx, 

*  n->oo  J 

—  oo  — oo 

oo  oo 

f  0  (t)  g'  (t)  dt  —  lim  i  0(x)(r„(  —  x)dx, 

TL  —*■  OO  J 


(3.9) 


(3.10) 


where  0  =  F0,  gn  =  Fgn,  Gn  =  Fg';  here  Gn(x)  =  ixgn(x).  By 
setting  0  =  (p  in  (3.10)  and  0  =  J?r  in  (3.9)  we  obtain 

oo  oo 

|  CP  (0  g'  (t)  dt  =  —i  lim  \  <p  (x)  xgn  (  —  x)dx  = 

*  71-+00 

—  oo  -oo 

oo  oo 

=  — ilim  i  3F  (x)  gn  (  —  x)dx=  —  i  f  Jf(t)g(t)dt 

71— ►  00  *  •d 

—  OO  — oo 

and  this  completes  the  proof  of  the  formula  (3.5). 
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By  using  formula  (3.5)  we  obtain 

oo 

h*lJF»{A)q)=  y=-  j  v(t)-^h*[U  (t)q]dt  = 

*  -oo 

oo 

=  — 7=-  j  <f>(t)h*  [AU  (t)q]dt  =  h*[y*  {A)Aq]. 

*  — OO 

Lemma  3.4  is  proved. 

Corollary.  Let  S'  j  6  S8  n  (R),  where  Sr  j  {x)—xl  .jFo  (^),  j  =  0, 1, .  . 
.  .  .,  k.  Then  ,F o*  (-4)  Ah  =  SFh*  (A). 

The  proof  consists  of  successive  applications  of  Lemma  3.4  to 
functions  cp  =  S'o,  S'x,  .  .  .,  S'  Now  estimate  the  norm  of  the 
operator  ( A  —  z)-1. 

Lemma  3.5.  The  operator  [A  —  (a  +  ih)]-1  exists  for  b  ^  0  i and 
the  following  estimate  is  valid: 

HM-(«+i6)r1it<T|T+7rpH .  (s-11) 

where  c  and  c'  are  constants,  ||  •  \\b\  is  the  norm  of  the  operator  acting 
from  Bx  to  B2. 

Proof.  Let  b  =£=  0.  Denote  z  =  a  4-  ib.  Since  Im  z  =^=  0  thefunction 
:  <p  (a;)  =  (x  —  z)~l  belongs  to  W\  (R)  for  any  k,  so  (p  6  SB  n  (R)- 
Since  1  6  $  n  (R)  the  function  i|): 

ip  (x)  —  x  (x  —  z)-1  =  z  (x  —  z)-1  +1 

belongs  to  38  N  (R).  By  virtue  of  the  preceding  lemma  cp*  {A)  A  — 
—  (zcp*)  (A)  +  1J;,  where  iE  is  the  identical  image  of  E  to  itself. 
Thus, 

cp*  (-4)  (A  —  z)  =  1E, 
i.e.,  the  operator  [A  —  z)  has  the  inverse: 

(^4 —  z)  1  =  cp*  (^4)  |r(A-z)- 

Here 

||  (A-z)~t  ||jj<||  cp*  (A)  |g<-^=- 1|  cp  H^r). 

Set  cp0 (x)  =  ,  .  Then 

II  T  ll^(R)=  H  To  II  S)NW- 

Next  by  setting 

(p0  =  F-1cp0,  (P,  (x)  =  ,  (pi^F-%, 


11* 
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we  obtain  for  any  g£CN(R) 

oo  oo 

j  <Po  (*)  g  (t)  dt  =  -||y  j  <pt  (*)  g  dt. 

—  OO  —CO 


Since 


(\b\  )  1. 


SUP - A7 

<eR  (i+l*l)w 


=  II  S' IIc^r)  max  {  1,  }  , 

we  have 

llcPolbAr(R)<ll<f>1||t59jST(R)max{-pj-,  %+1-}  , 


hence  we  obtain  (3.11).  This  completes  the  proof  of  the  lemma.  The 
following  lemma  is  proved  in  the  same  way. 

Lemma  3.6.  The  operator  [A  —  (a  +  ib)]~h,  k  >  0  satisfies  the 
estimate 

I!  14  — («+»)]'*  llS<Tf^+T^r. 

where  C}t  and  c\  are  constants . 


Proof.  Obviously,  for  Imz^O  and  0  ^j<ik  the  function 
9^  ( x )  =  xj  ( x  —  z)~h  belongs  to  95  N  (R).  Since  1  6  (R),  it 

follows  that  the  function 


( ph  (x)  =  xk  (x  —  z)  h  =  1 

ft 


( X —  Z)h—Xh 

( x  —  z)k 


=  i  -  2  ci  ( -  iy  zV!-;  (x-z)~h 


i.=i 


belongs  to  99  N  (R).  Therefore,  using  the  corollary  of  Lemma  3.4  we 
have 

cpo*  {A)  (A  —z)h  g  =  g 

for  any  g  6  E.  Consequently,  {A  —  z)~h  =  cp0*  (4)  |R(A_2)h,  whence 

||(4-z)-fc|lS<||<Pft*(4)llS<-^-ll<P0IUw(iO< 

HTolU^mmax  J^n+f}  ’ 

where  cp0  {%)  ==  (x  —  i)~k.  Thus  the  lemma  is  proved.  Note  that 
the  statement  of  this  lemma  is  not  directly  derived  from  Lemma  3.5. 
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The  operator  h :  PS  ^(R)  ->  J5a  corresponds  to  each  vector  h  £  E 
by  means  of  the  formula 

hy  =  cp*  (4)  h. 


The  operator  h  is  determined  in  PS  N  (R)  and  is  bounded: 


P||  = 


sup  TT - jj -  - 

iv(R)'  11  ^  n^V<R)  V  2n 


II  <P*  (A)  h  ||2 


h 


(3.12) 


Put  the  norm  l|-||mid  in  E  by  the  formula 

\\h\\mld  =  V2^\\h\\. 


We  shall  call  the  completion  of  E  in  this  norm  an  intermediate  Banach 
space 


Lemma  3.7.  The  following  inequalities  are  valid'. 
Then 

Bi  ll  #mld  ■<  Bz. 


Proof.  From  (3.12)  it  follows  immediately  that  ||  •  ||mid^||  •  Hi- 
On  the  other  hand, 


>||mid=  SUp 


l/~  2jx  1 


ll«Pll 


(A)h  ||a  V2n\\hfo 

* " 1 


=  11  A  I 


12* 


since  ||  1  IIjj^r)  ==  ||  Y  2n  80  ||C+.(R)  =  V 2n.  This  completes  the  proof 
of  the  Lemma. 


Lemma  3.8.  For  any  t0  £  R  the  following  equalities  are  valid', 

(1)  17  (i0)  =  (*-“*),; 

(2)  <p,  (4)  (*"“*),  =  [*-“*09  (^)U,  V(p6^n(R). 


Proof.  First  of  all,  for  any  h£E  we  have 

oo 

(C-^)*A  =  y=r  j  V2Z8kU(t)hdt=U(t0)h. 

V  —  oo 

It  remains  to  be  proved  that 

<P*  (A)  U  (t0)  h  =  [e~iAto<p  {A)]*  h. 
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We  have 

9*  (-4)  U  (t0)  h 


T7=r  j  ?  (t)  U  (t)  U  (t0)  h  dt  = 

"  —  IY1 


y=-  j  q>(t)U  (t0  +  t)hdt. 


Here  we  note  that  if  the  function  is  represented 

as  JF(x)  =  y(x)  e-u°x,  then  F~l  ep  =  (/7’-1<p)  *  Y 2n  8t0,  so  for  any 
g^CN  (R) 

oo  oo 

j  (F~l&)  (t)  g  (t)  dt  =  j  (F~hp)  (t)g(t  +  t0)  dt. 

—  oo  —  oo 


For  this  reason 


oo 

[g-tAiocp (A)}*  h=  j  y(t)U(t0  +  t)hdt  =  <p,  (A)U(t0)h, 

—  OO 


this  completes  the  proof. 


Lemma  3.9.  Let  \|)  (x)  —  2  ake~lth<a  Then 

ft=i 

V~2n  ||  (j4)  h  llmid^  ||  llj}N(R)  II  h  | |mld* 


Proof.  The  following  inequalities  are  obvious  (for 


sup  8Up  liMkMA h> 

<P6^jv(R)  i,<;p%iv(R)  <p£^jv(R)  11  <p''9  l,J8w(R) 

<p=#0  ip=£0 


>  sup 
<p£^8iv-(R> 

<p^0 


1 

y  2  it 


II  (<P-f)*  (A)  ft  lla 
H  ^  ^n(R)  11  ^^(R) 


Hence,  it  follows  (also  by  Lemma  3.8)  that 


1 

11  ^  H^(R) 


1115*  (^)^llmld  =  /2lt 


sup 

f£^jy(R) 

<p^0 


II  <P*  (A)  (4)  h  j|2 

11  ^  R)  11  ‘P  "^(R) 


sup 

<P£^W(R) 

<p#0 


ll<faW*ll» 
11  9  11  ^-(R) 


1 

y2n 


II  h  llmldt 


this  completes  the  proof. 
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Lemma  3.10.  The  function  u  in  the  definition  of  the  generator 
satisfies  the  following  inequality  for  any  tlt  6  R 

II  u  M2)  llmld  ^  (1  +  Ml  —  h  I  )N  II  u  Ml)  llmld- 

Proof.  By  virtue  of  Lemma  3.1  we  have 

u(t0  +  t)  =  U  (t)  u  (t0). 

Consequently,  by  Lemma  3.8  we  can  establish 
u(t0  +  t)  =  (e~iA%u{t0). 

Hence  according  to  Lemma  3.9  we  obtain 

II  U  Mo  +  0  llmid^ll  llcJrCR)  H  u  Mo)  llmld  =  (1  +  M  1)^  II  u  Mo)  llmld- 

The  lemma  is  proved. 

Lemma  3.11.  For  any  h£E  the  element  Imld  [^;  h] 

of  the  space  £mid  defined  by  the  formula 

oo 

7m id  I'M  h)  ( h *)  =  — ~  j  \j5  (t)  h*  ( U  (t)  h)  dt,  h*  £  B*mid,  \|>  =  Fty 

'  —  oo 

belongs  to  BmXd,  where 

II  7mid  [''I’i  h]  ||mld^’y=='  II  ^  II  J5A-(R)  II  ^  llmid- 

Denote  by  ^mid(^l)  the  continuation  of  the  operator  7i  — 7ml(i  [rp;  h] 
to  the  homomorphism  7?mld  ->  Smi,j.  Obviously 

II  'I’mid  (-4)  ||  <  y—  ||  II^^R). 

Lemma  3.12.  The  mapping  4'  -*■  4’mid  (A)  is  a  homomorphism  of 
the  algebra  98 N  (R)  into  the  algebra  of  operators  of  space  Bmid. 

Proof.  We  must  prove  that  \pm1(i  (H)  <pmld  {A)  =  (^<p)mid  (A)  for 
any  <p,  i|>g  JPW(R).  For  any  g*£Bfaid  we  have 

oo 

g*((pmia(A)h)  =  —~  j  $  (t)  g*  (U  M)  h)  dt. 

*  —CO 

Since  \J)mld  (A)  is  the  homomorphism, 

oo 

S*  ('Mud  ( a )  <pmld  (A)  h)  =  — L=r  j  <p  (t)  g*  (ipmid  (-4)  U  (; t )  h)  dt. 

*  —  fYl 


168 


OPERATIONAL  METHODS 


By  considering  A  as  a  generator  with  the  producing  pair  of  spaces 
(B i,  Bmld),  and  by  applying  Lemma  3.8  we  obtain 

oo  oo 

j  9  (t)  8*  ('i’mid  (4)  u  ( t )  h)  dt=  j  cp  ( t )  g*  ((i|>  (,4)  e~iAt)mli  h)  dt  = 

—  CO  —  oo 

oo  oo 

=  j  9  (t)  (  j  (t')h)dt,sj  dt. 

—  oo  —  oo 

On  the  other  hand, 

oo 

8*  (0I>  •  9)mid  (-4)  h)  =  r-±==r  j  0j>  *  9)  (t)  g*  ( U  ( t )  h)  dt. 

*  — oo 

The  proof  of  the  lemma  will  be  completed  if  we  prove  the  follo¬ 
wing  formula:  for  any  cp,  ij)£C)v(R),  f£CN(R) 

oo  oo  oo 

^  <p  ( t )  dt  j  (\Jj  *  dt)  ( t ')  /  ( t ')  dt'  =  (i()  *  cp)  (i)  /  (i)  eft.  (3.13) 

—  oo  —  oo  — oo 

Note  that 

oo  oo 

j  *dt)(t')f{t)dt'  =  — j  y(T)f{%  +  t)dx, 

—  oo  "  —  oo 

so  (3.13)  now  becomes 

oo  oo  oo 

T7=r  j  9  (t)  dt  j  ?(t)/(t  +  <)#  =  J  (^*9  )(t)f(t)dt.  (3.14) 

"  —00  — oo  — oo 

But  (3.14)  had  been  established  in  Sec.  1.  Thus  the  lemma  is 
proved. 

Lemma  3.13.  There  is  a  sequence  {<p„}  6  Co°  (R)  so  that  for  any 
h£B mld,  fe*6Smid 

lim  h*  [(9nmid  (4)  —  1)  h]  =  0. 

n-*-oo 

Proof.  Choose  the  sequence  {cp„}  in  the  following  way; 

(pi  (x)  =  1  for  | a: |  <1 1 ,  <pi(x)  =  0  for  |x|>2, 

9 n  (x)  =  9!  (x/n). 
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Such  a  sequence  {q)n}  is  bounded  in  SB N  (R).  In  fact,  let  cp„  be  the 
Fourier  transform  of  the  function  cp„.  Then 


(0 : 


IT  J  J  e‘“%  (i)dx- 


l/2n  •/ 


1/2, 


et<xn<pj  (a;)  dx  =  /icpj  (ref). 


Next  we  have,  for  any  function  /£  CW(R): 


00 

c  — 

CO 

c  ~ 

J  Vn(t)f(t)dt 

—  OO 

— 

\  mpt  (nf)  /  (t)  dt 

—  00 

oo 

j  5,(0/  (i)dt 


l<Pi 


sup - 

Cjv<R>  ten  (i  +  | <|) 


'(4) 


JV 


<Pl  I  |c+ (R)  sup- 


1/(01 


(i+» |t I)"'" 

<  II  <Pi  Wcun)  SUP 77X77 jW  =  II  <Pi  llctffo  II  /  He 

N  <6R  (1  +  1  M)  N 


N' 


(R>- 


Hence,  it  follows  that  II  9n  II^(R)<II  <Pi  IIjbw(R)-  Set  (*)  = 

-0  in  any  Sobolev  space  Wl„  (R). 


=  -7^7-.  Then  (ar)- 
For  this  reason  tpn  (#)  - 


x-j-  i 
1 

i  +  £ 


in  SB N  (R),  so  that  the  sequence  of 

1 


operators  9nmld(-4)  converges  in  norm  to  the  operator  ^  A  j  ^ . 
Next  we  have 

9nmld  (A)  =  9„mld  (A)  ( A  +  i)h  (3. 15) 

for  any  h£E.  Note  that 


{A  +  i) 


h  =  h 


(3.16) 


for  any  h£E.  Consequently,  for  any  h£E  the  following  limiting 
relationship  is  valid: 

lira  (Pnrnld  (A)  h  =  h.  (3.17) 

n-+  00 

From  (3.17)  we  obtain  for  any  h  (j  E,  h*  £  Bma- 
h*[(<f>nmd(A)-l)h]-+0 

for  re->  00. 
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Now  let  h  be  an  arbitrary  element  of  j3mid,  h*£Bm w-  Since 
the  sequence  of  operators  {<Pnmld  (4)  — -1}  is  uniformly  bounded  by 

some  constant  M,  for  a  given  e  >  0  the  element  h  6  E  can  be  chosen 
so  that  ||  h  —  /illmidO  and  we  obtain 

<|  h*  [(q)„mld  (4)  - 1)1] \  +  M\\h*\\R—>M\\  h*  ||  e 
for  ra->oo,  and  this  means  that 
lim  h*  [(cpnmld  (4)  —  1)  h]  =  0, 

71-*- oo 

since  e  is  arbitrary.  This  completes  the  proof  of  the  lemma. 
Corollary.  The  set 

M  —  U  R  (cpmld  (4)) 

<p£C^(R) 

•is  dense  in  f?mtd. 

Proof.  Let  us  assume  that  the  opposite  is  true,  i.e.,  that  M  5mId. 
Then  from  the  Hahn-Banach  theorem  there  follows  the  existence  of 
•a  non-zero  element  h*  £  f?mid  such  that  h*  ( h )  —  0  for  any  h  6  M. 
Let  h*  ( h0 )  =£  0.  Consider  a  sequence  {hn}  —  {<Pnmld  (-4)  h0},  where 

{<pn}  is  a  sequence  of  functions  of  C o°  (R)  featured  in  Lemma  3.13. 
We  have  h*  ( hn )  =  0  for  any  n.  On  the  other  hand,  by  Lemma  3.13 
we  have 

lim  h*  ( hn )  =  h*  ( h0 )  0. 

n-+oo 

The  resulting  contradiction  proves  that  M  is  dense  in  Z?rnId. 

Lemma  3.14.  If  lmz^=0  then  the  operator  [(A  — z)_1]mid  is 
invertible. 

Proof.  Let  h  6  Bm ld  and  let  [(4  —  z)_1]mld  h  —  0.  If  {cp„}  is  a 
sequence  of  the  functions  of  Co°  (R)  considered  in  Lemma  3.13  then 
o  =  f(4  —  z)  <pn  (4)]mld  [(4  —  z^Jmid  h  =  cp„mld  (4)  h 

for  all  integers  n.  From  Lemma  3.13 
0  =  lim  h*  [tp„mld  (4)  h]  =  h*  (h) 

U-+oo 

for  any  h*  £  2?mid.  Therefore  h  —  0,  Q.E.D. 

Lemma  3.15.  There  exists  a  closure  A  of  operator  A  on  BmiA. 

Proof.  Let  Imz^O.  Then  the  operator,  which  is  inverse  to 
'{(4  -  z)-H  mld,  is  closed.  By  virtue  of  Lemma  3.5  this  operator  is 
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an  extension  of  operator  A  —  z.  This  means  that  operator  A  = 
=  (A  —  z)  4-  z  has  a  closed  extension,  Q.E.D. 

Operator  A  will  be  called  a  generator.  Now  we  shall  give  a  new 
interpretation  of  the  formula 

oo 

9mid  {A)  h  =  ^  <p(t)U(t)hdt,  9  =  p.  (3.18) 


Consider  space  CN  (Rn,  B),  which  consists  of  functions  continuous 
on  R”  with  values  in  a  Banach  space,  having  the  finite  norm 


B )' 


sup 

5c£Rn 


II  fix)  II 

(i+M)N 


Example.  For  any  h  g  E  the  function  /: 


/  (0  =  U  ( t )  h 


belongs  to  C N  (R,  Smld),  where 

II  /  llc^fR,  Bmld)<||  h  |lmld. 

Consider  nextforany/^C^-CR",  B)  the  operator  I0lf]  (R”)->- 

B  defined  by  the  formulas 

Iq  [/I  8g  =  /(£)» 

h  [/]  fP=  j  fp  (x)  /  (x)  dx,  (p  £  Co  (Rn). 

R" 

Problem.  Prove  that 

l|/o[/]|l<ll/llCw(R»lB). 


Note.  For  any 
from  Rn  we  have 

k 

<P+2  ai66, 

i=  1 


cp  g  C”  (Rn)  and  any  non-equal  vectors  |1}  . . . , 

OO  k 

=  J  |<p(a:)|;(l+|*|)wd*+2lail(l  +  l5i|)W. 

C^(Rn)  i==1 


Extend  the  operator  I0  [/]  to  the  homomorphism  I  [/]  :  C &  (Rn) 
->■  B.  We  shall  use  the  notation 


I  [/]  9=  \  <P  {x)f{x)dx, 


which  provides  the  necessary  interpretation  of  equality  (3.18).  Ob¬ 
viously,  both  definitions  of  the  operator  <pmld  (A)  are  in  fact  iden¬ 
tical. 
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Let  /  £  CN  (Rn,  B)  and  let  the  function  FF  defined  by  the  formula 
S'  {x)  =  Cf  ( x ),  where  C  is  a  closed  operator  on  B,  belong  to 
CN  (R™,  B).  Then  for  any  <p  £  F~xSSnN  (Rn) 

j  cp  (x)  Cf  (x)  dx  —  C  j  cp  (x)  f  (x)  dx.  (3.19) 

Rn  Rn 

If  cp  is  an  arbitrary  element  of  C %  (Rn)  then,  by  choosing  the 
sequence  {cpft}  c  (Rn),  which  converges  to  cp  and  going  to 

the  limit  k  oo  in  the  equality 

j  cph  (x)  Cf  (x)  dx  —  C  j  cp h(x)f(x)dx, 

Rn  Rn 

we  achieve  that  formula  (3.19)  is  also  valid  in  this  case. 

Lemma  3.16.  Let  Im  z  =#=  0.  Then 
{A  —  z)  1  <=  [(^4 — z)  ^mid- 

Proof.  We  have  to  prove  the  following  two  formulas: 

[(A  -  (A  —  z)  h  —  h,  he  Dx,  (3.20) 

(A  -  z)  [(A  -  z)-1]mld  =  1.  (3.21) 

Formula  (3.20)  is  valid  for  h  6  E  according  to  Lemma  3.5;  if 
hn  -*■  h,  hn  e  E ,  h  e  then  in  (3.20)  the  limit  can  be  reached  be¬ 
cause  A  —  z  is  a  closed  operator  and  [(4  —  z)_1]mld  is  a  homomor¬ 
phism.  This  completes  the  proof  of  formula  (3.20). 

Now  let  h  e  E  again.  Denote  by  rz  ( t )  the  Fourier  transform  of  the 
function  rz  ( x )  =  (x  —  z)-1.  We  have 

h  =  [{A  —  z)-1]mid  {A  —  z)h  — 

oo 

=  -w=-  j  rz(t)U(t)(A-z)hdt  = 

*  -oo 

oo 

=  -T7=-  (  rz{t)(A—z)U  (t)hdt  = 

I /  ZJt 

—  OO 

JO 

=  ^  T/W  1  ^  ^  u  ^  hdt=z 

*  — oo 

=  ( A  z)  [(^1  z)  Mmid  h. 

Here  we  have  made  use  of  formula  (3.19).  Thus,  for  h  e  E 
(J-Z)  [{A  —  z)_1]mid  h  =  h. 
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From  the  fact  that  A  is  closed  and  E  is  dense  in  Z?mjd,  it  follows 
that  the  equality  is  valid  for  any  h  £  5mld,  i.e.,  formula  (3.21)  is  valid. 
This  completes  the  proof  of  the  lemma. 

We  shall  summarize  the  main  results  obtained  in  this  section  in 
the  form  of  the  following  theorem. 

Theorem  3.1.  (1)  The  generator  A  as  an  operator  on  Bmid  has  a 
closure  A. 

(2)  There  exists  a  homomorphism  M  of  the  Banach  algebra  PA  N  (R) 
into  the  algebra  Op  (BmU j)  of  homomorphisms  Bmi(i  ->  Bml(i,  besides 
the  operator  ( A  —  z)-1  corresponding  to  the  function 

x  — » — — ,  Imz^O. 

x — z 


Notation.  Let  the  homomorphism  (I)  :  Z?mld  ->-  Z?mld  correspond 
to  the  function  tp  £  SS N  (R)-  Denote  CD  =  cp  (A).  The  image  of  the 
homomorphism  M  will  be  denoted  by  the  symbol  §1. 

The  function  cp  £  .A  N  (R)  will  be  called  the  symbol  of  the  operator 
<p  (A). 


Sec.  4.  The  Extension  of  the  Class  of  Possible  Symbols 


Let  A  be  a  generator  of  degree  N  with  the  defining  pair  ( BUB2 ) 
of  Banach  spaces,  every  space  containing  a  dense  linear  manifold 
D  =  Da.  In  the  previous  section  the  operators  <p  {A)  were  introduced, 
where  (p  6  $ n  (R)»  By  definition  we  have  assumed  <p  (^4)  =  cpmld  (^4), 
where  <pmld  (4)  is  an  operator  defined  on  E.  Now  we  shall  put  forward 
a  formula  for  q>  (/l)  which  is  more  evident.  Namely, 


ip  (A)h 


1 

Y  2ii 


oo 

j  cp  (t)e~iAthdt 

—  oo 


for  any  h  6  Z?mld.  In  fact,  let  {hn}  be  a  sequence  of  elements  of  E 
which  converges  to  h.  Then 

II  e~iAth —  jj  (£)  hn  ||  =  ||  e-iAt  (h  —  hn)  ||<(4  + 1 1  |)w  II  h  —  hn  ||. 

Consequently,  the  functions  U(t)hn  converge  to  e~iAth  in  C N  (R,  i?mld). 
For  this  reason 


oo  oo 

-rr=r  [  9  (0  e~iAth dt  =  lim  — £=■  \  9  (f)  u  (f)  ha  dt  = 

r  —00  r  -00 

=  lim  9m id  (-4)  hn  —  cp  (A)  h, 
n-*-  00 


Q.E.D. 
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Theorem  4.1.  Let  cp  £  98  N  (R)  and  let 
if  (x)  =  xh(p  (x), 

where  k  is  an  integer  also  belonging  to  98  N  (R).  Then 
if)  (^4)  =  Ah(p  (4)  =  q?  (^4)  ^4ft  —  <p  ( A )  Ah. 

To  obtain  the  proof  we  shall  need  the  lemma  that  follows. 
Lemma  4.1.  For  any  h  6  Dj  the  following  formula  is  valid : 
e~i^tAh  =  Ae~i^th. 

Proof.  Let  {hn}  be  a  sequence  of  elements  of  E  which  converges 
to  h,  where  Ah  =  lim  Ahn. 

71-+00 

g-iAtAh  =  lim  e~i^tAhn  —  lim  Ae~i-^thn  =  Ae~'^lh, 

71-+00  71— ►  OO 

Q.E.D. 

Proof  of  Theorem  4.1.  For  any  h  £  E  the  following  equality  is  valid: 
^mid  (A)  h  =  cpmi(j  (-4)  A  hj  i.e. 

oo 

'I’m  id  {A)  h  =  — )==■  \  (p  {t)  U  ( t )  Ahh  dt.  (4.1) 

r  —  oo 

By  virtue  of  (3.19)' the  above  equality  may  be  written  as  follows: 

oo 

'fmid  (A)h  =  ~=-Ah  j  <f>(t)u(t)hdt  =  Akq>mlA(A)h. 

v  —  OO 

Here  we  have  made  use  of  the  law  of  closedness  of  the  degree  of  a 
closed  operator.  Besides,  the  fact  has  been  taken  into  account  that 
{A  +  i)_1  is  the  homomorphism  Bmia  ->•  2Jmld.  We  have  proved  that 
the  operator  if  (A)  coincides  with  the  operator  Ahq>  (4)  on  the  set  E 
which  is  dense  in  2?mld.  Since  cp  {A)  and  if  (A)  are  homomorphisms 
and  the  operator  Ah  is  closed,  operator  Ahcp  (/l)  coincides  every¬ 
where  with  operator  if  (^4). 

Further,  the  equality  (4.1)  means  that  the  operator  <p  (^4)  Ah 
is  a  restriction  of  the  homomorphism  if  (.4)  of  the  dense  set  E.  For 
this  reason  the  following  formula  is  valid: 

if(J)  =  <p(J)  Ah 
It  remains  to  prove  the  formula 
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I n  other  words,  it  is  necessary  to  show  that  the  operator  q>  (A)  Ak 
has  a  closed  extension,  since  it  coincides  with  the  homomorphism 
i|)  {A)  on  the  dense  set  E.  Let  hn  6  D-k,  hn  ->  0  and  the  sequence- 
<p  ( A)hA  hn  converges.  We  have 

oo  oo 

(p(A)Ahhn=—^  j  (p(t)e-iAtAhhndt=— Lr  j  q>(t)Ake~iAihn  dt~ 

*  *  -oo  *  — oo 

oo 

“  yk11  I  vV)e-a'Kd,=^=-A\(A)K^ 0 

v  —  oo  v 

for  n  oo  due  to  the  fact  that  the  operator  A  is  closed,  Q.E.D„ 
Thus,  we  have  shown  that  the  formula 

Ifgl  (A)  =  f(A)g  (I) 

is  valid  not  only  in  the  case  when  /,  g  £  $8  N  (R)  but  also  when  f 
is  a  polynomial, 

g6®N(  R)  and  fge®N(  R). 

We  shall  adhere  to  the  following  notation:  for  the  sake  of  simpli¬ 
city  the  closure  A  of  the  generator  A  in  Bmid  will  be  denoted  by  A. 
We  shall  mention  this  specifically  only  in  cases  where  some  misun¬ 
derstanding  may  arise. 

Lemma  4.2.  If  cp  £  SB  N  (R)  and  if  <p  ( x )  does  not  turn  zero  at  any 
point  of  R,  then  the  operator  <p  (A)  is  invertible  (i.e.  cp  ( A )  h  =/=  0 
for  h  =£--  0). 

Proof.  Let  { en }  be  such  a  sequence  of  functions  in  C™  (R)  that 
lim  h*  ( en  {A)  h )  =  h*  (h) 

n-+oo 

for  any  h  £  Rmid»  h*  €  The  existence  of  such  sequences  has 

been  established  in  Lemma  3.13.  If  qp  (A)  h  —  0  then 

iLi  (A)  cp  (A)k  =  0, 

where  i|)n  (x)  =  en  (x)Up  ( x ).  But  cpn  {A)  cp  {A)  =  en  (A).  Consequent¬ 
ly  for  any  h*  6  Rmid, 

h*  ( h )  =  lim  h*  ( en  (H)  h)  =  0. 
n-t» 

Hence  it  follows  that  h  —  0  and  the  lemma  is  proved. 

Theorem  4.2.  For  any  f  £  N  (R)  and  a  polynomial  P  there  exists 
a  closure  of  the  operator  f  (A)  P  {A)  on  2?mid. 
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Proof.  Let  hn-y  0  and  let  /  (4)  P  (A)  hn-r-  q  for  n  -v  oo.  Show 
that  q  =  0.  Denote  by  cp  a  function  in  S  which  does  not  turn  to  zero 
anywhere.  We  have 

lim  cp  (/l)  /  (4)  P  (A)  hn  =  cp  (4)  q. 

n->  oo 


But  (pfP  g  38 N  (R).  And  therefore  by  virtue  of  Theorem  4.1  we  have 
<p  iA)  9  =  lim  cp  {A)  /  (A)  P  (A)  hn  =  lim  P  (A)  cp  (A)  f  {A)  hn  =  0. 

n-+  oo  i\-*-  oo 


Hence  it  follows  that  q  —  0,  due  to  the  invertibility  of  the  operator 
•cp  (A),  and  the  theorem  is  proved. 

Theorem  4.3.  Let  f  £  98 N  (R)  and  let  P  be  a  polynomial.  Then  the 
operator  P  (A)  f  (A)  is  an  extension  of  the  operator  f  (A)  P  (A). 


Proof.  If  h  belongs  to  the  domain  of  the  operator  P  (A),  then 


fl'A)P{A)h=ym 


oo 

j  f  (t)  e~iAtP  (A)  h  dt, 

—  oo 


where  /  is  the  Fourier  transform  of  the  function  /.  Hence  by  using 
Lemma  4.1  and  the  fact  that  the  operator  P  (A)  is  closed  we  obtain 


oo 

f(A)P(A)h  =  -±r  j  J (t)  P  (A)  e~iAthdt  — 

*  —oo 

oo 

=  -±=P(A) |  J  J (t)  e~iAth  dt  —  P  (A)  /  (A)  h. 

"  —oo 


Therefore  the  operator  P  (A)  /  (A)  is  an  extension  of  the  operator 
/  (A)  P  (A). 

Now  let  h  be  an  arbitrary  element  of  the  domain  of  the  operator 
f(A)P(A).  Then  there  exists  such  a  sequence  {hn}  of  elements  of 
the  domain  of  the  operator  P  (A)  that 

lim  hn  —  h,  lim  /  (A)  P  (A)  hn  =  f  (A)  P  (A)  h. 

n-*oo  n-*o o 

Since  /  (A)  is  a  homomorphism  and  f(A)Pt(A)  is  a  restriction  of 
the  operator  P  (A )  /  (A )  we  obtain 

lim  /  (A)  hn  =  /  (A)  h,  lim  P  (A)  /  (A)  hn  =  f  (A)  P  (A)  h. 

n-+o o  n-+oo 

Hence  due  to  the  closed  nature  of  the  operator  P  (A)  it  follows  that 


P  (A)  /  (A)  h  —  f  (A)  P  (A)  h, 
Q.E.D. 
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Lemma  4.3.  Let  fu  f2,  f3  be  functions  belonging  to  98 N  (R)  and  let 
P  and  Q  be  polynomials,  where 

A  A)  P  A)  =  A  A)  Q  A)  +  / 3  A)- 

Then  for  any  h  6  Dp<A)/i(A)  f|  Dq(A)MA)  the  following  equality 
is  valid: 

P  (A)  U  (A)h^Q  (A)  f2  (A)  h+f3  (A)  h. 

Proof.  Let  a  function  (p  6  S  not  turn  zero  at  any  point.  Then 
according  to  Lemma  4.2  the  operator  <p  {A)  is  invertible;  it  suffices 
to  show  that 

9  (4)  IP  (A)  U  (A)  -  Q  (A)  ft  (A)  -  A  (^)]  h  =  0. 

The  functions  <p P  and  belong  to  $8  N  (R),  besides 
<p  (4)  P  (A)  a  [P<p]  (.4),  cp  (A)  Q  {A)  a  [<?< p]  (4). 

Therefore 

(p  (4)  IP  (A)  U  (A)  -  Q  (A)  U  {A)  -  f3  (4)]  h  = 

=  [(Pep)  (A)  A  (A)  -  (<?cp)  (A)  /2  {A)  -  «p  (A)  /,  (A)]  h  =  0, 

since  the  operator  [Pep]  AO  fx  {A)  —  [<?cp]  (4)  /2  (A)  —  <p  (A)  f3  (A) 
has  the  symbol  cp  (PA  —  (?A  —  A)  =  0,  Q.E.D. 

Now  we  shall  define  the  increasing  functions  of  a  generator. 

Definition.  Let  g  (x)  =  f  ( x )  P  ( x )  +  A  A)*  where  f  £  38  N  (R), 
A  €  38  N(R)  and  where  P  is  a  polynomial.  Set 

ripf  - 

g{A)h=  f(A)P(A)  h  +  h(A)h. 

Note.  Element  h  of  Bmlfi  belongs  to  the  domain  of  the  operator 
g  (A)  if  and  only  if  there  exists  such  a  representation  of  the  function  g 

g(x)  =  f  (. x )  P  (x)  +  A  A). 

where  /,  A  €  38  N  (R)  and  P  is  a  polynomial,  that 

h  £  DHA)P(A)- 

From  Lemma  4.3  and  Theorem  4.3  it  follows  that  the  definition 
is  correct  in  the  sense  that  the  operator  g  {A)  does  not  depend  on  the 
type  of  representation  of  the  function  g  in  the  form  fP  +  A-  In  the 
case  when  g  £  38  n  (R)  the  definition  is  obviously  in  line  with  the 
definition  of  the  homomorphism  g  (^4)  mentioned  in  the  preceding 
section.  In  the  case  when  g  is  a  polynomial  the  definition  is  also  in 
line  with  the  definition  of  a  polynomial  of  an  operator.  In  fact,  let 

g  (x)  =  f  (x)  P  (x)  +  A  A). 
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where  /,  /,  6  98  n  (R)  and  where  P  and  g  are  polynomials.  First  of 
all,  note  that  the  degree  of  P  is  not  lower  than  the  degree  of  g 
since  the  functions  /  and  /,  are  bounded.  Therefore,  the  domain  of 
the  operator  P  [A)  is  contained  in  the  domain  of  the  operator  g  {A). 
It  must  be  shown  that  the  domain  of  the  operator  f  (A)  P  (A)  does 
not  exceed  the  domain  of  the  operator  g  {A).  Let  h  be  an  arbitrary 
element  of  the  domain  of  the  operator  /  (A)  P  (A).  Then  there  exists 
such  a  sequence  { hn }  of  elements  of  the  domain  of  the  operator  P  (A) 
that  lim  hn  =  h.  Hence  the  sequence  {f  {A)  P  (A)  hn)  is  f undam en- 

7l-+oo 

tal.  But  hn  (zDgw  Consequently,  according  to  Theorem  4.3  and 
to  Lemma  4.3  the  following  equality  is  valid: 

g  (A)  hn  =  f  (A)  P  {A)  hn  +  /,  {A)  hn. 

Hence  the  sequence  {g  (A)  hn}  converges.  Since  the  operator  g  (A) 
is  closed,  h^DgiA),  Q.E.D. 

Suppose  now  that  the  closed  operator  A  is  invertible. 

Theorem  4.4.  Let  cp  £  99 N  (R)  and  let 
ip  ( x )  =  x~hg>  (x), 

inhere  k  is  an  integer ,  also  belong  to  98  N  (R).  Then 
ip  (A)  —  A~hq>  (A). 

Proof.  We  have 
cp  (a;)  =  £ftip  (x). 

Therefore 

cp  {A)  =  Hftip  (A),  ip(H)  =  A~\(A). 

Now  define  the  operators  which  correspond  to  symbols  with  sin¬ 
gularities  at  zero. 

Definition.  Let  g  (x)  =  f  (x)  x~h ,  where  f  (z  83  N  (R)  and  k  is  an 
integer.  Set 

g(A)  =  A-hf(A). 

Verify  the  correctness  of  the  given  definition.  Let  /d  €  83  n  (R)» 
x~hi  /t  (x)  =  x~hz  /2  (x).  Show  that 

A~hlf \  (A)  =  A-h%(A). 

Let  k2  >  kv  We  have  /2  (x)  =  x'l2~hi  fx  (x).  Consequently 
f2  (A)  =  Ahz~h  1  f1  (A).  By  multiplying  both  members  of  this  equality 
by  A~ht  from  the  left  we  obtain  the  relationship  in  question. 
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Lemma  4.4.  Let  /  6  38  N  (R),  h  6  D A-*.  Then 
f  (A)  A~hh  =  A~hf  (A)  h. 

Proof.  We  have 

oo  oo 

/  (A)  h  —  1  j  /  ( t )  e~iAth  dt  =  j  f  (t)  e~iMAkA~kh  dt  — 

—  oo  '  —  oo 

oo 

=  -^=r  f  = 

,  1/  2n  J 

—  oo 

By  multiplying  both  members  of  the  obtained  equality  by  A~h 
we  assert .  the  proof  of  the  lemma. 

Definition.  Let  g  ( x )  =  /r  ( x )  P  ( x )  +  fa  (x)  x~k  +  fa  {x),  where 
fn  fit  fa  are  functions  belonging  to  38  N  (R),  P  is  a  polynomial ,  k  is 
an  integer.  Set 

g{A)h  =  gl  (A)  h  +  g2{A)h  +  f3  (A)  h, 

where  g1  (x)  =  fl  ( x )  P  (x),  g2  (x)  —  f2  (x)  x~h,  h  is  an  arbitrary 
element  of  Dgl(A)  fl  Dg2{A). 

Verify  the  correctness  of  this  definition.  Let 

g  (x)  =  g2  (x)  +  g 2  {x)  +  fa  (*)  =  Si  (*)  +  Ss  (x)  +  fe  (*), 
where 

gi  (*)  =  fi  (*)  ^  (*)»  Si  (*)  =  /*  (*) 

£4  (*)  =  fl  (X)  Q  (X),  g6  (X)  =  fh  (X)  X~l, 

f  j  G  3S  n  (R),  /  =  1.  2,  3,  4,  5,  6,  P  and  Q  are  polynomials,  k  and  l 

are  integers.  First  of  all,  note  that  the  functions  g2  and  gh  may  be 

modified  in  a  bounded  neighborhood  of  zero  with  a  view  to  obtain 
functions  belonging  to  38  N  (R).  Since 

gi  —  #4  =  Sa  —  Si  +  fe  +  fa 

and  since  the  function  gx  —  gt  coincides  with  some  function  belong¬ 
ing  to  38  N  (R)  in  a  neighborhood  of  zero  we  obtain 

Si  (x)  —  gi  (x)  =  /7  (x), 

where  /7  £  38  N  (R).  Therefore 

gi  (A)  =  Si  (A)  +  h  (A). 

Further,  the  following  equality  is  valid: 

gi  (x)  =  gb  (x)  -I-  fs  (x), 
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where  /8  =  f3  +  U  —  h  €  ®  n  (R)-  Let 

hdDA-hMA)  fl  D a- h 6(Ay 
Set 

q  =  [g2(A)-g,(A)-fs(A))h  =  [A-hf2(A)-A-%(A)-f8(A)]h. 

It  is  required  to  prove  that  g  =  0.  We  shall  prove  this  statement 
in  the  following  way:  let  (p  £  S  be  a  function  which  does  not  turn 
zero  anywhere  and  let  qpm  ( x )  =  xmq>  (x),  m  —  1,  2,  ....  We  shall 
show  that  the  operator  cpm  (4)  is  invertible  and  that  <pm  (A)  q  =  0 
for  a  sufficiently  large  m.  We  have  <pm  (A)  =  Am( p  {A).  For  this 
reason 

(<pm  (4)  u  =  0)  =>•  ( Amq>  (A)  u=0)  => 

=>  (<p  (.4)  u  =  0)  (u  =  0). 

Here  we  have  made  use  of  the  invertibility  of  operators  A  and  cp  (A). 
The  invertibility  of  operator  <pm  (4)  is  proved. 

Let  m  ^  max  ( k ,  l).  Then  the  functions  x~h(pm  (x)  and  x~lcpm  ( x ) 
belong  to  the  space  98 N  (R).  By  making  use  of  Theorem  4.4  and 
of  Lemma  4.4  we  obtain 

cpm (4)  q  =  [Am~\p  (4) U (4)  -  Am~lcp  (4) /5 (4) -4mcp (4) /8 (4) ]h  =  0, 
Q.E.D. 

Example.  Let  Yx^iY\x  I  f°r  £  <0.  Then  the  function 
xN+i  y x  is  fV  -j-  1  times  continuously  differentiable  along  a  real 
straight  path.  Let  1  =  ex  ( x )  +  e2  (x),  where  ex  g  Cf  (R),  ex  (x)  =  1 
for  sufficiently  small  values  of  x.  Set  fx  (x)  =  ex  (x)  xN+l  Y x> 
/2  (x)  =  e2  (x)/Y x.  Then  fx,  /2  6  98  N  (R1)  and 

Yx  =  g i  {x)  +  g2  (X), 

where  gx  (x)  =  x~N~1f1  (x),  g2  (x)  =  xf2  (x).  Consequently,  for  any 
h  6  Dgl(A)  f)  Dg2(A)  the  following  formula  is  valid: 

YA  h  —  4"JV_1/1  (4)  h  +  4/2  (4)  h. 

Problem.  We  have  defined  the  infinitely  differentiable  functions 
of  a  commutative  operator  which  are  increasing  at  a  rate  not  exceeding 
the  degree  of  the  argument.  Show  that  they  form  an  algebra  with 
p -structure,  where  the  algebra  4  is  an  algebra  of  commutative  un¬ 
bounded  operators,  and  the  set  M  consists  of  generators  and  real 
functions  of  them. 
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Sec.  5.  Homomorphism  of  Asymptotic  Formulas.  The  Method  of 
Stationary  Phase 

Let  A  be  a  closure  in  Bmiri  of  a  generator  of  degree  N  and  let  h 
be  an  integer.  From  Theorem  4.1  it  follows:  if  cp,  ip  6  n  (R)  and 
(p  (x)  —  ip  ( x )  =  0  ( x~h )  in  a  sense  that  the  function  xk  [<p  ( x )  —  if  (a:)] 
belongs  to  i?  N  (R),  then  for  any  g  6  B mld  the  vector  <p  (A)  g  — 
—  ip  (A)  g  belongs  to  the  domain  of  the  operator  Ah.  This  is  a  ho¬ 
momorphism. 

To  illustrate  the  point  we  shall  consider  the  so-called  method  of 
the  stationary  phase.  Let  cp  6  CT  (R),  let  <F  £  Co°  (R)  be  a  real 
function,  and  let  the  equation  .¥'  (£)  =  0  have  a  unique  solution 
|0  on  the  support  of  the  function  <p,  where  .¥ "  (£0)  0.  Consider 

the  integral 

oo 

=  j  cp  (g)ei*^(6)dg.  (5.1) 

—  oo 

The  method  of  the  stationary  phase  provides  an  asymptotic  expan¬ 
sion  of  the  function  I  ( x )  in  negative  powers  of  x: 

I  (x)  =  eix-¥(t°)  ^  ai  (<P-  F)  x  3  2  +  7?n+1  (x), 

<= o 

/  -n--\ 

where  i?nf)  (x)  =  0  \x  2 )  .  We  reproduce  here  the  derivation  of 
the  formula  of  the  method  of  the  stationary  phase  to  obtain  the 
estimate  of  the  remainder  i?n+1  in  the  required  form. 

Now  make  the  substitution  of  variables  in  the  integral  (5.1) 

[F(l)-F  do)]  =  *2sgn[.F"(£)] 

and  denote  co  =  |  x  |,  a  =  sgn  [x.  f "  (|0)].  We  obtain 

oo 

7(x)  =  e“^<6o)  j  (t)  dt,  (5.2) 

—  CO 

where  ip  (t)  =  (p  (g  (())  dfydt,  ip  d  C™  (R).  Transform  the  formula 
(5.2)  in  the  following  way: 

OO  CO 

e-ix^(io)/(x)  =  1|,(0)  j  eia ™t2dt  +  ^  e{<Bat2[i|3(i)  —  ip(0)]d£  = 

—  OO  —  CO 

_  OO 

=  ^  eion/4'f  (0)  -  2^  j  (t)  dt , 

—  oo 

where  %  ( t )  =  ~  ^  ^  .  Here  we  have  used  integration  by 

parts.  It  is  easy  to  see  that  outside  the  support  of  function  ip  ( t ) 
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the  following  equality  is  valid: 


oo 

By  transforming  the  integral  j  eicoff(2  t{i1  (t)  dt  in  the  same  way  as 

—  oo 
oo 

the  integral  j  eimt 2  if  ( t )  dt  we  obtain  the  formula 

— oo 

(x)  =  ]/■£  e***  ( if  (0)  +  -^  if,  (0) )  + 


oo 

+hy2 1  eia°t2^(t)dt, 

—  oo 

where  if2  (t)  —  ^  ^  ^  .  Continuing  the  process  we  obtain 

e-i^aou  (*)=]/£  eW  2  (ir)"'  ^  (0)  + 


3=0 
oo 

+  (-2i)n+1  J 


(5.3) 


where 


fy+i  (t)  = 


d  ipj(t)  —  ipj(0) 
dt  t 


,  7  =  1,  2,  .  . ifo  =  vfi- 


To  prove  the  formula  (5.3)  we  must  verify  that  for  any  integer  j 


lim 

i-*-  oo 


'MO— %(0) 

t 


0. 


(5.4) 


By  using  the  explicit  formula  for  %  ( t ),  where  t  is  large  it  is  easy 
to  establish  by  induction  that  for  t  $  supp  if  we  have  if;-  (t)  = 
=  t~2P  (£_1),  where  P  is  a  polynomial  in  j.  The  formula  (5.4)  is 
thereby  derived. 

Thus  we  obtain  the  following  expansion: 

oo 

y-e-te&ao)  j  eix^(skp  (|)  di  =  Yn  ein/4  sen  ^"<so)  x 

—  oo 

n 

X  S  ( 2x  sgnF"(io))  +  rn+i  (z), 

i= o 

oo 

rn+i  (z)  =V  *  (~  ?^-(5o)  )”+1  j  eixil  sgnJr',(-°>'fri+1  (0  (5.6) 
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where  for  negative  x 
Yx  =  Y\x  \  e1"/2 sen 

We  cannot  replace  the  variable  x  directly  by  the  generator  A  in 
formula  (5.5)  because  the  function  — •  does  not  belong  to  fS N  (R). 
Let  us  correct  the  expansion  (5.5)  in  the  following  way.  Let  rad  x 
be  an  infinitely  differentiable  function  which  coincides  with  Y x 
outside  a  finite  neighborhood  of  zero,  and  let  p;-  ( x )  be  an  infinitely 
differentiable  function  which  coincides  with  x~3  outside  a  finite 
neighborhood  of  zero.  Then 

oo 

(rad  x)  e~ax^(6o)  |  elx^&(p  (|)  d|  =  Yn  einA ssn  ^  do)  X 

—  OO 

x2('Sgnf  (go)  ) 3  Pj  (x)  (0  )  +  rn+1(a:),  (5.7) 

j=o 

where  rn+1  (x)  =  rn+x  (x)  for  sufficiently  large  |  x  |. 

Note  that  all  terms  in  (5.7)  except  rn+1  (x)  are  obviously  infinitely 
differentiable.  Hence,  it  follows  that  the  function  rn+1  (x)  is  also 
infinitely  differentiable. 

Now  evaluate  the  remainder  term  rn+1  (x)  at  infinity.  For  the 
sake  of  certainty  set  sgn  JF  "  {%0)  =  1-  Continuing  the  expansion 
(5.5)  we  obtain  for  any  integer  m  ^  n  +  1: 

*n+lrn +i  Y)  =  Vn  ein/i  (j)n+i  'K+i  (0)  + 

m 

+  /n«in/4  2  (4)^n+1“^;(0)  + 

j=n+  2 

OO 

+  Yx  (±)m+1  xn-m  j  e-12il)m+1  (t)  dt.  (5.8) 

—  OO 

The  first  term  in  the  right-hand  member  of  (5.8)  is  a  constant  and 

m 

this  is  why  it  belongs  to  38  N  (R).  Next  all  terms  in  2  ih  the 

j=n+ 2 

right-hand  side  of  (5.8)  are  square-integrable  at  infinity  and  all  their 
derivatives  have  the  same  property.  Finally,  consider  the  function 

oo 

/  (x)  =  Yx  xn-n  j  e^m+i  ( t )  dt=Yx  xn-mg  (x). 
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The  function  g  is  bounded.  Estimate  its  derivatives.  We  have 

oo  oo 

g'(x)=  (  it2eixt2\pmn(t)  dt=  —  [  eixt*  [t\pm+i(t)Y  dt. 

—  oo  —  oo 

We  have  carried  out  integration  here  by  parts  and  have  made  use 
of  the  fact  that  lim  2i|3m+1  ( t )  =  0.  For  calculating  g"  ( x )  we  note 

t-+  OO 

that  the  function  (2)]'  and  the  function  ( t )  can  be  repre¬ 

sented  in  the  form  of  the  product  of  t~ 2  by  a  polynomial  in  2_1  in 
such  a  way  that 

oo 

—  OO 

By  calculating  the  higher  derivatives  in  the  same  way  we  verify  that 
the  function  g  ( x )  is  infinitely  differentiable  and  g{K)  ( x )  =  0  (|  x  |-ft). 
Hence,  it  follows  that  for  sufficiently  large  m  the  function  is  integ- 
rable  at  infinity  for  k  ^  N  +  1. 

From  the  obtained  estimates  it  follows  that  the  function  xn+1rn+l  ( x ) 
can  be  represented  in  the  form  of  the  sum  of  a  constant  and  a  function 
in  Wf +1  (R).  Consequently,  it  belongs  to  3?  N  (R).  Obviously  the 
function  rn+1  itself  belongs  also  to  33  N  (R).  Thus  for  any  g  6  SmM 

~rn+1  (A)  ge  D\+\ 


Now  consider  the  left-hand  member  of  formula  (5.7).  This  function 
belongs  to  S3  N  (R)  because  the  right-hand  member  has  this  property. 
Set 

rad  x-I  (x)  ==  K(x). 

The  following  expansion  is  valid: 


K(A)  =  Vne'  x 

2  [  l,gnf  (MJ  (0)  P,  (-1), 


3=0 


where  the  range  of  the  operator  rn+1  (^4)  is  contained  within  the 
domain  of  the  operator  An+1.  Now  set 


The  function  g  ( x ,  g)  generates  the  function  G  (g)  with  values  in 
+1  (R)  cz  38  N  (R).  The  function  G  is  continuous.  Indeed,  the 
following  estimate  is  valid: 

dAig  (X>  £)  _  /  1  \ 

dldxi  \  (z2+l)1/2  /  ’ 
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which  is  uniform  in  £.  Consequently 


L(A)=  f  g(A,  t)  dg. 


Next,  it  is  not  difficult  to  verify  that  I  £  38  N  (R).  This  means  that 
the  latter  equality  may  be  rewritten  in  the  form 

oo  oo 

(A  +  i)~z  I  (A)  =  j  g  (A,  g)  dg,  /  (H)  =  (A  +  i)2  j  g  (A,  g)  dt 


Show  that  K  (-4)  =  rad  A  -I  (A).  Let  h  £  E.  Then  for  any  integer 
k  and  any  %  £  n  (R)  we  have 


1(A)(A  +  i)hh  =  -±=r  j  %(t)(A  +  i)kU(t)hdt  =  (A  +  i)h%{A)h. 

'  _  rvi 


Hence,  in  particular,  it  follows  that  %  (A)  h  belongs  to  the  domain 
of  any  degree  of  the  operator  A.  Set 


radft  (x) 


rad  x 
(s+  i)h  * 


for  sufficiently  large  k  we  have  radfe  £  98  N  (R).  For  any  h  6  E,  rad  A  x 
XI(A)h  =  radft  (H)  (A  +  i)h I  (A)  h  =  radft  {A)  I  {A)  (A  +  i)hh. 
On  the  other  hand, 

(A  +  i)-h  K  (A)  =  radfe  (A)  I  (A); 


for  this  reason 

rad  A  •/  (A)  h  =  (A  +  iyh  K  {A)  {A  +  i)hh  =  K  (A)  h. 

Now  let  h  be  an  arbitrary  element  of  Z?raln,  hj  £  E,  hj  ->  h  for 
j  ->  oo.  Then 

K  (A)  hj  -v  K  (. A )  h,  I  (A)  hj  ->  I  {A)  h  for  j  oo, 
consequently, 

K  (H)  h  —  lim  rad  A  ■  I  (H)  hj  =  rad  A  ■  I  (A)  h, 

j-*-  oo 

Q.E.D.  We  can  now  write  the  formula 

oo 

X(yl)  =  radH.(H  +  i)2  j  g(A,  g)dg. 
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Hence  it  follows  that  for  any  h  £  E 

oo 

K  (A)  h  =  rad  A-{A-\-  i)2  j  g(A,  l)hdl  = 

—  oo 

oo  oo 

=  rad  A  j  g  (A ,  !)  (A + if  h  d£=i rad  A  j  cp  (!)  eiA^h  d£. 

—  oo  —  oo 

To  extend  the  equality  obtained  for  h  £  E 

oo 

K  (A)  h  =  rad  A  j  cp  {l)eiA^^hdl 

—  OO 

for  the  case  of  an  arbitrary  h  6  Z?mjd  we  shall  first  show  that  the 
function 

! ->  cp  (!)  eiA^^h  (5.9) 

with  values  in  2?mid  is  continuous  along  the  real  straight  path.  It  is 
sufficient  to  show  that  the  mapping 

t  — y-  eiAth,  t  6  R 

is  continuous.  Due  to  the  boundedness  of  the  operator  eiAt  this 
corresponds  to  the  following  statement:  for  any  e>0  we  may  find 
a  positive  number  8  so  that  for  |  x  \  <;  8  we  have 

||  eiAx  h  —  h  ||  <  e. 

Choose  such  h0  £  E  that  the  equality 

||  (eiM  —  1)  (h — h0)  ||  <-|-  (5-10) 

is  valid  for  any  x  of  a  fixed  bounded  neighborhood  of  zero.  Set  q0  — 
=  {A  +  i )2  h0.  Then 

||  (eiA'  -  1)  h0  ||  =||  (A  +  i)-2  (eiA'  -  1)  q0  ||  0 

for  t  —>  0,  because  the  function  G  with  values  in  W$ +1  (R),  defined 
by  the  formula 

[G  (t)]  W  =  -^2  [eixx-U 

is  continuous.  Choose  8  ;>  0  so  that  for  |  x  |  <  6  inequality  (5.10) 
is  valid,  and  the  inequality 

||  (eiAx —  1)  ||  <  y 

is  also  valid. 
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Then  for  |  t  |  <  8 

II  (eiAx_  1)  h  ||  <  ||  (eiAx_  1}  ho  ||  +  ||  (eiAx  _  1)  (fe _  ho)  II  <  e. 

Thus  the  continuity  of  the  function  (5.9)  is  proved.  Consequently, 
the  integral 

oo 

j  cp  (?)  eiA^mi  dl 


understood  as  the  limit  of  integral  sums  in  the  norm  of  l?mld,  exists. 
Further,  ilhn-+h  for  re  ->  oo,  then  ||  cp  (£)  elA^<s>  ( hn  —  fe)||s  — > 

mid 

->•  0  strives  uniformly  in  \  to  zero  as  re  ->  oo  since 

IUiA^)|k(i+ijF(D  if- 

Let  h  be  an  arbitrary  element  of  Bmli  and  { hm }  be  a  sequence 
of  elements  of  E  which  converges  to  h.  Then 
lim  I  (A)  hm  =  I  (4)  h, 

m-*-  oo 

oo  oo 

lim  \  cp  (|)  eiA^^hm  —  f  (p(l)eiA^^hdb 

m~+  oo  J  • 

—  oo  —  oo 

oo 

But  j  cp  (Q  eiA^>®hmd%  =  I  (A)hm.  For  this  reason 
—  00 

oo 

I(A)h=  j  <p  (|)  eiA&®h  d|: 

—  oo 

hence  it  follows  that 


OO 

K(A)h  =  TadA  J  cp  (|)  eiAff:m  dg. 

—  OO 


Denote 

ai  (<P>  &)  ■ 


■V 


ne 


.  n 

i  >7  sgn< 


.^"(5o) 


P 


'  do)  v 


%(0), 


where  the  functions  %  are  defined  from  the  functions  cp  and  JF  des¬ 
cribed  above.  The  numbers  aj  (cp,  <P)  depend  only  on  values  of  the 
functions  cp,  ep  and  their  derivatives  at  the  point  g0  up  to  some  order 
dependent  on  j. 

Thus  we  obtain  the  following  statement. 


Theorem  5.1 .  Let  cp  6  Co°  (R)  and  let  ,jF  be  an  infinitely  differentiable 
real  function  on  R;  it  has  a  unique  critical  point  |0  on  the  support  of 
the  function  cp,  where  jF *  (g0)  0.  Next  let  rad  x  be  an  infinitely 

differentiable  function  which  coincides  outside  a  bounded  neighborhood 
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of  zero  with  the  function 

|_deff  y X  for  X^O, 

\  y |  x  |  eini2  sgn  ^  for  x  <  0, 

and,  finally,  let  p^  ( x )  he  infinitely  differentiable  functions  which  coin¬ 
cide  outside  a  bounded  neighborhood  of  zero  with  functions  x~3 . 

Then  for  any  integer  n  ^  0  the  following  expansion  is  valid: 

oo 

rad  A  J  cp  (£)  eiA^m  dl  = 

—  oo 

n 

=  eiA #<l)  2  aJ  (<P>  p;  (-4)  h  +  qn+i,  (5.11) 

3=  0 

where  qn+1  belongs  to  the  domain  of  the  operator  An+1. 

Note.  Let  the  operator  A  be  invertible.  Then  in  (5.11)  we  may 
replace  p7-  {A)  h  by  A~3h  on  condition  that  h  g  D A-n.  To  prove  this 
statement  it  is  sufficient  to  show  that  for  any  h  £  DA-i 
(P;  (^4)  —  A  3\h£DAn+ 1- 

Denote  [pj  ( A )  —  A~3]  h  —  q.  Then  A3q  =  [A3pj  (^4)  —  1]  h.  The 
function  x3  p j  (x)  belongs  to  N  (R)  and  is  identical  to  unity  in  the 
neighborhood  of  infinity.  Therefore  for  any  integer  m  the  function 
xm  (x3pj  ( x )  —  1)  belongs  to  SB  N  (R)  so  that  the  range  of  the  operator 
^4;p^  (A)  —  1  is  contained  in  D Am.  This  means  that  for  any  m  we 
have  q  6  D A j+m;  in  particular,  q  6  D An+u 

Sec.  6.  The  Spectrum  of  a  Generator 

Let  A  be  a  generator  of  degree  N. 

Definition.  The  minimal  open  subset  of  a  real  axis  with  the  following 
property 

(<p  6  Co  (R)  and  supp  cp  c=  p  (yl))  =#■  (cp  (A)  —  0) 

is  called  the  resolvent  set  p  (A)  of  the  operator  A.  The  set  a  (A)  =  R\p  (A ) 
is  called  the  spectrum  of  the  operator  A . 

Problem.  Prove  that  a  {A)  =#=  0. 

Theorem  6.1.  Let  A,  £  p  (A).  Then  an  operator  (A  —  A,)-1  exists 
which  is  defined  everywhere  on  Bm,A  and  satisfies  the  estimate 

||  (X  —  A.)-1  ||  < /(d). 
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where  d  is  the  distance  between  the  point  X  and  the  spectrum  of  the  opera¬ 
tor  A  and  f  is  some  non-increasing  ( numerical )  function. 

Proof.  Let  <p  be  an  infinitely  differentiable  function  and  <p  ( x )  = 
=  (x  —  X)-1  for  |  x  —  X  |  ^  e,  where  e  <  d.  Show  that 

cp  (A)  =  (A-  K)-\  ||  (I  -  X)-1  ||  <  /  (d).  (6.1) 

From  the  equality 

<P  (x)  (x  —  k)  =  i  —  x  (X), 

where  supp%  cz  [X  —  s,  X  +  s]  cz  p  (4),  it  follows  that 

(J—  X)  <p  (I)  =  1, 
cp  (.4)  (A  —  h)  h  —  h,  V/i  6  Da- 
The  latter  two  equalities  show  that 
cp  (J)  =  (A-  X)-L 

Estimate  the  norm  of  the  operator  (A  —  X)-1  —  cp  (4). 

11  (1“  ^  <  yW 11  *  yW 11  *  • 

The  norm  of  the  function  cp  in  +1  (R)  depends  on  e  and  on  the 
method  of  continuing  the  function  ( x  —  X) _1  into  the  interval 
I  x  —  X  |  <  s.  Let  <De  be  the  set  of  all  possible  <p,  where  e  is  fixed. 
Then 

||(^-A,)-1|K-^=-  inf  ||  (p  ||  n+i  =  /  (d). 
y-2n  tugs <d  w2  <R> 

<p£<l>e 

The  theorem  is  proved. 

Theorem  6.2.  Let  h  £  R.  If  (A  —  X)-1  is  a  homomorphism ,  then 
*€p(4). 

Proof.  Let  0  <  6  •<  — -  .  Show  that  cp  (A)  =  0  for 

1164— X)-1  II  ^ 

any  function  cp  £  C”  (R)  which  satisfies  the  condition  supp  cp  cz 
cz  (X  —  8,  X  +  8).  Let  cp  be  the  described  function.  Then 

||<p(J)||  =  ||(I-X)-fc  (I-X)ftcp(I)||< 

^-^iKi-xrMni^ii  v+i  , 

Y  2n  W  2  (R) 

where  iph  (x)  =  (x  —  X)fe  <p  (x). 

It  is  easy  to  obtain  the  following  estimate 

W^\\wN+l(RrO^). 
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Consequently, 

||  <p  (J)  ||  =  0  [(5  ||  (A-  A)-1  ||)ft]  ->  0  for  k  oo. 

This  means  that  ||  cp  ( A )  ||  =  0  and  the  theorem  is  proved. 

From  Theorems  6.1  and  6.2  it  follows  that  the  spectrum  of  a  gene¬ 
rator  coincides  with  the  spectrum  of  its  closure  in  BmiA  (in  the  com¬ 
mon  sense),  i.e.,  (A.  £  p  (A))  <=>  [(4  —  A,)-1  is  a  homomorphism]. 

Theorem  6.3.  For  any  function  f  £  $ N  (R)  with  the  support  in 
p  (/l)  the  the  following  equality  is  valid: 

f  (A)  =  0. 

Proof.  First  of  all,  suppose  that  the  support  of  the  function  / 
is  compact.  Let  {/n}  be  a  sequence  of  infinitely  differentiable  func¬ 
tions  which  converges  to  /  in  38  N  (R),  g  is  a  function  belonging  to 
Co3  (R)  with  the  support  in  p  (A),  which  is  equal  to  1  on  supp /. 
Then  gfn  J  Co  (R),  supp  (gfn)  c=  p  (^4)  and_  gfn  ->  /  in  %  N  (R). 
Since  g  (4)  /„  {A)  —  0,  it  follows  that  /  ( A )  =  0. 

Reject  the  assumption  that  the  set  supp  /  is  compact.  Let  {cpn} 
be  a  sequence  of  functions  belonging  to  Co°  (R)  such  that  for  any 
h*  £  B*  and  for  any  h  £  B  the  following  relationship  is  valid: 

lim  h*  (ip„  (A)  h)  —  h*  ( h ) . 

71 ->  OO 

Set  fn  ( x )  =  /  ( x )  cpn  ( x ).  Then  supp  /„  c  p  (4),  so  that  /„  (A)  —  0. 
For  any  h*  £  B*  and  any  h  G  B  we  have 

0  =  lim  h*  ( fn  ( A)h )  —  lim  h*  (cpn  (A)  f  (A)  h)  —  h *  (/  ( A )  ^)- 

n->  oo  n-*-oo 

Hence  it  follows  that  /  ( A )  =  0. 

It  is  clear  that  Theorem  6.3  remains  valid  if  &  N  (R)  is  replaced 
by  38  x  (cr  {A)),  whereby  the  estimate  from  above  of  the  norm  of  the 
operator  cp  {A)  will  be  improved,  and  the  kernel  of  the  homomorphism 
M  will  shrink.  However,  this  mapping  is  not  a  monomorphism  (i.e., 
not  one-to-one)  either,  even  when  SA  is  finite-dimensional  and  N 
is  the  exact  degree  of  the  operator  A.  The  fact  is  that  different  Jor¬ 
danian  blocks  of  a  matrix  A  may  generate  groups  of  homomorphisms 
with  an  arbitrary  order  of  growth. 

Example.  Let  Alt  A2  be  different  real  numbers  and  let 
/  \  0  0  \ 

4=0  A2  1  . 

\0  0  Xj 
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Then 

o  0 

e~iAt  =  J  0  g-ifat  — ite~i^i 

\  0  0  e-Vh.t 

so  that  A  is  a  generator  of  first  degree  but  not  a  generator  of  zero 
degree.  For  any  function  cp  £  (R)  we  have 

/fp(^i)  0  0  \ 

<p  {A)  =  0  (p  (X2)  cp'  (X2)  . 

\  0  0  q >(*,)/ 

The  spectrum  a  —  a  (A)  of  the  operator  A  consists  of  two  points: 
and  X2.  Let  <p  £  C™  (R),  X2  (J  supp  cp,  cp  (Xx)  =  0,  cp'  (Xx)  =£  0. 
Then  cp  (,4)  —  0,  but  ||  (p  i>  0  (here  the  norm  of  the  class  of 
■equivalency,  which  the  function  <p  belongs  to,  is  denoted  by  ||  cp  ll^^o) 
as  usual).  Despite  the  fact  that  the  homomorphism  Ma‘  SS N  (cr  (yl)) 

Stjv  is  not  a  monomorphism,  we  obtain  a  sufficiently  good  esti¬ 
mate  for  ||  cp  (^4)  ||  from  above. 

Definition.  An  eigenelement  of  the  operator  A  at  the  point  X  is  called 
such  a  vector  g  £  D that  ( A  —  X)  g  —  0.  The  associated  element  of 
degree  k  of  the  operator  A  at  the  point  is  called  such  a  vector  g  £  D-k 

that  (A  —  X)h  g  —  0  (but  (A  —  X)k^  g  0).  The  eigen  and  asso¬ 
ciated  elements  of  the  operator  A  will  be  called  the  e.a.  elements  of  the 
operator  A. 

If  the  operator  A  has  only  isolated  points  of  the  spectrum  and 
the  number  of  linearly  independent  e.a.  elements  corresponding 
to  each  point  of  the  spectrum  is  finite,  then  the  operator  A  is  said 
to  possess  a  discrete  spectrum. 

Problem.  Let  h  be  an  eigenvector  of  the  operator  A  at  the  point  X. 
Prove  that  e~iAth  =  e~iUh,  where  h  £  Dj. 

Lemma  6.1 .  Let  X  be  an  isolated  point  of  the  spectrum  of  the  generator 
A  of  degree  N.  If  g  is  an  e.a.  element  of  the  operator  A  at  point  X, 
then  (A-X)N+l  g  =  0. 

Proof.  Let  g  be  an  e.a.  element  of  the  operator  A  at  the  point  X. 
Then  for  some  k 

(A  -  X)hg  =  0.  (6.2) 

Show  that  if  k  >  N  +  1 ,  then  for  (6.2)  it  follows  that  (A  —  y)'1'1  g  = 
=  0.  Suppose  that  k  >  N  +  1.  Let  {x„}  be  such  a  sequence  of  in¬ 
finitely  differentiable  functions  that  %n  (X)  —  1,  and  that  supp  %n 
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(1  1  \ 

X - —  ,  X+  — 1  .  Therefore,  the 

support  of  a  function  %n  contains  only  one  point  of  the  spectrum  of 
the  operator  A  for  sufficiently  large  n.  Besides,  let 

limll  tn  \\$N( R)  =  °, 

n-+  oo 

where  i|;n  ( x )  —  (x  —  Xn  (#)•  It  is  easily  seen  that  such  a  se¬ 
quence  exists.  We  have 

Win  (A)  (A  —  11-^0  for  re  ->  oo .  (6.3) 

On  the  other  hand,  the  vector 
h  =  (A  -  X)*’1  g 

is  an  eigenelement  of  the  operator  A  since 
(A-l)h  =  (A-  X)feg  =  0. 

This  means  that 

oo 

Xn(A)h  =  Y=  j  Xn  (0  e~iAth  dt  = 

—  o® 
oo 

=  j  Xn(t)e-iMhdt  =  Xn{k)h  =  h, 

V  —  oo 

he., 

From  (6.3)  it  follows  that  {A  —  X)fe_1  g  =  0.  By  induction  we  obtain 
that  (A  —  X)iV+1  g  =  0. 

Theorem  6.4.  Lef  the  spectrum  of  the  generator  A  consist  of  isolated 
points  hi,  i  =  1,2,....  f’feew  the  set  of  all  e.a.  elements  of  the  operator 
A  is  complete,  i.e.,  the  linear  span  of  the  set  is  dense  in  Bma. 

Proof.  Let  %l  be  an  arbitrary  function  of  Co  (R)  with  a  support 
containing  only  one  point  X*  of  the  spectrum  of  the  operator  A  and 
let  yf  be  a  function  such  that  yf  (x)  =  1  in  some  neighborhood  of  a 
point  X*.  Then  (A  —  li)N+1  yf  {A)  =  0.  Indeed,  let  { yfn }  at  a  fixed 
i  be  the  sequence  considered  in  Lemma  6.1  (for  k  =  N  +  2,  l  =  X;), 
where  yh  (x)  =  1  in  some  neighborhood  (dependent  on  n)  of  the 
point  X*.  With  sufficiently  large  n  we  have 
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and 

||  (A  —  ‘Ki)N+lXi(A)  II ->0  for  «->oo, 

Q.E.D. 

In  Sec.  3  it  was  proved  that  the  linear  span  of  the  set  of  all  vectors 
of  the  form  <p  (.4)  h,  <p  £  Co"  (R),  h  £  Bm id  is  dense  in  .Bmid-  This 
means  that  for  the  proof  of  the  theorem  ^suffices  to  verify  that  for 
any  h  6  .Bmid,  <p  6  Co  (R)  the  vector  <p  (A)  h  can  be  represented  in 
the  form  of  a  finite  sum  2  Sii  where  gt  satisfies  the  equality 

i 

(.4  —  A*)^1  gt  =  0.  Let  {Q,}  be  the  open  covering  of  the  support 
of  the  function  (p,  where  (J  for  i  =/=  j,  A{  £  Qt.  And  let  {x*}  be 
a  C°°-partition  of  unity  which  is  subordinate  to  the  covering*  {Q*}. 

Then  <p  (A)  h  =  2  cp  (A)  x*  (A)  h.  Set  g,  =  <p  (A)  {A)  h.  We 

have 

(A  -  l,f+1  gi  =  <p  (A)  (A  —  Xtf+'-x*  (A)  h  =  0. 

The  theorem  is  proved. 

From  the  proof  of  Theorem  6.4  it  also  follows  that  for  every  isolated 
point  Aj  of  the  spectrum  of  the  generator  A  there  exists  a  nonzero 
eigenvector  of  the  operator  A  at  this  point  (i.e.,  Aj  is  an  eigenvalue 
of  the  operator  A).  In  fact  it  suffices  to  verify  that  there  exists  a 
nonzero  e.a.  element  of  the  operator  A  at  the  point  A,-.  Let  <p  £ 
£  C o’  (R)  be  such  a  function  with  a  support  containing  exactly  one 
point  A i  of  the  spectrum  of  the  operator  A  that  (p  (A)  0  (such  a 

function  exists  in  accordance  with  the  definition  of  a  generator). 
Then  there  exists  h  £  J5mid,  such  that  g  q>  (yj)  h  0.  If  %l  is 
the  function  considered  in  the  proof  of  Theorem  6.4  then  (A)  x 
X  <p  (A)  =  <p  (A)  so  that  g  =  X%  (A)  cp  (A)  h.  Hence  it  follows  that 
(A  —  A;)N+1  g  —  0.  If  A  is  an  eigenvalue  of  the  operator  A  then 
||  /  (A)  ||  ^  |  /  (A)  |  for  any  _/ £  98  N  (R).  In  fact  if  g_is  a  nonzero 
eigenelement  of  the  operator  A  at  the  point  A,  then  /  (A)  g  =  /  (A)  g. 
Thus,  in  the  case  when  the  spectrum  of  the  operator  consists  of 
isolated  points  we  obtain  the  following  estimate  from  below  for 
\\f(A)  ||:_ 

|| /(A)  ||  >  sup  |  /  (A)  |.  (6.4) 

k£o(A) 

*  This  means  thal  Xi^.C°°,  xi  =  0  outside  Qj,  0  <;  X*  <!  1  and  X*  =  1  on 

i 

supp  <p.  In  treatises  on  mathematical  analysis  it  is  proved  that  such  a  set  of 
functions  exists. 


13—01225 
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Sec.  7.  Regular  Operators 

In  this  section  we  extend  the  results  of  the  preceding  sections  to 
the  case  of  re-parameter  groups. 

Let  E  be  a  vector  space  and  let  {U  (t)},  t  £  Rn  be  an  re-parameter 
group  of  homomorphisms  E  E: 

U(t  +  t)=  U  ( t )  U  (t). 


Next,  let  E  have  two  norms  ||  ||x  and  ||  ||2,  moreover,  ||  ||t  ^  c  ||  ||2, 
c  =  const,  and  let 

=  —iAjU  (t)h, 

where  the  derivative  is  understood  as  |j  ||x  and  where  Ap  E  ->  E 
are  linear  operators.  We  shall  call  A  =  (Ax,  .  .  .,  An )  a  generating 
set  of  operators  of  degree  N  =  Ar1,  .  .  .,  Nn  (with  respect  to  the  group 
{U  (t)}  and  norms  ||  ||lt  ||  ||2),  if 

ii  ^  w  ^  ii2^ci  n  (i +i  h  i)  *n^  Hi- 

i 

Theorem  1  A.  If  A  is  the  generating  set  of  degree  N  with  respect  to  the 
group  { U  ( t )}  and  norms  |j  | ,  ||  ||2,  then  in  E  there  exists  such  a  norm 
II  llmid  that  A  is  the  generating  set  of  degrees  N  with  respect  to  the  same 
group  and  norms  |H|mid,  IMUd- 


Proof.  Define  ||-||mii  by  the  formula 


P  llmid  =  SUp 
J£Rn 


II  tJ  it)  h  H2 

f]  (1  +  1  H  if1  ' 


% 


(7.1) 


Obviously  the  axioms  of  the  norm  have  been  carried  out  and  \\h  IlmidS^ 
^  ||  h  ||2.  From  (3.3)  it  follows  that 


II  h  ||mid<  sup  —  =  ci  II  h  I 

(l  +  IO) 


te  r" 


For  this  reason  the  derivative  of  any  function  with  values  in  E  with 
the  norm  of  the  form  ||  ||x  is  simultaneously  the  derivative  with  the 
norm  of  the  form  ||  ||mid.  Further, 


II  u  (*)  h  jjmld  l|t/(t  +  T)fe||2  < 

(«+|0)N  l£Rn  (l  +  |v|)N  (1  +  \t\)N  "" 

<r  sun  (1  +  |1  +  t|)N  1 

1  (l  +  |t  +  T|)W  ‘  (i  +  |0)N(i  +  M)N  J* 
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Since  the  latter  factor  does  not  exceed  1  it  follows  that 
\\U(t)h\\mld^(i+\t\)N\\h\\mi<i, 

Q.E.D. 

Let  Bjnid  be  the  completion  of  E  in  the  norm  ||  •  ||mid-  The  extension 
of  the  operator  U  (t)  to  the  homomorphism  Bm id  Z?mid  will  be 
denoted  by_e-iA<,  where  At  —  A xtx  +  Antn.  By  A  — 

=  (Ai, . . .,  An)  we  shall  denote  the  set  of  closures  of  the  operators  At 
in  #mid-  Note  that  the  operators  At  exist  (see  Theorem  3.1). 

Definition.  Let  cp  £  i?  N  (It")  and  let  A  be  a  generating  set  of  degree 
N.  Define  the  homomorphism  cp  (A)  :  5mid  ->  J?mid  by  means  of  the 
formula 

cp(if)  h  =  (2n)~n/2  j  y{t)e~iXthdt, 

R  n 

where  cp  =  F_1cp.  The  function  cp  will  be  called  the  symbol  of  the  opera¬ 
tor  cp  (^4). 

Obviously  the  following  estimate  is  valid: 

ll'P(^)ll<cll'Pll<^JV(R«).  c  =  const, 

where  %  N  (Rn)  =  58  Nl,  .  .  .,  Nn  (Rn). 

Thus  the  mapping  M  :  cp  -*■  cp  (^4)  is  a  homomorphism  of  the 
Banach  space  58  N  (Rn)  into  the  Banach  space  Op  (2?mid)  of  the 
homomorphism  Z?mjd  ->  2?mid. 

Theorem  7.2.  The  homomorphism  M  is  a  homomorphism  of  algebras. 
The  proof  is  analogous  to  the  proof  of  Theorem  3.1. 

The  following  theorem  is  well  known. 

Theorem  7.3.  Let  {Ax,  A2)  be  a  generating  set  in  a  separable  Hilbert 
space  H  which  consists  of  self-adjoint  operators.  Then 

II  /Ui,  A2)  ||  <  ||  /  ||C(R2). 

Definition.  The  minimal  open  set  in  R"  with  such  a  property  that 

(cp  6  Co  (Rn)  and  supp  cp  c:  p  (4))  =>  (cp  (vl)  =  0) 

will  be  called  a  resolvent  set  p  (A)  of  the  generating  set  A.  The  set 
a  {A)  =  Rn\p  {A)  will  be  called  a  spectrum  of  the  generating  set. 

Definition.  The  operator  of  the  form  T  =  Ax  +  L42,  where  (Ax,  A2) 

— v 

is  a  generating  set  of  degree  N  =  {N,  0),  and 

g  —  Azty)  __  g— iAit\g  —  iA2<2  g—  g  —  iAitzg  —  iAitz 

will  be  called  the  regular  operator  of  degree  N. 
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Lemma  7.1 .  There  exists  a  closure  T  of  a  regular  operator  T  in  5mid- 
Proof.  Let  /  (x)  =  ■  | a p_|_ t  ■  ,  x  £  R2  and  let  T  —  Ax  +  L42, 

where  A  =  (Ax,  A2)  is  the  generating  set.  The  operator  /  (.4)  has 
an  inverse.  In  fact,  let  {q>„}  be  such  a  sequence  of  functions  of  C° o  (R2) 
that 

lim  h*  (<pn  (4)  h)  =  h*  ( h ) 

71-*- o o 

for  any  h  £  Bmui,  h*  =  Rmid-  If  /  (^4)  h  =  0,  then 

*»  W  /  (i)  h  =  0, 

where  i|>„  (x)  =  =  9n  (*)  (I  *  I2  +  1). 

But  i|)n  (x)  /  ( x )  =  (pn  ( x ),  for  this  reason  (vl)  /  (^4)  =  <pn  (^4). 
Therefore  for  any  h*  6  Bma 

h *  (cpn  (>1)  ft)  =  0  =  h*  (h), 

hence  it  follows  that  h  =  0. 

Consider  now  the  operator  /  (^4)  T.  This  operator  has  a  closed 
extension  g  (4),  where  g  (x)  =  .  Thus 

( xn  ->  0  and  /  (4)  Txn  ->-  z)  =>  (z  =  0). 

Let  xn  ->  0_and  Txn  ->•  y.  Then  /  (.4)  7'a:n  ->  /  (4)  y  =  0.  Since  the 
operator  /  (.4)  is  invertible  it  follows  that  y  =  0,  and  the  lemma  is 
proved. 

Theorem  7.4.  The  spectrum  of  a  closure  T  of  a  regular  operator 
T  =  Ax  +  iA 2  in  Bmi&  coincides  with  the  spectrum  of  a  generating  set. 
The  proof  is  analogous  to  the  proof  of  Theorems  6.1  and  6.2. 

Theorem  7.5.  Let  T  he  a  regular  operator  and  let  the  spectrum  of  its 
closure  T  in  Bm id  consist  of  isolated  points.  Then  the  system  of  e.a. 
elements  of  the  operator  T  is  complete  in  Bmi&. 

The  proof  is  analogous  to  the  proof  of  Theorem  6.4. 

Lemma  7.2.  Let  T  be  an  operator  in  a  normed  space  B,  and  { Ba } 
be  a  family  of  vector  subspaces  of  B  such  that 

(a)  Ba  are  finite-dimensional ,  dim  Ba  ^  N  +  1,  where  any  system 
{ga}  is  such  that  when  ga  £  Ba,  g  =£  0,  it  is  linearly  independent-, 

(b)  Ba  are  invariant  with  respect  to  T. 

Then  shrinkage  T0  of  the  operator  T  on  E  =  [}  Ba  is  a  regular 
operator  of  degree  N  ( with  respect  to  some  pair  of  norms) . 
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Proof.  Let  Ta  be  thd shrinkage  of  the  operator  Ton  Ba  :  Ta  —  TPa 
where  Pa  :  E  ->-  Ba  is  the  projector  from  E  onto  Ba.  Without  rest¬ 
riction  of  generality  one  may  say  that  the  normal  Jordanian  form 
of  the  matrix  Ta  consists  of  one  Jordanian  block  (otherwise  one 
may  represent  Ba  as  the  direct  sum  of  invariant  subspaces  of  the 
operator  Ta).  Thus,  let  Ta  be  reduced  to  the  form: 

'K  1  0  ...  0 

0  Xa  1  0  ...  0 


0  0 . ka, 

Consider  (N  +  1)  X  (N  -j—  1)  matrices  Aa  and  Aa  which  have 
the  following  forms  respectively  in  the  same  representation: 


/Re  Xa 

1 

0  . 

•  •  0  v 

1  ° 

Re  Xa 

1 

0  1 

\  ° 

Rg  'ka 

1  1 

\  o 

.  Re  Xu/ 

Im^a  .  .  . 
0  Tm  Xa  ■ 


0 

0 


0 


Im  Xa 


It  is  obvious  that  A'a  is  a  generator  of  degree  N  and  A'i  is  a  scalar 
operator  so  that  A"a  commutes  with  A'a,  and  A"a  is  a  generator  of 
zero  degree.  The  generating  set  ( A'a ,  A'a)  generates  the  group 

^-iAat  _  g-iAat' -iAat" ' 

In  fact,  let  p  be  a  real  number  and  A  be  a  Jordanian  block  of  the 
size  N  +  1: 

..  (h 


A  = 


/p  1  0 

OfilO 


0 

\0 


0 


0 


p/ 


Then  the  vector-function  u  ( t )  =  e~iAth,  h  6  CiY+ 1  represents  a 
solution  of  the  Cauchy  problem 

~  =  —  iAu,  u  (0)  =  h, 
or,  in  the  extended  form, 

dm 

-Jf—  —l\Mi  —  lUz, 


dupj 

-sr=  —  l\lUN  —  lU  N+i, 
duN+ 1  _ 

—  l\iUN+u 


dt 


Uj  (0)  =  hj,  7  =  1,  ...,  N- j-1, 
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where  uh  h}  are  the  components  of  vectors  u  and  h.  By  solving  the 
equations  successively  from  the  lower  one  upwards  we  obtain 

N+l-j 

k=0 

where  Pjtb  ( t )  are  polynomials  of  degree  k  (it  is  not  difficult  to  cal¬ 
culate  them  precisely).  Hence,  it  follows  that 

where  ca  is  a  constant  dependent  on  a.  Besides,  Ta  —  A'a  - f  iA'a. 
This  decomposition  corresponds  to  the  decomposition  of  the  opera¬ 
tor  T0 : 

T0=A'  +  iA ", 

where  A'  =  2  A'aPa,  A"  =  2  A"aPa. 

The  pair  {A' ,  A ")  induces  the  group 

U  (f,  t")  h  =  2  e~HA'at'+A'^i")Pah. 

Introduce  in  E  the  norm  || 

II  h  111 - 1  2  °a  II  Pah  ||b* 

It  is  clear  that  ||  ||x  ^  ||  ||B. 

The  following  estimate  is  valid: 

II  U(t\  t")  h  ||B  <  (1  +  |  t'  |)w  \\h  ||x. 

Thus  {A' ,  A  ")  is  a  generating  set  of  degree  (N,  0)  with  respect  to 
norms  ||  ||lt  ||  |[B,  and  the  theorem  is  proved. 

From  this  theorem  the  theorem  given  below  follows  directly. 

Theorem  7.6.  Let  T  be  a  closed  operator  in  the  Banach  space  B  with 
a  discrete  spectrum  having  a  complete  system  of  e.a.  elements ,  the  operator 
T  being  without  any  associated  elements  of  the  order  exceeding  N. 
Then  the  restriction  of  the  operator  T  to  a  linear  manifold  dense  in  B  is 
a  regular  operator. 

Sec.  8.  The  Generalized  Eigenfunctions  and  Associated  Functions 

We  shall  start  with  a  physical  analogy.  In  quantum  mechanics 
the  state  of  a  system  of  particles  with  n  degrees  of  freedom  can  be 
described  by  a  function  of  the  space  Z,2  (Rn)  while  operators  on  L2  (Rn) 
correspond  to  physical  values.  The  logic  of  quantum  mechanics 
provides  the  possibility  of  the  decomposition  of  an  arbitrary  element 
of  L2  (Rn)  in  “eigenfunctions”  of  an  operator  corresponding  to  any 
physical  value.  (The  inverted  commas  are  used  here  because  the  so- 
called  eigenfunctions  of  physics  do  not  necessarily  belong  to  L2  (R").) 


CH.  I.  FUNCTION'S  OF  A  REGULAR  OPERATOR 


199 


For  example,  let  n  =  1  and  let  A  be  a  multiplication  operator 
by  the  independent  variable  of  L2  (Rn).  This  operator  corresponds 
to  one  of  the  most  important  physical  values,  namely,  the  coordinate 
of  a  particle.  The  equations 

(A  —  1)  =  0 

for  eigenfunctions  of  the  operator  A  have  no  ordinary  solutions.  In 
physics  one  assumes,  however,  that  §?.  is  a  generalized  eigenfunction 
of  a  multiplication  operator  by  an  independent  variable,  and  so  one 
writes 

x£>  (x  —  X)  =  XS  (x  —  X).  (8.1) 

The  equality  (8.1)  may  be  interpreted  in  the  following  way.  Consider 
the  closure  A  —  X  of  the  operator  A  —  X  as  an  operator  which  acts 
from  the  space  W^s  (R)  to  the  space  L2  (R),  where  s  is  sufficiently 
large.  Then 

04=X)8^  =  O. 

Note  that  the  equality  A 8?.  =  X8*,  is  not  valid,  since  8^  $  L2  (R). 
The  statement  that  A  —  X=/=  A  —  X  is  justified  because  the  mul¬ 
tiplication  operator  by  a  scalar  is  not  bounded  as  an  operator  acting 
from  Wzs  (R)  to  L2  (R). 

Next  (in  physics)  the  following  expansion  is  used: 

(x)  =  |  up  (A,)  6  (x  —  X)  dX ,  (8.2) 

or,  in  a  more  general  form,  the  following  expansion  is  written: 

\|:  (x)  =  j  c  (X)  (x)  dX,  (8.3) 

where  (#)}  is  the  family  of  generalized  eigenfunctions  of  the 
operator  of  some  physical  value.  Since  (x)  is  featured  in  (8.3) 
as  a  function  of  the  parameter  X,  it  is  quite  natural  to  assume  that 
the  operator  ( A  —  X)  acts  on  the  space  of  functions  of  the  argument  X, 
i.e.,  to  consider  X  as  a  multiplication  operator  by  an  independent 
variable. 

In  the  present  section  we  shall  obtain  the  generalization  of  (8.2) 
for  the  case  of  the  expansion  of  an  arbitrary  vector  of  Bmia  in  gene¬ 
ralized  associated  eigenfunctions  of  a  regular  operator. 

Let  us  proceed  to  the  definitions  and  notation.  Consider 
Horn  (J? N  (R”),  C).  By  definition,  Horn  (38  N  (R"),  C)  is  the  space 
of  bounded  functionals  in  N  (Rn),  i.e.,  the  space  38%  (Rn)  for  whose 
elements  the  following  notation  was  agreed  upon: 

f[g]=\f(X)g(X)dX,  f  6  Horn  [38  N  (Rn),  C],  g^38N.  (8.4) 
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As  it  was  agreed  above,  this  integral  which  has  meaning  only  for 
continuous  /  (X)  is  formally  written  down  for  any  functional  /,  /  (X) 
being  called  a  generalized  function. 

Let  G  (X)  be  a  continuous  function  of  X  with  values  in  B.  Then  the 
integral 

j  G(x)f(x)dx,  f(X)e®N( Rn) 

Rn 

determines  the  element  of  B  so  that  the  operator  G 
Gf  =  j  G  (X)f(X)  dX 

R™ 

is  an  element  of  the  space  Horn  (38  N  (Rn),  B).  For  any  element 
G  6  Horn  (38 N  (Rn),  B)  we  agree  to  write  formally 

Gf=  j  G  (X)  f  (X)  dX. 

By  analogy  with  (8.4)  we  shall  call  G  (X)  a  generalized  function  of  X 
with  values  in  B.  In  accordance  with  this  definition,  ordinary  gene¬ 
ralized  functions  are  generalized  functions  with  values  in  the  complex 
plane. 

Let  T  be  a  regular  operator  of  degree  N  and  Bmid  be  the  corres¬ 
ponding  intermediate  Banach  space,  and  let  X  =  ^  -f-  iX2  6  C. 
Consider  the  operator 

T <ft>  =  (T  -  X)h, 

which  acts  from  Bmid  to  J5mid.  We  shall  consider  it  as  an  operator 
acting  from  the  space  of  generalized  functions  of  X  with  values  in 
i?mid  to  the  space  of  continuous  functions  of  X  with  values  in  Bmiti 
so  that  the  values  of  the  operator  (T  —  X)h  should  belong  to  Bm w 
for  any  fixed  X. 

def 

Thus,  we  shall  considei  (T  —  X)h  —  T(h>  as  an  operator  acting 
from  Horn  (38 N  (R2),  5mtd)  to  C  (R2,  Bm id),  where  X  —  Xt  +  iX2  = 
=  (Xt,  X2).  We  shall  make  the  meaning  of  this  statement  more  pre¬ 
cise.  Denote  by  means  of 

HomC^R2),  Bmld)  ->  C  (R2,  BmId) 

the  operator  defined  by  such  continuous  functions  with  values  in 
2?mid  that  the  mapping 

X-+(T^X)kf(X) 

is  a  continuous  function  in  R2  with  values  in  Bma.  The  operator  is 
acting  according  to  the  formula 

T\f(X)=(T^X)k1(X). 
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We  shall  extend  the  operator  T up  to  the  operator  T<h)  as  fol¬ 
lows.  Let  {/„}  be  a  sequence  of  functions  belonging  to  Z>t(A)  such 

that  there  exists  a  distribution  /  with  values  in  Bm ^  possessing 
the  property  to  make  for  any  function  if)  £  Cf  (R2) 


lim 

TI-+OO 


J  /„  (x)^(xyd^=  j 

Rn  R2 


Let  lim  —  g.  Then  set  T^f  =  g. 

n-*oo 


Verify  the  correctness  of  the  given  definition.  Let  fn  6  DT(k >  and 
for  any  (RZ) 

lim  f  fn  {k)  $  ( k )  dk  =  0. 

n-oo  - 
R2 

Then  allow  for  the  existence  of  lim  Tffin  =  g. 

71 -+  CO 

We  must  show  that  g  =  0.  For  any  Tp  ^  Cg°  (Ra): 
lim  f  {T-k)h  fn  (k)  i|)  (k)  dk  =  (  (k)  ( k )  dk. 

n-*oo  *  J 


Let  P  be  a  smooth  sufficiently  rapidly  decreasing  function,  which, 
is  strictly  positive,  and  let  T  =  Ax  +  L42,  where  (Au  A^)  =  A 
is  the  generating  set,  which  determines  the  regular  operator  T.  Set 

h 

q  (x)  =  P  (x)  (xi  +  ix2  —  k)h  =  2  clj  (x)  ^ h • 

3=0 


Then  the  operator  [P  (^4)] -x  q  (A)  is  a  closed  extension  of  the  operator 
( T  —  k)h,  the  operator  [P  (4)]-1  being  closed  as  an  operator  inverse- 
to  the  homomorphism.  For  this  reason 


lim  [  (T-k)hfn{k)^{k)dk  = 

n-+co  J 
R2 


h 


=  [iJ(4)]-1  lim 

71 oo 


2  \  qj(A)khfn(k)nk)dk 

f*= Or2 


=  0 


for  any  i|)  £  (R2).  Hence,  it  follows  that  g  =  0. 

Definition.  The  kernel  of  the  operator  T(h)  will  be  called  the  system 
of  generalized  e.a.  functions  of  the  order  ^.k  of  the  operator  T. 

Definition.  The  system  %  of  generalized  e.a.  functions  of  the  order 
k  of  the  operator  T  will  be  called  complete  if  for  any  vector  h  £  Bmia 
there  exists  a  generalized  function  G  £  %  and  a  function  f  £  35  N  (R2)* 
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such  that 

h  =  j  f  (k)  G  (X)  dX. 

R2 

Theorem  8.1.  The  system  of  the  generalized  e.a.  functions  of  the 
order  C  N  +  2  of  a  regular  operator  T  of  degree  N  is  complete. 

Lemma.  Let  <pn  ( x ),  x  £  Ra  be  the  following  8- formed  sequence 

cpn  (x)  =  n2cp  (nx),  (pgCo^R),  (  <p  (x)  dx  —  1. 

R2 

Then 

lim  ||  (x!  +  Cix2)N+2  (pn  (a:)  ||^  2)  =  0. 

Proof.  Denote  \|+  (x)  —  (xl-\-Cix2)N+2‘  g>n  (#)•  We  have  \|+(;r)  = 
=  n~N^i(nx).  Consequently,  51  (p)  =rc~(N+2fi|h  (-f-)  >  where  i|)„  = 
=  jF-1\pB.  Let  /  be  an  arbitrary  continuous  function  in  R2  which 


satisfies  the  condition  sup 


l/MI 


P£R2  (l  +  lPil)" 


Cl.  Then 


S  'fn  ( P )  /  (p)  dp 


,-N-i 


J  $i  ( P )  f  ( np )  dp 


C 


II  %  I 


I  /  Op)  I 


0(r2)p?rW|Pi|)n 


N 


^n-N-i  ||  ^  ||  2  SUpiidl!ijjil 

^  11  Yi  "'Sw.  °(R)ieR  (1  +  |  t|) 

Hence,  it  follows  that 

H  *»  II  *1  lUiv.oIR2)^0 


.,-1  I 


^  H.S8a. 


0(R2)" 


for  n  oo . 

And  the  lemma  is  proved. 

Proof  of  Theorem  8.1.  Consider  in  the  space  38  N,0  (R2)  the  operator 
f  with  the  domain  D  —  C™  (R2)  acting  according  to  the  formula 
Tf  ( x )  =  {xx  +  ix2)  f  (x). 

It  is  not  difficult  to  see  that  T  is  regular,  its  space  Rmid  coinciding 
with  38 Nt0  (R2).  Now  show  that  the  identity  operator 

/  €Op  {38  N,  o  (R2))  -  Horn  ( 38  N,  0  (R2),  38  0  (R2)) 

belongs  to  the  kernel  of  the  operator  J’(iV+1).  Let  tp  be  a  monotonously 
non-increasing  infinitely  differentiable  function  defined  in  [0,  oo) 
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and  vanishing  with  all  derivatives  in  [1,  oo 


Set 


<Pn  (x)  =  rc29  ( n  |  x  |). 

Every  X  £  R2  will  have  a  corresponding  mapping 
<D„  (X)  :  x  (p„  (x  —  X). 


Obviously,  On  is  a  continuous  function  with  values  in  38  N:0  (R2). 
Further,  let  {en}  be  a  sequence  of  functions  in  Co1  (R2)  such  that 
e„  (i)  =  1  for  |  x  |  <  n  and  0  ^  en  (x)  ^  1.  Set 

In  (V  =  en  (*)  (X). 

Let  9  be  an  arbitrary  function  in  C o’  (R2).  Consider  the  sequence  of 
integrals 

In  W  ^  W  dX  =  j  (Dn  (X)  en  (X)  if  (X)  dX. 

R2 

For  sufficiently  large  n 

j  l/»(X) -/(*)]  *(*-)<&  =  j  (Dn  (X)yp(X)dX-$  =  yn-y. 

R2  R2 


Show  that  ||  —  ij)  ||^jv+i(r2)  ->-  0  for  ra->  oo.  This  will  mean  in 

particular  that  ij)n  ->■  i|>  in  38  N,0  (R2).  We  have 


1  <Pn(y)$(x  —  y)dy. 

R2 


(8.5) 


From  (8.5)  it  is  seen  that  i|in  (x)  uniformly  converges  to  i|)  (x)  along 
with  all  its  derivatives.  Since  the  supports  of  functions  T|)n  belong 
to  some  compact  set  independent  of  n  it  follows  that  ->  9  in  any 
Sobolev  space. 

Now  consider  the  sequence  of  functions 

Gn  =  ff+2)In-,  Gn  (X)  =  (f-Xf+2  en  (X)  ®n  (X) 
or  in  the  amplified  form 

Gn  {X)  (x)  =  (xx  +  ix2  —  Xi  —  iXz)N+2  en  (X)  «p„  (x  —  X). 

It  is  evident  that 

II  Gn  (A.)  o(R2)^  II  (0)  \\$)N'  0(r2)  =  II  \\&N,  0(R2)’ 

where  hn  (a;)  =  (xx  +  ix2)N+ 2  qpn  (a:).  It  is  easy  to  verify  that  \\hn  ||  -> 
->  0  for  n  oo.  Hence,  it  follows  that  ||  Gn  (X)  \\^N  (R2)  ->  0 
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uniformly  in  A  for  n  -v  oo  so  that 

y(JV+2)/==Q_ 


Thus,  the  system  of  generalized  e.a.  functions  of  the  order  ^  N  -j-  2 
of  the  operator  T  is  complete.  Actually  for  any  /  6  &  n,o  (R2) 

/=  f  f(X)I{X)dX. 

R2 

Let  T  now  be  an  arbitrary  regular  operator  T  =  +  iA%,  where 

A  =  {Axt  A2)  is  a  generating  set  and  let  h  be  a  vector  in  Bm id.  Con¬ 
sider  a  mapping 

(Dn:  A-><pnii.(i)h,  where  <pn>x(a:)  =  q)n(a:— X). 

<l>n  is  obviously  a  continuous  function  with  values  in  BmUi.  Set 
Kn  (A)  =  en  (X)  €>„  (X). 

Let  if),  as  before,  serve  as  an  arbitrary  function  belonging  to  Co  (R2). 
Consider  a  sequence  of  integrals 

j  Kn  (X)  if)  (X)  dX  =  j  <Dn  (X)  en  (X)  if)  (X)  dX=gn. 

R2  R2 

Let  K  be  the  following  distribution  with  values  in  5mid 

(  K{X)f(X)dX  =  f(A)h.  (8.6) 

R2 

Show  that 

lim  gn  —  lim  f  <!>„  (X)  if >  (A)  dA  =  f  K  (X)  if>  (X)  dX  —  if)  (A)  h. 

n-*oo  n-+oo  J  * 

r"  r" 

We  have 


f  <Dn  {X)${X)dk  = 

R2 


(  <Pn,  X  (A)  If)  (A,)  dX 

-R2 


where  if>n  ( x )  =  j  <pn  (x  —  A)  if)  (A)  dX  so  that 


h  =  tyn  (A)  h, 


if)„->il)  in  ^iv.oCR2)  and  i|>„  {A)  h  if)  ( A)  h 


in  jBmld. 

Now  consider  a  sequence  of  distributions  gn  —  T(0N+2)  Kn: 
gn  (A)  =  (T  —  X)N+2  en  (A)  <D„  (A)  =  (T-X)N+2  en  (A)  cpn,  ,  (I)  h. 
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It  is  obvious  that 

II  8n  W  lbmId<  II  (T-X)N+l  cpn,  ,  (A)  ||  =  ||  t|>„,  *  (A)  h  ||, 
where 

x  (*)  =  («i  +  ix2 —  Xt  —  il2f+  2  <p„  (x  —  X) . 

For  this  reason 

lknWllBmld<Hn.  0  11^,0^2)  II  fe||Bmld->0  for  oo, 

which  means  that  2lJV+1  K  =  0,  so  K  belongs  to  the  family  of  gene¬ 
ralized  e.a.  functions. 

In  accordance  with  (8.6)  the  vector  h  may  be  represented  in  the 
form 

h  =  \  K  (X)  •  1  dX 

R2 

and  the  theorem  is  proved. 

Sec.  9.  Self-Adjoint  Operators  as  Transformers  in  the  Schmidt  Space* 

Let  A  and  G  be  self-adjoint  operators  in  the  separable  Hilbert 
space  H,  and  let  T  be  a  Schmidt  operator ,  i.e.,  T  £  B 2  ( H ),  where 
B2  ( H )  is  a  set  of  operators  which  have  a  bounded  Schmidt  norm. 
One  may  compare  operators  A  and  G  in  the  space  B2  ( H )  (let  us 

denote  them  by  A  and  G)  acting  according  to  the  rule 

AT^LaT,  T  £D^  =  {S  £B2  (H):  AS  £  B2  (H)}, 

GT  =  TG,  T  £  ZL-  =  {S  £  Bz  (H):  SG£  B2  (H)}. 

Theorem  9.1.  The  operators  A  and  G  are  self-adjoint  in  the  Hilbert 
space  j B2  (H)  and  commute  in  some  dense  set. 

Proof.  First  of  all  show  that  Dj  f|  ZL-  is  dense  in  B2  ( H ).  Let 

En  {A)  be  an  operator  with  the  symbol  0  (x  +  n)  0  (n  —  x)  (E'%  (A) 
for  X  =  — n,  A  =  2 n)  and  let  {4n>}  be  the  complete  orthonormal 
system  in  En  (A)  H,  where  {<?in+1)}  contains  {4m}  as  a  subsystem. 
Let  En  (G)  and  {gi11}  be  similar  projectors  and  orthonormal  systems 
for  the  operator  G.  Then  the  set  {e,}  of  all  vectors  of  the  type  e'j1, 
forms  a  complete  orthonormal  system  in  H,  and  the  same  is  valid 
lor  vectors  gf ’.  Indeed,  any  vector  in  H  may  be  approximated  in 


*  We  shall  cite  some  known  results  here  which  are  necessary  for  the  succeed¬ 
ing  sections. 
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norm  by  linear  combinations  of  vectors  of  the  form  <p  (.4)  h,  where 
cp  6  C^°  (R)  and  a  vector  of  the  form  q  (A)  h  belongs  to  En  (A)  H 
for  sufficiently  large  n. 

We  have  for  any  T  d  B 2  ( H ): 

||  TEn  (G)  -  T  |||2(ff)  =  ||  T  |||2(ff)  - 1 1|  Tgf)  ||2  ->  0 

for  n-*-oo.  Similarly  for  n-A-o o 
II  En  (A)T  —  T\\2B2(H)-+0, 

because  this  is  a  sequence  of  remainders  of  the  convergent  series 
2  I  (Tej,  et)  |2.  Thus  the  set  K  of  operators  of  the  form  En  (.4)  x 

X  TEm  (G),  T  £  B2  { H )  is  dense  in  Z?2  ( H ).  But  the  set  D  is  contained 
in D-+  H  D-£  because  the  operators  AEn  {A)  and  Em  (G)  G  are  bounded. 

This  completes  the  proof  of  the  density  D-+  f|  D+?  *n  ^2  (#)• 

Let  { Tj}JLi  be  such  a  complete  orthonormal  system  in  B2  (H)  that 
Tj  6  D-*  f|  D-£,  /  —  I,  2,  ....  It  is  obvious  that  A  GTj  =  G  AT] 

— >-  -4 — 

so  that  A  and  G  commute  in  a  set  which  is  dense  in  B2  (H).  This 

n 

set  is  a  set  of  linear  combinations  of  the  form  2  ajT  i- 

j=i 

Prove  that  A  and  G  are  self-adjoint  operators.  Let  T  d  D^,  i.e. 
AT  d  B2(H).  Then  for  S  dD-*  we  have  {AS,  T)2  =  {AS,  T)2  = 

=  {S,  AT)2  =  {S,  AT)2,  i.e.,  T  d  an<*  A*T  =  AT.  Prove  the 
inverse  inclusion:  D-*  cr  D-+. 

A*  A 

Let  T  i.e.,  there  exists  such  an  operator  W  d  B2  {H)  that 

{AS,  T)2  =  {S,  W) 2  for  any  S  d  D-+.  Choose  in  H  such  a  complete 

orthonormal  system  {ej}  that  ej  dDA,  /  =  1,  2,  ...  -  Set  Ttju  — 
=  {u,  et)  ej.  Then  hej  so  that 

II  2*0  II!  =  2  II  8^- II2  =  1- 

It  is  easy  to  see  that  operators  Ttj,  Thi  with  non-coincident  pairs  of 
subscripts  are  orthogonal  in  B2  {II).  Thus  {Ttj}  is  an  orthonormal 
system  in  B2  {H).  It  is  easy  to  verify  that  this  system  is  complete  in 
B2  {H).  We  have  ||  ATi}  ||2  =  ||  Aej  ||  <  oo  so  that  Ti}  d  D-*.  Next 

we  have  the  relationships 

{AT tj,  T)2  —  {T i],  W)2,  i,  f  —  1,  2,  .... 
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By  definition  of  the  scalar  product  in  B2  (H)  the  latter  equalities 
may  be  rewritten  as  follows 

(Aej,  Tet)  =  (ejt  Wet ); 

Hence,  it  follows  that 

ATe,  =  Weu  i  =  1,  2,  .... 

i.e.,  AT  =  W  6  B2  (H).  This  completes  the  proof  of  the  self-adjoint- 
— ► 

ness  of  the  operator  A. 

For  the  proof  of  the  self-adjointness  of  the  operator  G  consider  a 
complete  orthonormal  system  (e)}  in  H  which  consists  of  vectors 
belonging  to  D+r,  and  let 

T'nu  —  ( u ,  el)  eh  Vu  £  H. 

Determine  the  adjoint  operator  ( TljG )*  of  the  product  TljG. 
Since  the  range  of  the  operator  T'a  is  contained  in  D-fr  we  have 

(TljG)*  =  GT\*  =  GT-u 

For  this  reason,  if  T  €  £>£■*  then  there  exists  such  an  operator 
W  6  B2  ( H )  that 

(T'ijG,  T)2  =  ( T *,  (TljG)*)2  =  (T*,  GT y)2  =  (Tlh  W)2. 
Hence 

TGe i)  —  (6jf  Wei),  i,  /  =  1,  2,  .  •  •  , 

i.e.,  the  operator  TG  has  a  closure  which  is  equal  to  W  6  B2  ( H ). 
This  means  that  T  6  D+-.  Prove  the  inverse  inclusion  D*-  c :  D+- 

G  G  G* 

and  the  equality  G*S  —  GS  for  S  6  D+-.  This  will  complete  the  proof 

G 

of  the  statement  that  G  is  a  self-adjoint  operator. 

Let  T  6  D i.e.  TG  6  B2  ( H ),  where  (TG)*  6  B2  (H).  Determine 

G 

the  action  of  the  operator  (TG)*  on  the  vector  el.  We  have,  for  any 
u  eH: 

(TGu,  el)  =  (u,  (TG)*  el). 

For  this  reason  for  u  6  D^r  we  get: 

(Gu,  T*e\)  =  (u,  (TG)*  el). 

Hence,  it  follows  that  T*e\  £  D £  and  (TG)*  el  —  GT*e\.  Taking 
this  into  account  for  any  S  6  D ^  we  obtain 

(S,  GT)2  =  (S,  TG)i  =  ((TG)*,  S*)2  = 

=  %((TG)*e'h,  S*e'h)  =  2  (GT*ek,  S*eh); 
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(GS,  T)2—  (SG,  T)2=(T*,  (SG)*)2  = 

=  Ii(T*e'k,  (SG)*e'k)  =  J1(T*e’h,  (GS*)e'h). 

k  h 

Hence  it  follows  that  T  £  D+-  and  G*T  =  GT .  The  statement  is 

G* 

proved. 

The  operators  .4  and  G  form  the  groups  {e~iAl}  and  {e  iGi}  which 
act  according  to  the  formula 

e-iAtTz=e-iAtTf  e-iGtT  =  Te-iGt'  (9.1) 

For  example,  let  us  prove  the  second  equality.  Consider  the  two 
functions 

Ul  ( t)  =  [e-iGtT]*h , 

u,2  ( t )  =  (Te~iGt)*  h,  T*li  £  D*r. 

We  have  ut  (0)  =  u2  (0)  =  T*h.  Next 

=  (—iGe~iGtT)*  h  =  i  \(e~iGtT )  G)*  h  =  iG  (e~iGtT)*  h=-iGu,  ( t ); 

^•  =  jf  eiGtT*h  =  iGeiGtT*h  =  iGu2  ( t ), 

so  the  functions  and  u2,  satisfying  the  same  equality  iGu 

and  one  and  the  same  initial  condition,  are  identical.  Since  the  set 
of  operators  T  satisfying  the  condition  T*h£  D+r  for  the  set  of  vectors 
h,  dense  in  II,  is  dense  in  B2  ( H ),  it  follows  that  the  formula 

e-iGtT  =  Te- iGt 

is  valid  for  any  T  £  B2  ( H ). 

From  (9.1)  it  follows  that  the  set  K  of  operators  of  the  form  En  (4)  x 
x  TEm  (G),  which  is  dense  in  B2  (II)  (where  En  (4),  Em  (G)  are 
the  above-considered  projectors),  is  invariant  with  respect  to  the 

groups  {e~iAt},  {e~iGt},  where 

— >  4-  < —  — > 

g-iAtg-iGx  __  g-iGXg-iAt' 

— V  -4 — • 

Consider  the  two-parameter  group  {e~,A(_iGT}: 

— >  "4—  dpf  — ►  4— 

g  —  iAt  —  iGx  —  e-iAte-iGx 

For  any  T  £  K  we  have 

JL  g-iAt-iGxJ1  _  _ iAe-iAt-iGxf 

dt 

JL  g-iAt-iGxJ'  =  _iQeiAt-iGxT' 

OT 

— >•  4 — 

Thus  (4,  G)  is  a  generating  set  of  operators. 
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Theorem  9.2.  Let  0(R2),  /  =  F~lf.  Then 


g-iAtfg-iGx  fa 


<11 


2 


/ 


Hc(r2) 


II  ^  II2- 


Tlie  proof  follows  from  the  formula 
j  /  (f,  t )  e~iAtTe~iGx  dtdi  = 

=  ^rj  /(*’  t)  e - ^ - ^XT  dtdj  =  f  (A,  G)T. 


Problem.  We  have  defined  infinitely  differentiable  functions  of 
commutative  operators,  whose  growth  rate  does  not  exceed  the  degree 
of  the  argument.  Show  that  they  form  an  algebra  with  the  p-struc- 
ture,  where  the  algebra  Jt  is  an  algebra  of  commutative  unbounded 
operators,  and  that  the  set  M  consists  of  generators  and  their  real 
functions. 


14-01225 


II.  CALCULUS  OF  HOHCOMMUT AT IV F 
OFFBATOBS 


In  this  chapter  we  shall  develop  a  p -structure  for  the  case  when  the 
set  M  consists  of  two  noncommutative  vector  generators  Alt  and 
A 2*.  Without  additional  assumptions  it  is  impossible  to  extend 
this  development  to  a  case  when  M  consists  of  a  greater  number  of 
nonco>mmutative  unbounded  generators.  For  this  reason  the  main 
“working”  formulas  of  the  theory  of  p -structures  (the  formula  of 
commutation  and  the  W-formula)  should  be  specifically  proved  with 
additional  assumptions  even  for  the  case  of  two  noncommutative 
operators  because  these  formulas  contain  their  commutator  as  well. 

These  difficulties,  of  course,  do  not  exist  for  bounded  operators. 
In  the  latter  case  the  given  patterns  of  functions  of  ordered  operators 
coincide  with  p-structures. 

By  relying  on  the  logic  of  Chapter  I  we  present  an  independent 
construction  of  functions  of  ordered  operators  here  and  it  is  only  in 
Sec.  9  that  we  shall  construct  the  growing  symbols  leading  us  to 
p-structures. 

Sec.  1.  Preliminary  Definitions 

Let  {. B T)  be  a  family  of  Banach  spaces  satisfying  the  following 
conditions  (x  varying  over  the  totality  of  integers): 

(a)  there  exists  a  linear  manifold  D,  which  is  dense  in  Bx  for 
any  x; 

(b)  (x  <x')  =►  Bx  <  Bx,  i.e.,  ||  •  ||Bt  >  ||  •  ||Bt.. 

The  family  { Bx }  will  be  called  a  Banach  scale  and  the  norm  in  Bx 
will  be  denoted  by  ||-||x. 

The  linear  mapping  A  :  D  ->  D  will  be  called  a  generator  of  degree 
s  with  step  k  on  the  Banach  scale  Bx  if,  for  any  x,  the  operator  A  is 
a  generator  of  degree  s  with  the  defining  pair  of  spaces  (Bx,  Bx+k). 

*  Moreover,  we  shall  concern  ourselves  with  a  slight  generalization  of  the 

l  2 

u-structure  since  we  shall  define  only  the  operations  p:  (xt  ->  Ax,  x2  A  „) 

'  1  2 
and  p:  (aj  A  2,  x2  ->  A  ■ 
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Denote  by  {UA  (0}  the  group  of  homomorphisms  generated  by  A, 
and  by  UA,X  (t)  the  closure  of  the  operator  UA  ( t )  :  Bx  ->  Bx+k. 

Let  {Tx)  be  a  family  of  homomorphisms  Bx-*Bx+l,  such  that 
TXD  cr  D  and  Txh  =  TX'h  for  h  £  D  for  any  %  and  .  The  family 
T  =  {T x}  will  be  called  a  translator  (or  translating  operator)  with 
step  l  of  the  scale  {Bx).  In  cases  when  it  will  lead  to  no  misunderstan¬ 
ding,  we  shall  write  Th  instead  of  Txh. 

Let  Ax,  .  .  .,  A  N  be  generators  on  the  scale  { Bx  }  with  steps  corres¬ 
pondingly  Jcx,  .  .  .,kN  and  degrees  slt  sN,  and  let  Tw ,  .  .  .,TiN~l) 
be  translators  with  steps  lx,  .  .  .,  lN-x,  respectively.  Now,  to  the 
operators  Ax,  A  Nt  2"(1),  .  .  .,  7,(iV_1)  we  shall  add  superscript¬ 
ions  in  the  following  way: 

1  2  3  2N-2  2N- 1 

Au  Tw,  a2,  y(JV_1),  An  (1.1) 

Here  we  assume  that  operator  Ax  acts  first,  operator  Tw  acts  second 
and  operator  AN  acts  as  (2 N  —  l)th.  The  set  (1.1)  will  be  called 
a  vector-operator.  Note  that  in  general,  some  components  of  the 
vector-operator  may  commute  and  be  equal. 

Let  the  vector-operator  (1.1)  correspond  to  the  following  homo¬ 
morphism  Ux  ( t )  depending  on  the  parameter  t  6  R^: 

U  (tx,  t2,  •  ■  ■  i  In)  — 

=  Uan  (In)  T(N~  l)UA^  (<w_t)  ...UA2  (/2)  TwUAl  (tx)  (1.2) 

(here  and  below  we  shall  skip  the  subscript  %  in  the  notation  Ux  ( t ) 
whenever  possible). 

Theorem  1.1.  For  any  h  £  Bx  the  function 
t-+U(t)h,  ££  Rn,  U  (t)  h£  Bx+hl+' .  -+hjv+;1+, . 
is  continuous. 

Proof.  At  N  =  1  the  statement  is  obvious.  The  proof  is  made  by 
induction.  To  avoid  the  cumbersome  details  of  the  derivation,  how¬ 
ever,  we  shall  only  show  the  transition  from  N  =  1  to  N  =  2, 
because  the  transition  from  an  arbitrary  N  to  N  +  1  does  not  differ 
in  principle  from  this  easier  case. 

Let  N  —  2  and  denote  r(1)  by  T .  We  have 
U  (tx -f-  8i,  t2  +  82)  h—U  (tx,  t2 )  h  — 

=  UA%  (£2  +  82)  TU Ai  (tx  -f-  8j)  h  —  U A 2  ( t2 )  TUAi  (tf)  h  = 

=  U A„  (£2-j-  82)  T  [UAl  ( tx  -f-  84)  —  U Al  (<j)]  h- f- 
+  \U Ai  (^2+  82)  —  U a2  (£2)]  TU Al  ( tx )  h. 

It  is  obvious  that  each  of  the  two  latter  terms  tends  to  zero  in  the 
norm  of  the  space  Bx+hi+...+iN_l  whenever  82  and  82->-0. 


4* 
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Expand  the  spaces  38  N  (Rn)  constructed  above.  Denote  by  CN  (Rn) 
the  Banach  space  of  all  continuous  functions  with  the  finite  norm 


l!/llCiv(R»)  =  SUP 


1  /  (a)  I 
(1+1  *I)N 


and  by  C%  (Rn)  the  space  conjugated  to  C N  (Rn).  Fix  a  linear  sub¬ 
space  of  functionals  suitable  for  our  purpose.  We  shall  introduce 
the  following  preliminary  definition. 


Definition.  We  shall  say  that  a  functional  L  £  C%  (Rn)  is  equal  to 
zero  on  an  open  manifold  V  cz  Rn  if  for  any  function  f  6  C N  (R") 
such  that  supp  f  cz  U  the  relation  is  valid:  L  (/)  =  0. 

The  smallest  closed  subspace  F  cz  Rn  such  that  L  is  equal  to  zero 
on  R”  —  F  will  be  called  the  support  of  the  functional  L  and  denoted 
supp  L. 

Denote  by  XN  a  linear  subspace  of  C%  (Rn)  consisting  of  all 
functionals  with  compact  supports.  These  functionals  will  be  called 
finite  functionals. 

Let  ij)n  6  C™  (Rn)  and  the  following  conditions  be  satisfied: 

for  all  x  6  Rn  and  i|)n  ( x )  =  1  for  x  £  {x  :  |  x  \  ^  n). 
It  is  easily  seen  that  for  any  L  £  XN  there  exists  n0  such  that  for 
all  f  £  C N  (Rn)  the  following  relation  is  valid: 

L  ((1  —  i|Jn)  /)  =  0  for  any  n  >  n0. 

Hence 

L  (/)  =  L  (W)  +  L  ((1  -  yno)  f)  =  L  (i :nof) 

and 

I!  tynof  Hcjv(R?1)^  II  f  llc^fR”)' 

Consequent  constructions  are  based  upon  this  characteristic  property'' 
of  finite  functionals.  Note  that  the  8-function  and  functions  from 
Co°  (Rn)  belong  to  XN.  Therefore,  as  before,  we  shall  denote  by 
Cn  (Rn)  the  strong  closure  XN  in  C%  (Rn).  Below  we  shall  consider 
Cn  (Rn)  only  in  this  sense  and  not  as  a  strong  closure  of  the  subspace 
spanned  by  8-functions  and  functions  from  (Rn). 

An  important  property  of  the  functionals  of  Cn  (Rn)  is  given  in 
the  lemma  that  follows. 


Lemma  1.1.  Let  T  £  Cn  (Rn),  then  for  any  e  >  0  there  exists  an 
integer  A  >  0  such  that  for  alln>  A  and  allf  £  C N  (Rn)  the  following 
inequality  is  valid: 

in(l-W/)l<e|l/llCwW»)-  (1-3) 

Proof.  If  T  6  XN  then  the  statement  is  obvious.  But  if  T  6  Civ  (Rn) 
and  is  not  a  finite  functional,  then  there  exists  a  sequence  {71m}m>0  cz 
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cz  XN  strongly  convergent  to  T,  i.e.  for  any  e  >  0  there  exists 
M  >  0  such  that  for  all  m  >  M  the  following  inequality  is  valid: 

II  T  —  Tm \\c%(Rn)<e- 

Let  7730  >M,  then 

I  T  ((1  -  *„)  /)  -  Tmo  ((1  -  *»)  /)  |  <  e  ||  /  j|Civ(Rnr 

Next,  there  exists  an  integer  A  >  0  such  that  supp  Tmo  f) 
p  supp  (1  —  i)3n)  f  =  0  whenever  n  >  A .  Hence 

in(l-^)/)l<e|l/llCjv(R„) 

for  any  n>A.  Lemma  1.1  is  proved. 

Corollary.  For  any  function  f  £  C N  (Rn)  there  exists  a  sequence 
c  ^  (R")  such  that 

lim  L  (<p„)  =  L  (/)  (1.4) 

n-*-oc 

for  any  L  £  Cn  (Rn).  If  /  =#=  0  then  there  exists  Tf  £  Cn  (Rn)  such 
that  Tt  (/)  #  0. 

Proof.  Let  L  6  Cy  (Rn).  For  any  f  £  C N  (Rn)  we  have 
L  (/)  =  L  (W)  +  L  ((1  —  *„)  /).  (1.5) 

The  function  tynf  is  finite  and  continuous  for  any  re  >  0.  Conse¬ 
quently,  for  any  re  there  exists  <pn  6  C^(R")  such  that  ||it>„/—  fnllc^R”)^ 

<Zi/n. 

From  Lemma  1.1  it  follows  that  for  any  e  >  0  there  exists  M  >  0 
such  that  |  L  ((1  —  t|i„)  /)  |  <  s  ||  /  ||Cjv  for  re  >  M.  By  virtue  of 
(1.5)  we  obtain 

I  L  (/)  -  L  (q>n)  |  < II  L  ||c*  (Rn}  •  1/re -Mil/  llCjv(Rn).  (1  -6) 

Relation  (1.4)  follows  from  this  inequality. 

If  /  0  then  there  exists  x0  6  R”  such  that  /  ( x0 )  0.  The 

functional  8X0  defined  by  the  formula 

8*o  (/)  =  /  (*o)  for  any  /  €  CN  (Rn) 

belongs  to  XN  and  §xo  (/)  =  ~f  ( x0 )  =/=  0.  Hence  the  proof  is  obtained. 

We  shall  introduce  the  operation  of  convolution  of  functionals 
from  Cn  (Rn)  with  functions  from  C N  (R”).  But  first  we  define  some 
continuous  linear  mappings  xft  and  of  the  space  CV(Rn)  into 
Cy  (Rn)  (which  will  be  convenient  for  future  usage)  in  the  following 
way:  for  any  /  (E  CN  (Rn)  let 

def 

Thf  (x)=f  (x  —  h) 


214 


OPERATIONAL  METHODS 


and 

-  del 

/(*)  =  /  (  —  *)• 

Definition.  The  function  F  defined  by  the  formula 
F  (h)  =  T  ((Tfc/n, 

mftere  ?’  6  C/y  (Rn)  and  f  £  C N  (Rn),  will  be  called  the  convolution  of 
the  functional  T  6  Cn  (R71)  with  the  function  f  £  C  N  (Rn)  and  denoted 

by 

dof 

T  *f{h)  =  T  (fxhfY').  (1.7) 

The  function  (x hf)"  (z  C N  (Rn)  for  any  h  £  Rn.  Hence  the  con¬ 
volution  is  defined  on  Rn  everywhere. 

From  (1.7)  we  have 

|7’*/W|<lt?’l!c*N-ll/l!cJV(l  +  |M)N  (1.8) 

Moreover,  the  convolution  belongs  to  CN( R").  In  fact  let 
T  g  Cn  (R”),  /  6  C N  (Rn)  and  h0  be  a  point  in  R”.  For  any  h  satis¬ 
fying  the  inequality  |  h  —  h0  |  <8  the  following  estimate  is  valid: 

II  HcjY(Rn)S==ll  /  llcw(Rn)  (1  +  I  fl0  1+  8)N. 

Consequently,  the  family  of  functions  (thf)\h-hu\<6  is  uniformly 
bounded  and  then  from  Lemma  1.1  it  follows  that  for  any  e  >■  0 
there  exists  M  >  0  such  that  for  all  n  >  M  the  following  inequality 
is  valid: 

I  T((l  -yn)(Thf)r  I  <e/2.  (1.9) 

The  function  h  if>„  (rhf)''  considered  as  a  function  with  values 
in  CN  (Rn)  is  continuous  due  to  the  fact  that  £  C o’  (Rn),  and  there¬ 
fore  for  „ .  _8,. —  >  0  there  exists  8  >  0,  such  that 

ll'M(Tft  — W/T  ||Civ(Rn)<2||r||  „  •  (U0) 

C1 V 

From  (1.5),  (1.9)  and  (1.10)  it  follows  that  for  any  e  >  0  there 
exists  6  >  0,  such  that 

\T  *  f  (h)  -T*f(h0)  |<  e 

whenever  |  h  —  hQ  |  <;  8 . 

The  continuity  of  the  convolution  is  thereby  proved. 

Moreover,  from  (1 .8)  we  see  that  the  convolution  of  any  functional 
from  Cn  (R”)  with  functions  from  C N  (Rn)  is  a  continuous  linear 
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mapping  from  C N  (Rn)  into  C N  (Rn),  which  is  invariant  with  respect 
to  a  shift,  i.e.,  for  any  h'  6  Rn  we  obtain 

t h-  ( T  *  f  (h))  =  T  *  (TV  /)  (h). 

The  opposite  assertion  is  also  correct:  for  any  continuous  linear 
mapping  A  of  the  space  C N  (Rn)  into  CN  (Rn),  which  is  invariant 
with  respect  to  a  shift,  i.e.,  for]  any  h  6  R"  and  /  6  CN  (Rn)  the 
following  equality  is  fulfilled: 

Axhf  =  t  hAf\  (1.11) 

there  exists  a  functional  T  6  C%  (Rn),  such  that,  for  any  /  £  CN  (Rn), 
we  obtain 

Af  =  T  *f. 

Prove  the  assertion.  Note  that 

T  (/)  =  T  *  f  (0).  (1.12) 

Since  A  is  continuous,  the  mapping  /  ->  Af  (0)  yields  a  continuous 
linear  functional  from  C%  (Rn)  which  will  be  denoted  by  T . 

Thus 

T  (/)  =  Af  (0). 

But  from  (1.12)  we  obtain  T  *  /  (0)  =  Af  (0).  By  replacing  /  by 
t ,,/  and  taking  into  account  (1.11)  we  further  obtain 

T  *  f  (h)  —  Af  (h)  for  any  h  £  Rn. 

The  assertion  is  proved.  Note  that  T  may  not  belong  to  Cn  <R"). 
This  assertion,  however,  allows  us  to  define  the  operation  of  the 
convolution  of  functionals  of  the  space  Cn  (Rn)- 
Let  Tlt  6  C*n  (Rn).  Then  it  is  obvious  that  the  mapping 

Af  =  T1  *  (To  *  /) 

is  continuous  and  invariant  with  respect  to  a  shift. 

Thus,  as  proved  above,  there  exists  T  £  C%  (Rn)  such  that  for 
any  /  €  Cx  (Rt!) 

T  *  f  =  Tx*  (T2  *  f).  (1.13) 

Now  we  may  give  the  following  definition. 

Definition.  The  functional  T  defined  by  relation  (1.13)  will  be  called 
a  convolution  of  the  functionals  Tx,  1\  6  Cfi  (Rn)  and  denoted  by 

rn  dcf  rn  rn 

1  =  I  ,  *  ./  2. 

By  using  (1.12)  and  (1.13)  we  obtain  the  relation 
T*f(0)  =  T  (/)=r1  ((T2  *  f)') 


(1.14) 
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from  which  it  follows  that  T  6  Cn  (R")  due  to  the  fact  that  /  -> 
— ^  ^ 2  *  /) "  is  a  continuous  linear  mapping  from  CN  (R?!)  into 
Cw(Rn)  and  Tx  £  C+N  (Rn). 

Thus,  we  have  proved  the  theorem  that  follows. 

Theorem.  The  space  C*n  (Rn)  is  invariant  relative  to  the  operation  of 
convolution. 

Some  important  properties  of  the  operation  of  convolution  are 
given  by  the  theorem  that  follows. 

Theorem  1.2.  The  operation  of  the  convolution  of  functionals  of  the 
space  Cn  (Rn)  is  commutative  and  continuous  in  factors. 

Proof.  The  continuity  of  the  convolution  follows  directly  from 
(1.14).  In  fact, 

k(/)kl|7,ill^ll^*/llcJV<||7’,||c*||7’2llc*ll/l|Cjv. 

Hence 

II  Ti  *  llC*(R»)<||  T>  HCjy(Rn)  H  ^  HC*<r")  (i-^) 

which  means  the  continuity  of  the  convolution  in  factors. 

Now  show  the  commutativity  of  the  convolution,  i.e.,  prove  that 
for  any  /  £  CN  (Rn)  the  equality 

Tx  *  T2  (/)  =  T2  *T1  (/)  (1.16) 

holds. 

If  we  show  that  (1.16)  is  fulfilled  for  any  /  £  C™  (Rn),  then  from 
Lemma  1.1  it  follows  that  (1.16)  is  also  correct  for  any  /  6  CN  (R?'). 
For  this  purpose  we  shall  need  the  lemma  that  follows. 

Lemma  1.2.  Let  cpe  £  C°°0  (Rn)  and  have  the  following  properties : 
cpe  ipc)  ^  0  for  any  x  £  Rn  and  j  <pe  (x)  dx  —  1,  cpe  (#)  =  0  for 

|  x  |  ^  e  >  0;  then  for  any  cp  £  C™  (Rn)  the  following  relation  is 
valid : 

lim  T  *  (cpe  *  cp)  =  T  *  cp. 

£  I  0 

Proof.  From  the  obvious  equalities  we  obtain 

T  *  <p8  *  cp  —  T  *  <p  =  T  *  ((pe  *  cp  —  cp). 

By  virtue  of  the  continuity  of  the  convolution  we  have 

||r*((pE*(p-(p)  llcJv(Rn)<ll2r,llc^(R»)ll(f£*9--TllCjv(R"r  (1A?) 

But  lim  ||  cp8  *  (p  —  cp  |L  /  n\  —  0.  This  completes  the  proof 
£  *  0  ’ 
of  the  lemma. 
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We  shall  now  proceed  with  the  proof  of  the  theorem. 

Let  {T\}n>Q  be  a  sequence  of  finite  functionals  convergent  to  Tlt 
and  {Tf}m>0  be  a  similar  sequence  convergent  to  T  2.  By  considering 
(1.17)  we  obtain 

lim  (T’l  *  q^)  *  ( T f  *  <pE)  (/)  =  Tl  *  T2  (/). 

E  I  0 

But  T\  *  (pe  and  Tf  *  (pe  are  finite  continuous  functions,  and  for 
this  reason  we  have 

(Tl  *  <pe)  *  (Tf  *  (pe)  (/)  =  (Tf  *  q,e)  *  (Tl  *  <pe)  (/). 

Thus,  the  commutativity  of  the  convolution  is  proved,  and  at  the 
same  time  Theorem  1.2  is  also  proved. 

We  shall  establish  another  important  property  of  the  functionals 
of  space  Cn  (R").  Let  /  £  C N  (Rn).  With  no  loss  of  generality  one  may 
set  n  ==  2  here.  Bring  the  function  F  (xx,  x2)  in  correspondence  with 
any  function  f  (xu  xf)  according  to  the  formula 

X-2 

F(xt  x2)=  j  f(xu  l)d\.  (1.18) 

o 

Show  that  the  mapping  /2  :  /  (xu  x2)  F  (xlf  x2)  given  by  (1.18) 
is  a  continuous  linear  mapping  from  CN  (Rn)  into  CjV+1  (Rn). 

In  fact, 

*2 

j  f(*tl)dl  <II/IIcn(r2>|x2|  (l  +  |;r|)N. 
o 

Consequently, 

II (*1,  ^Cjv+1(R2)^  II  f  HcjyCR2)-  (1.19) 

Since  the  linearity  of  the  mapping  /a  is  obvious  the  assertion  is 
proved.  Define  for  any  functional  T  £  Cft+i  (R2)  the  functional  T° 
given  by  the  formula: 

T*  (/)  =  T  (7a  (/))  for  any  /  €  CN  (R2).  (1.20) 

Since  /2  and  T  are  continuous  mappings,  it  follows  that  T°  £  C%. 
Besides,  T  £  C++ i  (Rn),  hence  T°  £  Cn  (Rn).  By  considering  (1.19) 
it  is  not  difficult  to  note  that  the  following  inequality  is  valid: 

Thus  by  means  of  relation  (1.20)  we  have  defined  a  continuous 
linear  mapping  /2  :  Cjv+i  Cn  which  has  the  following  property: 
if  f  (xu  x2)  is  a  continuous  function  from  CN  (R2)  such  that 
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f'X2  (xu  x2)  £  CN  (R2),  then  for  any  T  £  Cn+  i  (R")  we  have 

1 2  (T)  {fx,  (xu  x2))  =  T  (/  (xu  Xo)  —  f  {xlt  0)). 

Formulate  the  obtained  result  in  the  general  form. 

Theorem  1.3.  There  exists  acontinuouslinear  mapping  I  t:CN+i{  Rn)->- 
—>•  Cn  (Rn)  which  has  the  following  property :  if  f  £  C N  (Rn)  and 
fx ,  £  CN  (Rn),  then  for  any  T  £  Cn+\  (Rn)  we  have 

U  (T)  (/;.)  =  t  {f  (*lf  .  . .,  *i,  /  (*lf . . o, . . *„)), 

where  /*  is  defined  by  the  formula  identical  to  (1.20). 

Now  pass  on  to  the  construction  of  spaces  JPjv  (Rn).  For  this 
purpose  we  shall  define  the  Fourier  transform  of  the  functionals  of 
the  spaces  Cn  (Rn). 


Definition.  The  mapping  ,<f  which  brings  the  function 


L(t) 


def  1 
(2n)"/2 


L  (e~ixt) 


(1.21) 


in  correspondence  with  each  L  £  Cn  (Rn)  will  be  called  the  Fourier 
transform  of  the  functionals  of  the  space  Cn  (Rn).  It  is  obvious  that 
the  Fourier  transform  is  a  linear  mapping.  We  shall  establish  the 
properties  of  the  Fourier  transform  of  the  functionals  of  the  space 
C+N  (Rn).  By  C+  (Rn)  denote  the  space  C*N  (Rn)  for  N  =  0. 


Lemma  1.3.  The  Fourier  transform  of  the  functionals  of  the  space 
C+  (R™)  has  no  kernel  and  maps  C+  (R")  into  C  (Rn). 


Proof.  Let  T  £  C+  (R”)  and  T  =jt=  0,  and  let  T  (e~‘tx)  =  0  for  any 
t  £  Rn.  Then  there  exists  f  £  C  (Rn)  such  that  T  (/)  =^=  0.  Further, 
according  to  Lemma  1.1  there  exists  a  sequence  {q)„}n>o  cr  Co  (Rn) 
such  that  lim  T  (<p„)  =  T  (/).  Next  for  any  <pn  £  Cff  (R,!)  there 


exists  cpn  £  S  such  that  <pn  (x)  =  ^  e  ltX(Pn  (0  dt.  The  con¬ 

vergence  of  this  integral  is  uniform. 

Consequently, 


T  (9n) = I  T  ^  W  dt = °- 


Hence  lim  T  (<pn)  =  0.  The  obtained  contradiction  illustrates 

n-*-oo 

the  fact  that  the  Fourier  transform  of  the  space  C+  (Rn)  has  no  kernel. 
Now  show  the  continuity  of  T.  For  any  n>  0  the  mapping  £-> 
-*•  i| ine~xtx  (f„  being  defined  by  Lemma  1.1)  is  obviously  continuous 
as  a  mapping  from  Rn  into  C  (Rn).  Then 

T  ( e~itx )  =  T  (^ne-itx)  +  T((  1  -  ^n)  e~itx). 
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For  any  8  >  0  there  exists  A  >  0  such  that  if  n>  A,  then 
|  T  ((1  —  i|)n)  e~ltx)  |  <  e/3  for  any  t  £  R".  At  the  same  time  there 
exists  8  >  0  such  that  |  T  (i|;n  ( e~ltx  —  e~u°x))  |  <;  e/3  for  any  t 
satisfying  the  inequality  \t  —  t0  |  <8  for  some  rc  >  A. 

Hence  [  T  ( e~xtx  —  e~xt°x)  |  <;  e  whenever  |  t  —  t0  |  <8.  Lem¬ 
ma  1.3  is  thereby  proved. 

Now  let  N  >  0.  Then  the  mapping  t  ->  e~Ux  is  continuous  as  a 
mapping  from  Rn  into  (Rn).  Moreover,  for  any  polynomial 
p  (xu  .  .  .,  xn)  with  a  degree  no  greater  than  N  —  1  the  mapping 
t ->■  pe~llx  from  Rn  into  CN  (Rn)  is  continuous  and  the  function 

Fp  (t)  =  T  ( e~Uxp  (*)) 

is  also  continuous  for  any  T  d  C%  (Rn).  This  assertion  follows  direct¬ 
ly  from  the  definition  of  the  norm  in  C N  (Rn).  If  the  degree  of  the 
polynomial  p  (aq,  .  .  .,  xn)  is  equal  to  N,  however,  then,  generally 
speaking,  Fp  ( t )  will  not  be  a  continuous  function. 

If  SDf  is  a  differential  operator  of  degree  no  greater  than  N  —  1, 
then  by  virtue  of  the  continuity  of  the  mapping  t  —>~  0j)<fe-xtx  we  have 

T  (2)?e-itx)  =  3tT  (e~itx)  =  T({-  ixfe~itx) 

for  any  T  6  C%  (Rn).  This  means  that  the  Fourier  transform  of  any 
functional  T  £  C%  (R™)  is  an  N  —  1  continuously  differentiable 
function  limited  with  its  derivatives,  i.e., 

(C%)ci  C(JV-1). 

Besides,  functionals  from  Cn  (Rn)  are  characterized  by  the  lemma 
that  follows. 


Lemma  1.3*.  The  Fourier  transform  of  the  functionals  of  the  space 
C+N  (R”)  has  no  kernel  and  maps  Cn  (Rn)  into  C(A)(R”). 


Proof.  The  triviality  of  the  kernel  in  the  Fourier  transform  is 
proved  in  the  same  way  as  in  Lemma  1.3. 

We  have  already  seen  that  jF  (Cn  (Rn))  C(JV'“1)(Rn);  there¬ 

fore,  it  remains  to  be  proved  that  for  any  polynomial  p  of  degree  N 
the  function  Fr,  ( t )  =  T  (e~xtxp  (x))  is  continuous  for  any  T  6  Cn  (R™)- 
The  mapping  from  C N  (Rn)  into  C  (Rn)  described  by  the  relation 

/->-  - - — ^  is  an  isometric  isomorphism  of  CN  (Rn)  and  C  (Rn). 

Hence  for  any  L  £  Cn  (Rn)  from  the  formula 


A  (pe~ixt)  —  L  ((1  +  | 


\N  pe 


(1  +  1*1)' 


■ixt  \ 


=  (Lc(\+\x\)N) 


I  pe~ixt  ^  _  t  /  p  (x)  e~ixt  \ 

1  (1  +  1*  I)”"  ’  “  ‘  (1  +  1  ^  1)^  / 
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it  follows  that  L  £  C+  (Rn).  As  in  Lemma  1.3  it  remains  to  be  shown 
that  L  (  -  - z,  is  a  continuous  function,  and  this  will  com- 

Ml  +  I*l)w' 

plete  the  proof  of  Lemma  1.3*. 

Denote  by  38  N  (Rn)  the  Fourier  transform  of  the  space  Cjv  (R?i) 
into  C(JV)  (R  ").  As  has  been  proved,  the  Fourier  transform  realizes 
an  isomorphism  between  Cjv  (R")  and  38  N  (Rn).  Therefore,  we  may 
introduce  the  norm  in  98  N  (Rn)  as  follows: 

rjpf 

II  T  H^Y(Rn)  —  H  ^-4(P  Hc|r(R«)-  (1.22) 

Since  Cjv  (Rn)  is  closed  in  Cjv  (R”)  it  follows  that  38  N  (Rn)  becomes 
a  Banach  space  with  respect  to  the  norm  (1.22). 

Let  be  a  differential  operator  with  degree  no  greater  than  N, 
then  for  any  function  cp  £  38  N  (Rn)  we  have 

^t(p=  (2jijn/2  ^  (<P)  (( -  e-itx). 

Hence 

I  ^“<P  Wl<^  II  («P)  \\c*N(nny 

For  this  reason  the  convergence  in  38  N  (Rn)  leads  to  the  convergence 
in  the  norm  C(JV)  (Rn).  Thus  38  N  (R”)  is  continuously  embedded  in 
Cw(Rn). 

Let  Tx,  T2  6  Cjv  (Rn).  By  definition  of  the  convolution  of  func¬ 
tionals  and  by  virtue  of  Theorem  1.2  there  exists  the  Fourier  trans¬ 
form  of  the  convolution 

3F  (T2  *  Tt)  =  ,f  (: T t  *  T2)  =  -^r  Tt  (T2  (*-«*+«*))  =  ( 2n)n/ 2  TyT2. 


Next  from  (1.15)  we  obtain 

1 


I  T2*Tl  Hc^(Rn)< 


II  T2  lie*' -II  Ti\\C%- 


This  provides  the  proof  of  the  theorem  that  follows. 

Theorem  1.4.  The  space  38  N  (Rn)  is  a  Banach  algebra  with  respect 
to  the  ordinary  operation  of  multiplication  of  functions  and  is  conti¬ 
nuously  embedded  in  the  Banach  algebra  C(iV)(Rn). 
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Let  the  function  /  6  Ca>  (Rn).  Introduce  the  notation  for  the 
difference  derivative  of  the  function  /  with  respect  to  xp. 

6/  ,  *  N  del 

dx-  *  *  *  ’  ^i+1’  •  •  •>  *^n)  - 


/  (*r  1>  •••)  •*•/»  •••>  •£»)  f  {x  li  •  •  •?  •••»  ^n) 


With  no  loss  of  generality  in  what  follows  below,  we  set  re  =  1. 
In  complete  analogy  with  Theorem  1.3  we  may  obtain  the  following 


result:  let  /  6  CN  (R2),  then  the  mapping  /  :  /  j  /  (£,  x  —  \)  d% 

o 

is  continuous  and  maps  linearly  Cjv  (R2)  into  C N+x  (R),  and  for 
any  T  £  Clv+i  (R)  the  functional  L  defined  by  the  relation 

L  (/)  =  T  (/  (/))  (1.23) 


belongs  to  Cn  (R2).  Thus  we  have  defined  a  continuous  linear  map¬ 
ping  from  Cjv+i  (R)  into  Cn  (R2)  provided  by  the  formula  (1.23). 
Put  in  (1.23)  the  function  instead  of  /. 

Then  the  function  L  £  38  N  (R2)  and  we  have 

L  ifi,  t2)  =  T  (/  (e-nw-u«2)).  (1.24) 

But 


/  (g-itixi _ e-ikx-l) 


e-itlx__e~it2x 

Hh  —  h) 


Consequently, 

T  (I  (e-nixi-«,.v,))  =  _ i  . 

ti  —  t  2 


By  virtue  of  (1.24)  the  function  belongs  to  3ft  N  (R2), 

t\  t% 

and  the  mapping  from  3ft  (R1)  into  SB  N  (R2)  given  by  the  relation 
<p  ->  -^jj-(x;  x')  is  continuous  and  linear  due  to  the  fact  that  the  map¬ 
ping  from  Cjv+i  (R)  into  Cn  (R2)  defined  in  Theorem  1.3  is  continuous 


and  the  norm  in  3ft  N  (Rn)  is  determined  by  formula  (1.22).  Thus  we 
have  established  that  the  theorem  that  follows  is  valid. 


Theorem  1.5.  Difference  differentiation  is  a  continuous  linear  map¬ 
ping  from  3ft  jv+i  (Rn)  int°  $  n  (R"+1). 

Very  often  it  is  not  easy  to  establish  whether  a  function  belongs 

to  the  algebra  N  (Rn).  It  is  well  known  that  for  +  N 

the  space  (R")  continuously  embeds  in  C(N)  ( R”).  We  have 
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established  that  98  N  (Rn) .  is  continuously  embedded  in  C(A)(R"). 
The  lemma  that  follows  will  be  valid. 


Lemma  1.4.  The  space  W\  (Rn)  for  k  >  ~  +  N  is  continuously 
embedded  in  99  N  (Rn). 

Proof.  Let  q>  6  S  and  /  6  C N  (Rn).  Then  the  following  inequality 
is  valid: 


j  <P  (#)  /  (x)  dx  =  j  <p(*)(l  +  |*|) 


N+  T+e 


/  (*) 


(l  +  |x|)N+n/2+E 


dxt 


I  / 


'CN(Rn)  II  T  II^N+n/2+E(R- 


sV  I 


dx 


(i  +  M)n+E 


<cII/IICw(r-)IItI 


N+-^-+£ 

W9  *  <Rn) 


Next,  S  is  dense  in  W%  (Rn);  consequently  for  any  function  <p  6 
£  W\  (Rn)  the  above  inequality  holds  and  any  function  <p  from 
W\  (Rn)  generates  a  continuous  linear  functional  from  C%  (R") 
described  by  the  formula 

2"<p(/)  =  j  yix)l(x)  dx 


for  any  /  6  CN  (Rn). 

Show  that  if  <p  £  (Rn)  and  cp  =#=  0  then  there  exists  /  £  C N  (Rn) 
such  that  j  cpf  dx  =/=  0.  Suppose  the  opposite.  Then  for  any  function 

i|)  £  Co°  (Rn)  we  have  j  cpap  dx  =  0.  The  space  W\  (Rn)  is  continuous¬ 
ly  embedded  in  L2  (Rn)  and  Co  (Rn)  is  dense  in  L2  (Rn).  Hence 
q>  —  0.  Considering  the  inequality  obtained  above  we  see  that 
Wh2  (Rn)  is  continuously  embedded  in  Cn  (Rn).  Consequently 
W\  (Rn)  is  continuously  embedded  in  98N(W).  The  Lemma  is 
proved. 

Denote  by  C N  [Rn,  B ]  the  set  of  all  continuous  functions  on  Rrt 
with  values  in  the  Banach  space  B  for  which  the  norm 


def 

ll/llcw[R»  B]=SUP 


II /W  11b 

(l+l*l)w 


is  finite. 

Define  the  operation  of  the  pairing  of  the  spaces  C &  (Rn)  and 
CN  [Rn,  B]  as  follows. 

Let  L  £  Cn  (Rn)  and  /  6  C N  [Rn,  51.  Define  the  linear  functional 
(L,  /)  on  B*  by  the  formula 


(L,  f)(h*)  =  L(h*f). 


(1.25) 
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Then 

|  (L,  />  ( h *)  | <  ||  L  ||c. (R„,  •  II  h*  ||B*  •  ||  /  ||Cw[R„  B] 

and,  consequently,  (L,  f)  £  B**.  The  mapping  /  :  Cn  (Rn)  X 
X  CN  [Rn,  B]—yB**  defined  by  the  formula  (1.25)  will  be  called 
the  pairing  of  Cn  (Rn)  and  CVtR™,  B]. 

Lemma  1.5.  The  functional  { L ,  /)  defined  by  (1.25)  for  any  f  £ 
6  CN  [Rn,  B ]  and  L  £  C n  (R")  belongs  to  B  ( considered  as  a  subspace 
in  B**). 

Proof.  It  is  known  that  a  functional  g  £  B**  belongs  to  B  if  and 
only  if  g  is  continuous  in  the  weak*  topology  of  the  space  B*. 

Let  the  sequence  (h?n)m>0  c:  B *  converge  weakly*  to  zero.  Show 
that  ( L ,  /)  (h*n)  also  converges  to  zero,  which  will  complete  the 
proof  of  the  lemma.  From  Lemma  1.1  it  follows  that  for  any  e  >  0 
there  exists  M  >  0  such  that  for  n  >  M  we  obtain 


|  L  ( h *  (1  -*„)/)  |  +  e  ||  h*f  ||  <  e  ||  h*  ||b*  II  /  llCjv[R»  B] • 

Any  weakly*  convergent  sequence  is  bounded.  Consequently  for 
any  e  >  0  there  exists  M  >  0  such  that  for  all  n>  M  the  estimate 
is  valid: 

I  (L,  />(/4)-<L,  *„/>(/&)  |<e.  (1.26) 

The  function  t|in/  is  continuous  and  of  compact  support.  Therefore 
there  exists  a  function  fn  with  a  finite  number  of  non-equal  values 
such  that  ||  /„  —  /  ||c  [Hn  <  e.  But  since  in  the  weak*  topology 

hfn  ->■  0  it  follows  that  (L,  fn)  ( hm )  -*■  0  for  m  ->  oo.  By  virtue  of 
(1.26)  we  thus  obtain  that  for  any  e  >■  0  there  exists  M'  >  0  such 
that 

I  (L,  f)  ( hfn )  I  <  3e 

for  any  mf>  M' .  The  lemma  is  thereby  proved. 

Thus  the  pairing  of  C+N  (Rn)  with  C N  [Rn,  B ]  described  by  (1.25) 
is  a  continuous  linear  mapping  from  Cn  (Rn)  X  Cn  [Rn,  B]  into  B. 

In  complete  analogy  with  the  preceding  section  we  may  construct 
the  algebra  s  (R^),  where  sx,  .  .  sN  are  integers.  For  this 

purpose  denote  by  C$l . Sn  (Rn)  the  Banach  space  of  functions 

continuous  on  RN  and  having  a  finite  norm 


def 

N\  =  SUP 


I  S  (x)  | 


.•c£Rn(l  +  |^ll)  1  ...(l  +  |xW|)  » 


The  closure  of  continuous  functionals  finite  in  CS1 . Sn  (Rn) 

will  be  denoted  by  C+Sy  . . .,  Sjv  (Rw).  Construct  . . .,  Sjv  (RlV) 
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from  CsU  . ...  sw  (RN)  in  a  manner  similar  to  the  one  we  have  used  in 
constructing  8? N  (Rn)  from  Cn  (R”).  The  isometric  isomorphism, 
which  is  made  use  of,  will  be  called  the  Fourier  transform  and  deno¬ 
ted  by  jF. 


Sec.  2.  The  Functions  of  Two  Noncommutative  Self-Adjoint 
Operators 

Let  A  and  B  be  self-adjoint  operators  in  a  separable  Hilbert  space 
H  and  let  T  be  an  operator  of  the  Schmidt  class  B2  (H). 

In  Sec.  9  of  Chapter  I  the  pair  (A,  B)  of  the  operators  commutative 
in  the  everywhere  dense  set  defined  on  a  Hilbert  space  B2  (H)  cor¬ 
responded  to  the  pair  of  operators  (A,  B).  There  exists  a  homomor¬ 
phism 

a#--:  C  (R2)  Op  (Bz  (H)), 

which  translates  the  function  /  6  C  (R2)  into  the  operator  /  (A,  B), 
||  f  {A,  B)  ||b2(H)  11/  ||c(R=)-  The  homomorphism  M-*  -g  induces 

the  mapping 

M  3  2  i  :  C  (R2)  —*■  B2  (H) 

A,  T,  B 


for  a  fixed  T  by  means  of  the  formula 


def  -> 

3  2  i f=f(A,  B)T. 

A,  T,  B 


We  shall  write  M  instead  of  e#3  2  1 

A,  T,  B 


<Mf  = 


and  use  the  notation 


Obviously,  the  following  estimate  is  valid: 


C(R2) 


II 


T  II 


2> 


where  ||  ||  is  the  norm  of  an  operator  H.  Thus  M  is  a  homomorphism 

2  (  '■(  1  \ 

of  normed  spaces.  Note  that  the  definition  of  the  operator  Tf  \A,  B ) 
agrees  with  the  definitions  of  the  preceding  section:  if  /  6  &o  (R2) 
then  the  following  formula  is  valid: 


Tf(l,  B)h^~\  (F~lf)  (L,  £2)  e~iAtlTe~imdi  dti  dt2 

R2 

or  any  h  £  H.  Besides,  the  following  equality  is  valid: 
Tfi  (i)/2(i)=/i(A)  772(£). 
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Lemma  2.1.  The  following  estimate  is  valid-. 

Tcp\A,  B)  \  ^4,  B )  2=^  II  <P  llcdt2,  ^  B>  2. 

Proof.  We  have 

2  /  3  i\  /  3  i\  -4-  ->  4- 

r<pU  B)y\A,  B)  3  =  II  q>  (A,  B)$(A,  B)T  ||2< 
<l|cpllC(U2,IM’(X  5)r||2  =  ||<p||C(R2)||^(i,  b)  ||2. 

From  Lemma  2.1  it  follows  that  the  kernel  of  the  homomorphism 
3,fl  is  an  ideal  in  C  (R2). 

Definition.  The  point  k  £  R2  will  be  called  a  point  of  the  resolvent 

set  p  \A,  T,  B )  of  the  pair  of  operators  A,  B  withrespect  tothe  operator 
2 

T  if  there  exists  such  a  neighborhood  U  of  this  point  that  any  function 
if  £  Co  (R2)  with  the  support  in  U  belongs  to  the  kernel  of  the  homo¬ 
morphism  off. 

(  3  2  i\ 

The  complement  of  the  set  p  \/l ,  T,  B )  in  R2  will  be  called  the 

/  3  2  1  \  3  1  2 

spectrum  a  \.4,  T,  B )  of  the  pair  of  operators  A,  B  with  respect  to  T . 
Theorem  2.1.  (1)  Any  function  in  C  (R2)  with  the  support  in 

(  3  2  i  \ 

p  \R,  T,  B)  belongs  to  the  kernel  of  the  homomorphism  oM. 

(2)  If  cp  belongs  to  the  kernel  of  the  homomorphism  att  then  any  point 

/  3  2  1  \ 

%  6  R2  for  which  cp  (k)  =f=  0  belongs  to  p  \ A,  T ,  B )  . 

(3  2  1  \  /  3  2  1  \ 

A,  T,  B)  .  Note  that  p  \yl,  T,  B) 
is  the  maximal  open  set  in  R2  which  satisfies  the  condition 

[?££??  (R2)  a1ld  SUPP  9CP  (X  (-4)  b)  =o]. 

Suppose  the  support  /  is  compact.  Then  there  exists  such  a  sequence 

/  3  2  1\ 

{/„}  of  functions  in  Co°  that  supp  fn  cz  p\A,  T,  B)  and 
lim  ||  fn  ( x )  —  /  ( x )  ||c(R2)  =  0.  For  this  reason 

n-+oo 

o  /  O  -I  \  9  /Ql\ 

Tf(A,B)  =  lim  Tfn  (a,b)  =  0. 

71-*  OO 

Remove  the  assumption  that  supp  /  is  compact.  Consider  the 
linear  manifold  L  of  vectors  of  the  form 

q=nB)h,  *  6  Ct  (R), 


15-01225 
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which  is  dense  in  H .  Obviously  it  suffices  to  prove  that  the  restriction 

2/3  1\ 

of  the  operator  Tf  \A,  B )  on  h  is  equal  to  zero.  Let  q  =  ip  (B)  h, 
ip  6  Coj  (R)  and  let  {<pn}  be  such  a  sequence  of  functions  in  Co  (R) 
that  (pn  {A)  converges  point-by-point  to  the  unit  operator.  We  have 

Tf{l,  b)  q  —  Tf  (J,  iMiK  = 

=  lim Tq>n  (ad)  /  (h,  B )  \|p  {b)  h  =  0, 

n->oo 

since  the  support  of  the  function  cpn  (xx)  f  (xlt  x2)  ip  (x2)  is  compact 

/  3  2  i\ 

and  lies  in  p  \zl,  T,  B ) .  Item  (1)  is  proved. 

2  (3  i\ 

Now  let  T(p\A,B)  =0  and  cp  (X)  0,  X  being  a  point  in  R2. 

Consider  the  function  e k  £  C “  (R2)  which  is  equal  to  zero  outside  the 
e-neighborhood  of  the  point  X.  For  sufficiently  small  e  >  0  the 
function  F  =  e;/rp  belongs  to  C  (R2).  But  ek  =  cp F.  Hence  the  func¬ 
tion  <p  belongs  to  the  kernel  of  the  homomorphism  a//.  Since  the 

2  (  3  M 

kernel  of  the  homomorphism  a U  is  an  ideal  in  C  (R2),  Tek  B)  =0. 
The  theorem  is  proved. 

Theorem  2.2.  The  point  X  =  (Xlf  X2)  belongs  to  p  (.4,  T,  b)  if 
and  only  if  there  exist  functions  <plt  (p2  6  (R)  such  that  (pA  (A,!)  =/=  0, 

<p2  (^a)  =/=  0  and  <Pi  (-4)  T  <p2  ( B )  =  0. 

Proof.  Let  X  =  X2)  £  R2  and  there  exist  functions  qpx,  (p2  £ 

6  Co  (R)  such  that  cpt  (X^  <=/=■  0,  q)2  (X2)  =#=  0  and  (px  (A)  T( p2  ( B )  =  0. 

/  3  2  i\ 

Prove  that  X  £  p  \4,  T,  Bj .  The  inverse  statement  follows  directly 
from  the  definition.  It  is  obvious  that  there  exists  such  a  neigh¬ 
borhood  U  of  the  point  X  in  which  the  function  (px  (Xx)  cp2  (X2)  does 
not  vanish.  Let  ip  be  an  arbitrary  function  in  C™  (R2)  with  the  support 
in  V.  Denote  X  (*)  =  •  Then  %  (R2)  and  ip  (x)  = 

—  X  (x)  <Pi  (^i)  (p2  O^)-  Since  the  kernel  of  the  homomorphism  all 
2  ( 3  ^ 

is  an  ideal  in  C  (R2),  T ip  \4,  B)  =  0.  The  theorem  is  proved. 

Corollary.  (1)  o  14,  T,  B)  cz  a  (A)  X  a  (Z?); 

(3  2  i\ 

(2)  the  point  (Xx,  X2)  belongs  to  a  \ A,  T,  B )  if  and  only  if  the  point 

I  3  2  1  \ 

(X2,  Xt)  belongs  to  a  \B,  T*,  A  )  . 
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Let  C  (p)  be  a  set  of  all  complex  functions  continuous  in  R2  with 
supports  in  the  open  set  p  cz  R2.  C  (p)  is  an  ideal  in  C  (R2).  Consider 
the  Banach  factor-algebra  C  (R2)/C  (p).  Denote  by  a  the  complement 
to  p  in  R2.  Let  C  (a)  be  an  algebra  of  continuous  complex  functions 
in  o  with  the  ordinary  norm 

II  /  llc«T>  —  SI'P  |  /  (x)  I- 

If  f1  and  /a  are  two  functions  in  C  (R2)  which  correspond  to  the 
same  element  of  C  (R2)/C  (p)  then  the  shrinkage  of  the  function  /x 
coincides  with  the  shrinkage  of  the  function  /2  into  a.  This  means 
that  the  mapping  of  the  shrinkage 

f  f  |<j 

induces  the  mapping  n0  :  C  (R2)/C  (p)  ->•  C  (o),  which  is  the  map¬ 
ping  onto  all  C  (a)  because  any  function  continuous  in  0  may  be 
extended  to  the  function  which  is  continuous  in  R2. 

Lemma  2.2.  The  mapping  Jt0  preserves  the  norm.  The  proof  is  left 
to  the  reader. 

From  Lemma  2.2  it  follows  that  jt0  is  an  isomorphism.  By  means 
of  this  isomorphism  let  us  identify  the  algebras  C  (R2)/C  (p)  and 
C  (0). 

Theorem  2.3.  Let  n  n  2  i\  be  the  projection  of  C  (R2) 

o\A,T,  B) 

into  C  (0  (.4,  T,  b))  .  Then  the  following  expansion  is  valid-. 
<*ff  =  oHa  it.  (2.1) 

Here  e#CT  :  C  (0  [a,  T,  Z?))->Z?2  (//)  is  the  homomorphism  of 
Banach  spaces  defined  uniquely  by  (2.1). 

The  estimates  are  valid: 

Ik/MKimk,  Ik/«ll2<lkl|c(a(l  r,  h))W^\\2. 

The  proof  is  left  to  the  reader. 

Finally,  we  shall  consider  the  following  theorem  which  is  impor¬ 
tant  for  some  applications. 


Theorem  2.4.  Let  9  be  a  real-valued  continuous  function  in 
I  3  2  i\  2  .  (3  i) 

[A,  T,  B)  .  Then  Tel(fU’B)  2  =  ||  T  ||2. 


This  theorem  follows  directly  from  the  unitariness  of  the  operator 
ei<r(A,  b)  (see  preceding  chapter  and  Theorem  4.3). 
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Sec.  3.  The  Functions  of  Noncommutative  Operators 

Let  the  space  CSu  ....  *N  (R^,  B)  be  defined  similarly  to  the  defi¬ 
nition  of  CS(R,  B)  in  Chapter  I.  If  /  £  CJ, . ,N  (RN)  and  Gg 

6CS1 . Sn  (R^,  B)  then  the  integral 

j  f  (x)  G  ( x )  dx 


will  be  understood  in  the  same  sense  as  in  the  case  N  —  1. 

Let  there  exist  a  vector-operator  (1.1).  Set  for  any  cp6  . Sjv.(RN) 

2m4m  23V-2  ,  (  1  3  2»-l\  dof 

TWT(2)...  T  jv"1  <p  (^li,  A2,  AN)h= 
j  cp  (i t)U  ( t )  h  dt, 


(2n)N/2 


(3.1) 


where  <p  =  F-1q)  and  U  ( t )  is  a  function  of  the  operator  (1.2). 
Lemma  3.1.  The  following  estimate  is  valid : 


2,.. 

2JV-2 

1 

2JV-1I 

.  T  C^-D(p 

<Ai,  . 

•  >  an  ) 

Bx~>  Bx+ki+ 

< 


T 


(i)  i 


3V-t 


Bx+hi-*  Bx+ki+h 


X 


2N-2 

...  X  T 


■®T-f  j  +  +  1  ^ 

x|ML 


SN 


where  c  depends  only  on  t  and  on  the  operators  At,  .  .  .,  A N 
The  proof  follows  immediately  from  the  inequality 


j  /  (x)G  (x)  dx 

R* 


■<SN 


(bn) 


V 


(RN,  B) ' 


Note.  It  is  obvious  that  in  the  above  constructions  one  may  consi¬ 
der  the  degrees  st  of  the  generators  At  :  Bx  Bx+ki  as  functions 
of  t.  We  have  not  reflected  this  in  the  notation  for  the  sake  of  sim¬ 
plicity.  In  every  formula  it  is  clear  at  what  point  x  one  has  to  consi¬ 
der  Si .  An  alternative  approach  is  to  consider  the  Banach  scales 
{Bx}  where  x  varies  only  over  a  finite  set  of  values.  Then  one  may 
choose  the  degrees  st  independent  of  t,  but  the  operator 


|(D 


23V-2  .. 

p  (N-l) 


<P 


Gi, 


23V-  1  \ 

An  )  : 


Br 


+ 

will  now  be  defined  only  for  certain  values  of  t. 
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Example.  Let 

£x=W2-t(R),  Z)  =  C?(R), 

-d2cp  ( x )  —  xy  ( x ),  Ai  (p(x)—  —  icp'  ( x ), 


oo 

T<t{x)  =  -^=-  j  e»*VT T^v(p)dp,  q»G^o  (R)- 


Then 

]ci  =  k2  =  0,  l  —  m,  Sj  =  0,  s2(x)  =  | 


—  t  for  t<  0, 
0  for  t^O. 


It  is  not  difficult  to  verify  that 

TcpUa,  a)  rp(x)=  ■  ,-L  ■  j  eip*cp  (x,  p)  V 1  +  p2”1  $  (p)  dp, 

*  —  OO 

where  \J:  ==  i|; .  We  shall  denote 


2 

Tcp 


1 

.  d 


'l >{X)  =  L  —i-frl  *!>(*)» 


where  L  ( p ,  x)  =  q>(p,  x)  ]/"  1  +  p2m.  By  virtue  of  Lemma  3.1  we  have 


L  I  x,  — i 


l 

.  a 

dx 


where 


Wr2{R)-+  WTfm(.K) 


<c||cp| 


?r-m, 


<p  ( xi  x2)  —  L}Xi'  x^-  c  —  const. 

TV  21  Yi+xlm 

Problem.  Let  <p  £  i?;,  o  (R2), 

L(x,  p)=<p(x,  p)Yi  +  P2m- 


Set 


L  [x,  p)  U  (x)  = 


2it  h 


j  e^P'xL(x,  p)dp  j  e  *  U  (£)  dt,  U£Co{ R). 


Let  S  be  an  infinitely  differential  real-valued  finite  function. 
Define  the  operator  T  ==  Yi  -f-  (p  +  S')2m  in  the  following  way. 

def 

Consider  the  generator  A  =  p  +  S': 

AU  ( x )  =  —  ihU'  ( x )  -f-  S'  (x)  U  ( x ). 
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Set  T„{1)=  <pn  (|)  Y l  +  E2m,  where  {cpn}  is  a  sequence  of  functions 
in  C™  (R)  defined  in  Lemma  3.13  of  Chapter  I. 

Let  TU  =  lim  Tn  (A)  U. 

n-*-o o 

(1)  Prove  that  T  is  a  translator  with  the  step  m  in  {FF~T(R)j. 

(2)  Prove  the  equality 


where 


l(1,  p+s')=Vi  +  (p+sT<p  ( 


i  \ 

p  -\~S' ) ) 


C/6VF2-t(R). 


(3)  Prove  that  this  equality  remains  valid  in  the  case  of  an  arbi¬ 
trary  function  S  £  C°°,  if  it  is  to  be  considered  for  finite  functions  U. 


Notation.  If  %  =  cpaj;  then  we  shall  write 


=  TW 


(  1 

2Ar-n 

Ui, ... 

■  >  an  ) 

- 

2N-: 

2 

1  1 

2IV- 1  \ 

!  i 

T 

(N~ 1}  9 

Ui,  ••• 

>  ^xY  / 

« 

s 

•3- 

X 

Lemma  3.2.  Let  9  (x)  =  qq  (xt)  q>2  (^2)  . . .  9^  (;%),  where 
C^S.(R).  Then 


Tw  .  . .  2Nf2(N~ 1} 


/  1  2N-1\ 

9  ,  An  )  = 

‘PiV- 


=  (pJV(^)T(iV-1)(pJV_1(^_1)  .  .  .  T(1>  CP!  (^1). 


The  proof  is  easily  obtained  from  (3.1). 

Lemma  3.3.  The  linear  span  of  the  set  of  functions  9  of  the  form 
'I’ 0*0  = 'M*i)  •••  'Mzjv),  (R)  (3.2) 

is  dense  in  J?S1>  (Rw). 

Proof.  It  suffices  to  show  that  by  means  of  linear  combinations 
of  functions  of  the  form  (3.2)  it  is  possible  to  approximate  in  the 
space  38 Sli  ....  Sjy  (RA)  the  Fourier  transforms  of  functions  in 
Co  (RA)  and  also  the  exponentials 

x  e-iaiKl-  •  •  .-iaNxN 

For  the  exponentials,  this  is  obvious  because 
g-iaixi-  .  .  .  -iaNxN  __  g-iaixi  _  _  _  g~'xlNxN% 


Now  let  9  be  the  Fourier  transform  of  a  function  in  C’o  (Rn). 
Then  9  £  W2  (RW)  for  any  l.  Any  function  in  the  Sobolev  space  may 
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be  approximated  in  the  norm  of  this  space  with  any  degree  of  accu¬ 
racy  by  means  of  linear  combinations  of  products  of  the  form  (3.2), 
where  all  belong  to  C”  (R)  (prove  it).  To  end  the  proof  it  remains 
to  make  use  of  embedding  Theorem  2.1  of  Chapter  I  and  1.2  of 
Chapter  II. 

Lemmas  3.1  and  3.2  signify  the  existence  of  the  homomorphism 
of  the  Banach  spaces: 

aill .  . $N  (R1^)  —*■  Horn  (Bx,  Bx+hi+ . . .  +;iAT+;1+ . . .  +iw_j)» 

which  is  defined  by  (3.1)  and  which  translates  the  function  cp  into 
the  operator 


2N  -  2 

T 


(N-l) 


(i . 


2JV—  1  \ 

An  ) ! 


besides,  it  has  the  property 


l  1  \  1  3  \ 

1  2N  ~  1  \ 

\A{)  X<p2  \A2)  X  . 

•  •  X  cp.v  \  An  ) 

“  (PA'  (An)  ^  ^  rP.V-l  (sljf-l)  •  •  •  5  qq  (J). 


(3.3) 


It  follows  from  Lemma  3.3  that  this  homomorphism  is  uniquely 
defined  by  the  property  (3.3). 

Thus  the  following  theorem  is  valid. 


Theorem  3.1.  There  exists  a  unique  homomorphism 

2  2iV- 1,..  /  1  2iV- 1  \ 

a//:<p->T(i)...  T  ^ipUi.  ...,  AN) 

of  the  Banach  space  Sjv  (RiV)  into  a  Banach  space  of  everywhere 

defined  linear  bounded  operators  from  Bx  into  Bx+hi+...+hN+h+...+iN_l 
with  the  property  (3.3). 


Sec.  4.  The  Spectrum  of  a  Vector-Operator 

Let  us  make  further  agreements  as  to  the  notation.  If  a  translator 
T  is  identical,  then  we  shall  omit  it  in  the  notation  of  functions 
of  a  vector-operator  and  number  all  other  operators  in  succession. 

2  /  i  3  \  /  i  2  \ 

For  example,  instead  of  Iq>\A,A')  we  shall  write  . 

Let  0\  Do~+-  Bx,  where  D0  zdD.  Then  the  norm  of  the  shrinkage 
0  |D,  which  is  considered  as  the  operator  from  Bx >  into  Bx",  will 
be  denoted  by  ||  0  \\X'^X". 

The  following  lemma  is  obtained  directly  from  the  definitions. 

Lemma  4.1.  Let  At,  i  —  1,  .  .  .,  N  be  generators  of  degree  st 
with  step  kt  on  the  scale  {Bx}  and  let  J(l>,  i  —  1,  .  .  .,  N  —  1  be 
translators.  Let  A\  be  the  operator  At  considered  as  a  generator  with 
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step  kt  +  p*.  Then  for  any  i|j  £  $tti . $N  (RN)  and  h  £  D  the 

following  equality  is  valid : 

2  2N  —  2  -  I  1  21V— I  \ 

Tw  ...  T  W-Vyp  [Au  ...,  An  jh  = 

2,n  2IV-2  u  (  1  2JV-1\ 

=  TW  ...  ....  A'N  )h. 

Lemma  4.2.  Let 


2  /I  3  \ 

T  tP  ^m+l/  x+hi+...+hm 

Then  the  following  estimate  is  valid : 


Am+i )  ||x+ftj  +  .  .  .  +km+h+  .  .  .  +lm- 1  -  —  M <Z  OO . 

i+  •  •  •  +lm 


2  2N-2 

r(1) .  .  .  T  (JV_1), 


/  2m-  1 

2m+l  I 

(  1 

2IV-1  \ 

V  > 

xif^Uj,  . 

•  7  an  ) 

<c 

<cMlllHbs  (R«)  II  II^T+fti+.-.+ft 

•  >  SJV  a=l 


+  /l+  .  .  . +/„ 


Proof.  We  shall  prove  this  lemma  for  N  =  2.  Namely,  prove 
the  following  estimate 


U.iJI 

;c||r<pUi, 


X  -*■  T+ftl+fea  +  i  'L:: 

3  \  II 


<c||7’(p  \-4t,  A2)  ||x+hi->x+hi+i  ||  ,fl|^5l,S2(R2). 

Let  T':  5x+h1->5x+ft)+;1  be  the  closure  of  the  shrinkage  of  the 
2/1  3  \ 

erator  Tty  v^4l7  A2)  on  D.  Then 

T(cpii>)  Q„  i2)=flj3(i1,  i2). 


Indeed,  if  7i£.D  then 


T  if)  (.4j,  v42)  h  — gjr  f 't5  (^i>  ^2)  U (^2)  T  V a  1  ( t\ )  hdt  — 

R2 

~~2n  ^2)  &as  (t2)  ( ^4i ,  -42)  J  UAl{ti)  hdt  = 


j  $(*i>  h)dt  j  cp(Tj,  r2)UA2{r2+t2)TUAi 
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X  (Ti+tjhdx^-^-  j(q>*\|i)  (ti,  t2)  UM(t2)  TUAl(tl)hdt  = 

R2 

2  /  1  3 

=  r(cpi|;)  [Au  A2 

To  complete  the  proof  it  remains  to  make  use  of  Lemma  3.1. 

The  following  theorem  is  proved  in  exactly  the  same  way  as 
Lemma  4.2. 

Theorem  4.1.  For  any  integer  l'  the  following  estimate  is  validi 


Lemma  4.3.  There  exists  a  set  of  functions  i|)  £  s'  (R2)  such 

2/1  3  \ 

that  Tiji  \^4,  A')  =0  is  an  ideal  in  the  algebra  s»  (R2). 

Proof.  Let  h£Bx.  Then  for  any  tp£i?Si  S'  (R2) 

[a,  A')  X  <p  [a,  A')  h\x+h+i+k'  < 

^Cll<Pll^9s1,  S2(R2)‘l^  A')  T+fe^t+fe+l||^||T=0. 

Consequently, 

T$(a,  A')  x<pQ,  i')=0 

for  any  (p£&s,  s'  (R2)- 

/  1  2  3  21V-2  .,2  N-l\ 

Let  dF  =  Tw,  A2,  ...,  T  (  ,  AN)  be  a  vector-operator. 

In  this  case  we  denote  by  X  an  ideal  in  the  algebra  $Sl . $N  (RN) 

containing  the  totality  of  all  functions  cp  such  that 


n£%sv...,sN(  Rw). 


2V-1\ 

i  an  )  =  0, 


Lemma  4.3  means  that  in  the  case  N  =  2  the  ideal  X  coincides 
with  the  kernel  of  the  homomorphism 


M  :  tp  ->  Tcp  [au  A2). 
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Definition.  A  point  %  £  RA  will  be  called  a  point  of  the  resolvent 
set  of  the  vector-operator 


2N-3 

•  i  Ay-i  > 


2IV  — 2 

T 


(N—  1) 

> 


2iV-  1  \ 

Av  ), 


if  there  exists  such  a  neighborhood  V  of  this  point  that  any  function 
<p  6  Co  (R'V)  with  the  support  in  U  belongs  to  the  ideal  X  constructed 
according  to  the  homomorphism 


M  :  v|3- 


■T{i)  . 


2N-2 


'(W- 1) 


'l3 


/  1  2N- 1  \ 

V  Ai  .  .  . ,  An  ) 


The  complement  to  the  resolvent  set  will  be  called  the  spectrum  a  of 
the  vector-operator  TV. 

Lemma  4.4.  Let  the  function  cp  £  C°°  (R^)  belong  to  the  ideal  X 
constructed  according  to  the  homomorphism 


i| >-+Tw 


22V -2 

T 


(2V-1) 


* 


(ii,  .. 


22V-  1\ 

•  >  ^JV  /  • 


Then  any  point  at  which  the  function  cp  is  non-zero  belongs  to  the  resol¬ 
vent  set  of  the  vector-operator 


SC 


-U. 


r(  1) 


22V- 

A' 


Proof.  Let  qj  (X)  =^=  0  and  let  ex  be  a  function  in  Co  (RN)  which 
is  equal  to  unity  in  the  Si-neighborhood  of  the  point  X  and  va¬ 
nishes  outside  the  S2-neighborhood  of  this  point.  For  sufficiently 
small  S2  the  function  =  ex/<p  belongs  to  Co^R^).  But  ex  =  <p-jF. 
Hence  the  function  cp  is  included  in  the  ideal  X;  consequently, 
ex  6  X.  Let  %  £  Co°(R2)  end  let  the  support  of  the  function  %  lie 
in  the  Si-neighborhood  of  the  point  X.  Then  %  (x)  =  %  (x)  e?  (x), 
i.  e.  x  6  X,  Q.E.D. 

In  the  case  N  =  2  Lemmas  4.3  and  4.4  result  in  the  criterion  that 
follows. 


Treorem  4.2.  For  a  point  X  £  R2  to  belong  to  the  resolvent  set  of 

(  i  2  3  \ 

the  vector-operator  \  A  ,  T,  A' )  it  is  necessary  and  sufficient  that  there 
exist  such  functions  <px  and  <p2  in  Co  (R)  that  cpi  (A^)  0,  cp2  (X2)  0, 

and,  at  the  same  time,  cp2  (A')  Tt px  ( A )  =  0. 

Let  A  =  (Ax,  .  .  Ah)  be  a  generating  set  of  degree  s  with  the 
defining  pair  of  spaces  (2?l5  B2).  Let  T  be  a  homomorphism  T:  B2  ->■ 
— >  B3  and  A'  —  (A\,  .  .  .,  Ah')  be  a  generating  set  of  degree  s' 
with  the  defining  pair  of  spaces  (B3,  Bf).  We  shall  assume  that  there 
exist  embeddings  Bx  cz  B2  and  Bs  cz  Z?4. 

Let  {U  ( t )}  be  the  ^-parameter  group  generated  by  the  set  A, 
and  let  { V  ( t ')}  be  the  ^'-parameter  group  generated  by  the  set  A'. 
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In  analogy  with  the  above  procedure  we  shall  define  a  Banach  al¬ 
gebra  J?S;  s-  (Rft  X  Rft')  on  the  basis  of  the  space  Cs,  s'  (Rfe  X  Rfe') 
of  functions  continuous  in  Rh  X  Rfe'  with  a  finite  norm 


II /II. 


Cs>  s.(RhxRftV 


sup 


I  /  (*,  y )  I 


xcR1 

i/£Rft 


k  (1  +  |*|)»(1  +  |»|)* 


If  rp  6  88  s,  s'  (Rft  X  Rh')  and  h  £  Bx,  then  set  by  definition 
2/i  3  \  _  ft+k'.  r  ~ 

Ty\A,  A')h={2n)  2  j  <p  (t,  x)  e-iA'xTe~iAthdt  dx, 


where  e~iAt:  i?!  B„  is  the  closure  of  the  operator  U {t)\  e~lA'tm.  B3->- 
-*■  Bi  is  the  closure  of  the  operator  V  ( t ). 


Definition.  The  point  (X,  pi)  £  Rfe  X  Rft'  will  be  called  a  point 

1  3 

of  the  resolvent  set  of  the  pair  of  generating  sets  A,  A'  with  respect 
2 

to  the  translator  T  if  there  exists  such  a  neighborhood  U  of  this  point 
that  any  function  cp  6  Co”  (Rft+,J )  with  the  support  in  U  belongs  to 
the  following  ideal  X  of  the  algebra  98s,s'  (Rh+k')  constructed  accor¬ 
ding  to  the  homomorphism 


2/1  3 

all :  i|)  ->  7’if  \  vl,  A' 

of  the  Banach  algebra  98  s  s-  (R,i+ft')  into  the  Banach  space 
Horn  (Bl,  B2): 

X  =  {<p|atf(pi|>  =  0,  Vipe  98s,S'(Bh+h')}. 


The  complement  to  the  resolvent  set  will  be  called  the  spectrum  a 

1  3  2 

of  the  pair  A,  A'  with  respect  to  the  operator  T. 

1  3 

Let  (X,  pi)  be  a  point  of  the  resolvent  set  of  the  pair  A,  A'  with 

2 

respect  to  T,  and  (p  be  a  function  which  is  infinitely  differentiable 
everywhere  except  the  point  (X,  pi).  Next,  let  U  be  a  neighborhood 
of  the  point  (X,  pi)  mentioned  in  the  definition,  and  let  infinitely 

differentiable  in  U  functions  cp  and  cp  belonging  to  98 e,  S'  (R,i+ft') 
coincide  with  the  function  cp  outside  some  closed  set  in  U.  Then 

cp  —  <P  6  Co°  (Rfe+,t')  and  supp  (tp  —  q>)  c=  U  so  that  the  function 
belongs  to  the  ideal  X.  For  brevity  we  shall  denote  the  element 

{cp}  =  (cp)  of  the  factor-algebra  98  s,  s'  (Rft+&')/X  by  {cp}  (sometimes 
even  by  (p)  though  cp  does  not  necessarily  belong  to  98 1,  5-  (Rft+A'). 
For  the  homomorphism  a#,  the  following  expansion  is  valid: 

a/H  —  Jta/i/g, 
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where 

%s,s’(Rh+h')-^&s,S’  (Rh+h')/X—UHom  (Bu  5t). 
For  this  reason 


2 _  /  1  3  \  2—  /  1  3  \ 

TVpU,  A'}  =Tq>  U,  A'). 

2/1  3  \ 

We  shall  denote  this  operator  also  by  Tcp  \j4,  A' )  and  the  function  q> 
will  be  called  its  symbol. 

Lemma  4.5.  Let  the  support  of  a  function  ip  £  53  s  s/  (Rfe  X  R,i') 

13  ’2 

lie  in  the  resolvent  set  of  the  pair  A,  A'  with  respect  to  T.  Then  i()  be¬ 
longs  to  the  ideal  X  constructed  according  to  the  homomorphism  oil. 


Proof.  First  of  all,  we  shall  note  that  if  the  point  (k,  p)  belongs 

13  2 

to  the  resolvent  set  of  the  pair  A,  A'  with  respect  to  T,  then  any 
function  in  53  s,  s'  (Rft  X  Rft  )  with  the  support  in  a  sufficiently 
small  neighborhood  of  the  point  (X,  p)  belongs  to  X.  This  follows 
from  the  fact  that  such  a  function  may  be  precisely  approximated 
in  53s,  s'  (R\  Rft')  by  the  function  in  C”  (Rfe  X  Rft')  having  the 
support  in  a  small  neighborhood  of  the  point  (k,  p). 

First  of  all,  suppose  that  the  function  is  finite.  Then  it  can  be 
represented  in  the  form  of  a  sum  of  a  finite  number  of  functions 
in  X  and,  consequently,  it  belongs  to  X  itself. 

Now  let  ij)  be  an  arbitrary  function  satisfying  the  conditions  of  the 
lemma.  There  exists  a  sequence  {/„}  <=  C’o  (Rft  X  Rft')  such  that 

_  h+k ' 

lim  (2n)  2 

71-*  00 

for  any  g  £  Cs,  s-  (Rft  X  Rft').  Set  if>n  =  ij :ln.  We  have  supp  ij?n  c: 

2  /  1  3  \ 

c:  supp  i|>.  For  this  reason  T^n  \A,  A' )  —  0.  Next 


J  {F  lln){t)g{t)dt  =  g( 0) 


kJL-k' 

lim  (2it)  2  f  (F-‘ijin)  (t)  g(t)  dt  = 

n~*°°  Rh+k' 

k+k' 

=  lim  (2n)  ~  f  [(F_1\|))  *  (F~Hn)]  (t)  g  (t)  dt  = 

H-*°°  R  h+k’ 


=  j  (• F  *i|>)  (t)  g  ( t )  dt. 

Rft  +  fc' 
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Hence,  it  follows  that  for  any  h£B1,  h*£B* 

0  =  lim/i*  (i,  A')  h]  =  h*  [Aj)  (i,  1')]. 

n-*oo 

2/1  3  \ 

This  means  that  Tij)  A')  =0. 

Replacing  ij-  by  f/  in  this  discourse  we  obtain 

Tip  (J,  A3')  x/U,  J')=0 

for  any  /  £  s- (R,i+ft  ).  This  means  that  i|i  £  X  and  the  lemma 
is  proved. 


Theorem  4.3.  Let  A  =  (Au  .  .  A k)  be  a  generating  set  of  degree 
s  with  the  defining  pair  of  spaces  (B1,  Bfj,  A'  =  (A[,  .  .  A[)  be 

a  generating  set  of  degree  s'  with  the  defining  pair  of  spaces  ( B3 ,  13  4) , 
let  T:  B 2  ->  B3  be  a  homomorphism.  Let  6  Rft,  p0  £  Rl  and  let 
there  exist  such  a  neighborhood  U  of  the  point  (f0,  p0)  in  Rft+i  that 
for  some  8  >-  0  for  (A,,  p)  £  U  and  8<s0  the  following  estimate  is 
valid : 


[Q-0 


2  /  3 

+  U' 


■\X 


)\e*] 


2 


B2->B3  <  c- 


Then  the  point  (A0,  p0)  belongs  to  the  resolvent  set  of  the  vector-operator 


& 


(a,  T,A’) 


(i c  not  dependent  on  e) 


Proof.  Let  i|)  (j  Co  (Rft+i)  and  supp  ip  cz  U.  We  have  to  prove 
that  ij)  (TT)  —  0.  Without  restriction  of  generality  we  set  p0  =  0, 
—  0. 

Let  cp  ( x ,  y),  x  6  Rft,  y  6  R*  be  such  a  function  in  Co°  (Rfe+i)  that 

oc  oo  oo  co 

.  2  •••  2  2  2  <p(*— t,  y— j)  =  i, 

J1=-oo  jft=-00  jj=-oo  jj=-oo 

i~{h,  •••)  jfe),  j~(h,  •••,  ii). 

Then  such  a  constant  cx  will  be  found  that  for  sufficiently  large  n 
'I’C®,  2/)=  2  y)<p(nx  —  i,  ny  —  /)  ===  2  (^,  y), 

(1.  jlSJUn.  (t,  j)£Mn  4 

where  the  number  of  elements  of  the  set  Mn  does  not  exceed 
cpik+l  and  (-C-,  -C-)  for  (i,  j)£Mn. 

Denote 

TL  (*,  i/)  =  (K^+FTi'2)ft+'+s+s'+6. 
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We  have 

9  (nx  —  i,  ny —  j)  i?1/n  (x  — i-,  y  —  -<)  = 

=  cp(nx  — i,  ny  —  fiR^nx  —  i,  ny  —  j)n-h~l-s-s'-6 
Hence,  it  follows  that  the  estimate  is  valid: 

\p(nx—i,  ny—  j)  Rl/n(x  —  —  ,  y — ^-) 


,(Rh  +  h 


sC 


<11  iRi 


S'(Rk  +  bn 


-h-l- 6 


From  the  identity 

»)  =  [^  (*.  If)  ^l/n  f)]x 


X 


and  from  the  estimate  for  the  operator 


~  ^  (ft+Z+s+ s'-{-6) 


it  follows 


where  c2  is  a  constant.  This  means  that 
||  9  (SC)  ||<c2-n-ft_(_6'C1rafe+z  =  c1c2n_6-^0 
for  n  ~y  oo.  The  theorem  is  proved. 


Theorem  4.4.  Lei  H  =  (j4x,  .  .  .,  A h)  be  a  generating  set  of  degree  s 
with  the  defining  pair  of  spaces  (Lx,  52),  let  A'  —  (A't,  .  .  A\)  be 

a  generating  set  of  degree  s'  with  the  defining  pair  of  spaces  (B3,  Bt) 
and  let  T:  B3->-  B3  be  a  homomorphism.  Suppose  that  for  any  suf¬ 
ficiently  small  real-valued  e  2>  0  there  exists  an  estimate 


2 

f  (  1 

\2 

(  3 

\  2  -i-JV/2 

T 

LU 

—  A/  -f- 

U'-l*. 

)  4-e2J 

b2-b3<cjv, 

where  c 

is  a 

constant 

and  N 

is  any  integer.  Then  the  point  (A, 

F) 


/  1  2  3  \ 

belongs  to  the  resolvent  set  of  the  vector-operator  SC —\A,  T,  A'} 
(c  not  dependent  on  e). 

Proof.  Suppose  (without  loss  of  generality)  that  A  =  0,  p,  =  0. 
Denote  xe(x,  y)  —  Y x1  +  y2  +  e2. 
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Let  x  (z,  y)  6  Co°  (Rft+*)  be  an  arbitrary  function  with  the  support, 
in  the  8-neighborhood  of  zero.  Then 

||X(x,  y)[r6(x,  y)f\\$s  s,(Rft+i)  =0(8n). 


— .  Then 

'  C 

II  2  2 

r  ( 1  3 

I|b1-b8  =  ||  [  T 

U  [A,  A' 

r  / 1  -Mi 

1 N  It 

UU  A!)  \ 

1  |U1-b4< 

^C.c»\\x(x,  y)[ t6(x,  y)f\\Bt  0  for  N-+00. 


Here  the  brackets  |[  ]  mean  that  the  numbering  of  operators  inside 
the  brackets  does  not  extend  to  the  operators  outside  the  brackets, 
i.  e.,  the  expression  in  the  brackets  is  considered  to  be  the  operator 
acting  second  (see  Introduction).  The  theorem  is  proved. 


Sec.  5.  Theorem  on  Homomorphism 

Theorem  5.1.  Let  la  be  a  function  in  98  s  s'  (Rft  X  Rft').  It  is 

1  3 

equal  to  unity  in  the  spectrum  a  of  the  pair  of  generating  sets  A,  A' 

2 

with  respect  to  the  translator  T.  Then  the  following  inequality  is  valid : 
ftp  (H,  A’)  B1-.n4<c  r<pU,  A')  b2-»b3  X 

Proof.  Let  3BS,  5-  (Rft+?<'/or)  be  a  subalgebra  of  the  algebra 
88  s,  S'  (R/i+,i')  which  is  the  closure  of  the  algebra  of  functions  in 
88s  s'  (R/i+,£')  with  the  support  in  Rft+ft'\o.  For  any  function 

/eXs'(Rft+fe'\a) 

Tf  (i,  A')  =0. 

Since  88  s,  (Rft+ft'\a)  is  an  ideal  in  SB s,  s-  (RA+ft')  it  follows  that 
for  /  £  8BSl  s'  (R'i+A'\o)  we  have 

l(ip-cp)(i,  A')  —T  ((vp  —  /)  cp)  (h,  A'). 

Consequently, 

I  (-4,  A1')  ^ 

2(1  3  \ 

TcpU,  A’)  b2-b3  II  ''l5  /  |IbSj  • 
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It  remains  to  be  noted  that  the  function  la  —  1  belongs  to  the  algebra 

(Rh+k'\a). 

Theorem  5.2.  (The  Main  Inequality.)  Let  a  be  a  spectrum  of  the 

1  3  2 

pair  of  generated  sets  A,  A'  with  respect  to  the  translator  T.  There 
exists  a  unique  homomorphism 

g M  :  cp-y-Tcp  {a,  A'') 


of  the  Banach  space  88  s, (cr)  into  a  Banach  space  of  uniformly  defined 
linear  bounded  operators  from  Bt  into  Bt  with  the  property  (3.3)  and 
the  inequality 


is  true. 

1  3  2 

Corollary.  Let  a  be  the  spectrum  of  the  pair  A,  A1  with  respect  to  T. 
The  following  inequality  is  valid : 


2  <P i{A')T^{A) 

i= 0 


x 

f  2  <p*'  (y)  (*)  1 

%f,(A')TFt{A ) 

- \ 

i=0 

B2-+B3 

2  U  («o  Fi  (*) 

V  i=0  J 

9&s,  a' (a) 


Definition.  Let  the  sequence  {<Dn}  converge  to  the  function  <J)  in 
&*.  s’  (Rft  X  R&')  and  let  the  functions  ij)n:  x  ->  [(hn  (a;)]-1  also 
belong  to  98 s,  s-  (Rh  X  Rfe') .  At  that ,  let  the  following  condition  be 
fulfilled : 


1 


2  /  i  3  \ 

T<t  [a.  A') 

T  II  T  1 

Xlt'1') 

Then  the  function  O  will  be  called  the  spectral  weight. 

We  shall  say  that  the  spectral  weight  <3)  is  subordinated  to  the 
spectral  weight  <f  if  the  sequence  of  norms  is  bounded: 

II  ^  II 


1.53s,  S'(RftxRft') 
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Introduce  in  38S<S’  (Rft  X  Rft)  the  norm 

dcf 

||tp|k  =  ||(p®||^8s,(Rfcxaft')  (5.1) 

and  the  product 

def 

(pi  x  <p2= (5.2) 
we  have 

||  tPi  X  <p2  ||®  =  ||  cp4(P2®2  ||  ^  s,(Rftx < 

<  II  (P‘°  IU.,  S,(R'‘XR^)  II  II Ss,  S'(nkxRk')  =  II  fPi  IWI  ^2  II®. 

Thus  the  norm  (5.1)  and  the  product  (5.2)  induce  the  structure 
of  the  normed  algebra  into  38  s,  s' (Rfe  X  Rft'). 

The  Banach  algebra  obtained  by  the  completion  of  this  normed 
algebra  will  be  denoted  by  38 s,  s\  ®  (Rft  X  Rfe'). 

Let  88 s<,  ®  (Rft+ft,\a)  be  the  closure  in  38  a,  s’,  <t>(Rfe  X  Rfe') 
of  tlie  subalgebra  consisting  of  finite  functions  with  supports  in 
Rft+ft'\<j.  The  factor-algebra  38 s>  </,  ®  (Rft  X  Rfe')/.^)s,  S',  ®  (Rfe+ft'\o) 
will  be  denoted  by  38 1,  S'.  0  (o). 


Theorem  5.3.  The  following  inequality  is  valid : 


Proof.  We  have 


2/1  3  \ 

II  2 

11  3 

)  ^  (  1  3  \  (  1  Ml 

I 

7>u,  A') 

==  II  rip 1 

U  A', 

)  O-1  U,  A')  <Dn  U,  A')  \ 

K 

s^J  TQ)nl 

/  1  3] 

ill 

U  A') 

1  I|b2-*B3 

II  11.39*,  j'tR^xR*’)  x 

X  sup  | 

<p  1 


/< P 


/1  3  1 

U  A', 


<p  II, 


h,  s'(RftXRft  ) 


•<11^  iu. 


(R,;XRfe') 


+  en, 


where  en  0  for  n  ->■  00 . 

If  the  support  of  the  function  <p£  38s,s’  (R/J  X  Rft)  lies  in  Rk+k'\o, 
then  Txp  (i,  A')  =T  U  U,  A')  —  <p  (i,  J')]  •  Hence 

\hiX  i')<lrt-9)0||^s,(RftxR^  = 

=  II  ^  —  T  ||jgSi  s,(R&XRfeV 

By  taking  the  greatest  lower  bound  in  cp  in  the  latter  ine¬ 
quality  we  obtain  the  proof  of  the  theorem. 


16-01225 
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Sec.  6.  Problems 


(1)  Let 

.  .  d  ,  . 

A-1 1Z  +  1 


2 x  4 ' ;  d 

X2  +  l  >  "  —  *  dx 


T  =  1, 


—  B2  —  B3  —  Bi  —  Lz  (R). 

The  function 

“  (*•.  o  =  [(ar^21+1]  /  (* + 0 

satisfies  the  equation 

.  du  .  du  .  .  2x 

=  T~u. 


dt  "  <?x 
For  this  reason 


®2  +  l 


II  eiAtf  II 


l2(R) 


-/ft- 


(*  +  t)2  +  l  l2 


]  l/(*+*)|2da:< 


^  max 


(»+*)*+ 1 
22  +  l 


|  /  (a;  +  t)  |2  da;  ^ 


<^(1  +  MI)2II/I|l2(r). 

It  is  obvious  that 
II /  I|l2(r)  =  II  /||l2(r)- 
For  any  f£S  we  have 

oo 

1 


0(A)f(x)  =  Y=  j  e~iAtO (t)f(x)dt  = 


Y  2st 
1 


( 


(x-02+l 
a:2-)- 1 

d 


f  (x  —  t)  <D  (t)  dt  — 


For  this  reason  for  any  CD,  <p£C“(R)  and  f£S 

<D  (A)  cp  (A')  f  (x)  = 
t 


a:2-f- 1 


/(*>== 
OO 

=yir  (‘ <*>  (»-•£) *<■ 


p)J{p)dp. 
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If  A.  =5^=  ja  and  the  support  of  the  function  <p  lies  in  the  small  neigh¬ 
borhood  of  the  point  X  and  the  support  of  the  function  ®  lies  in  the 
small  neighborhood  of  the  point  p,  then  the  operator 

t1  “ $r)<P(P) 

(  1  2  '» 

is  equal  to  zero.  For  this  reason  the  spectrum  of  the  pair\^4,^4'/ 
lies  on  the  diagonal  of  the  direct  product  R  X  R. 

/  i  2  \ 

On  the  other  hand,  the  spectrum  of  the  pair  \A,A')  covers  the 
whole  space  R2,  because  for  any  e  >  0,  X  £  R  and  p  £  R  there  exist 
such  functions  ®  and  cp  £  (R)  with  supports  in  the  e-neighbor¬ 

hood  of  the  point  X  and  in  the  e-neighborhood  of  the  point  p,  respec¬ 
tively,  that 

<p (p)  (1— ^)_1<i>(p)^o 


(/  d2  \  - 1  \ 

the  operator  (1 - J^T)  *s  non-local  J  . 

Thus,  the  spectrum  of  the.  pair  of  non-self-adjoint  operators  de¬ 
pends  on  the  order  in  which  these  operators  are  considered:  in  gene- 

/  i  2\ 

ral,  the  spectrum  of  the  pair  \A,  B )  is  not  equal  to  the  spectrum 

of  the  pair  {a,  b)  .  Besides,  one  may  say  that  for  self-adjoint  opera¬ 
tors  these  spectra  coincide  with  one  another  (correct  to  the  reflection 
in  relation  to  the  bisectrix  of  the  coordinate  angle). 

(2)  Let  B  be  the  completion  of  Co  (R)  in  the  norm 


\\f(x)  ||b=  j  \e*V2f(x)\*dx 


and  B'  —  the  completion  of  (R)  in  the  norm 


II  /(*)IH'=  j  \e-^f{x)fdx. 


It  is  obvious  that  B  cz  B' .  Take  the  operator  of  embedding  1:  B  ->  B' 
as  T.  Consider  the  “birth”  and  “death”  operators 

a  .  d  .  .  if  .  d  , 

A=i—- - \-ix,  A  =  i  — - ix. 

ax  1  ax 


The  following  theorem  is  valid. 

Theorem  6.1.  (a)  A  is  a  generator  of  degree  0  with  the  defining  pair 
( B ,  B)  and  A'  is  a  generator  of  degree  0  with  the  defining  pair  (Br ,  B')\ 

16* 
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(b)  the  spectrum  of  the  pair  \A,  A'  j  is  the  whole  plane  R2; 

(c)  the  function 


<D  :  (x,  y)-*-c(  1  +  (x  —  y)2)2  e-(*-y)2/2 
for  sufficiently  large  c  is  the  spectral  weight  of  the  vector-operator 


(a.  A') 


A’  I  so  that 

ill')  I 


n<R2>- 


Proof,  (a)  The  solution  of  the  equation 


.  uu  . 

i——  ±  IXU 
ox 


_  — 

takes  the  form  u(x ,  t)  =  e  2  <p  (2 -}-£).  For  this  reason 

_  x2_  (g  +  t)2 

e~iAtf(x)=e  2e  2  f(x  +  t) 


so  that 

\\e~iAtf  (ar)||B  = 


x2 

e  2  e~iAtf  (x) 


(x+f>2 

X2 

e  2  f{x  +  t) 

L2(Rx)  = 

e  2  f  (x) 

for  any  f^Cff  (R).  This  means  that  ||  e-iA<  ||  =  1. 
(b)  Similarly,  for  any  <pgC“(R) 


||b' 


e~x2ex2e 


(x+t)2 

2  |  cp  ( x  -f  t)  |2  dx 


i 

e  2  |<p(s)|2cfe;)  =  ||  <p  ||b'- 


Let  0>,  f£C%( R). 

In  analogy  with  Example  1  we  obtain 
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Let  (D,  /,  q>^C“(R).  Then 

<P  W)  <D  (A)  f  (x)  =  cp  ( i  -±. )  e-**<D  ( i  JL)  (x)  = 

Let  Fp->x  :  L2  (R;,)  L2  (R*)  be  a  Fourier  transform  and  FxXp  : 
L2  (Rx)  -*■  L2  (Rp)  be  the  inverse  Fourier  transform.  Denote  Fx^,pfl(x) 
by  / 1  (p).  Then 

cp  {A')  <D  (A)  f(x)  =  e2  FpXxt p  (p)  edP2  <D  (p)  h  (p). 

<j2 

The  expression  cp  (p)  e  dv2  iji  (p)  does  not  diminish  to  zero  for  any 
finite  cp  and  iji.  For  this  reason  the  spectrum  of  the  vector-operator 

{a.  A')  is  the  whole  plane. 

(c)  Let  <D  (x,  y)  =  <p  (x  —  y).  It  is  not  difficult  to  verify  that 

in  this  case  <t>  (^4,  A')  is  a  multiplication  operator  by  some  func¬ 
tion,  namely 

cl)  (^4,  A' )  /  (x)  =  ex2f  (x)  j  cp(f)  e-<x~W  dt, 

—  oo 

where  cp  =  F_1q). 

Let 

®n  (x,  g)  =  (l  + (•£  +  */)) 2  [e'(-x_y)2/2  +  -^]  =  <P»  (x  —  y). 

Then 

oo 

4re*2  j  <f>n(t)eA*-t)2dtm 

—  oo 

-a?*'-  i e-o-wv+r,-* 

R2  T  ' 


2k  1/2 


ex~ 


CXJ 

j  «»*£(!+?)' 


„E2/4 


l+e?2/2/n 


■d£. 


It  is  not  difficult  to  verify  that 

-  i  |2/4  _  i  i 

sup(l+E2)  2  ,liV2,  =2~v  +  d,, 

t£R  1  +  e5  '“In 
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where  dn  -v  0  for  n  ->  oo.  Therefore,  the  latter  integral  is  bounded 
as  a  function  of  n.  Hence  the  statement  (c)  is  obtained  because 
a  multiplication  operator  by  ex2  is  bounded  as  an  operator  acting 
on  B  to  B' . 


Problem  1.  Let 


.  .  d  ,  .  xcosa:  —  smi 

A  —  - J-3 - hi  - : - : - 5 - 

dx  x  sin  x  -j-  x2 


A'  = 


d2 


dx2 


T  =  1, 


Bi  —  Bz  —  B3  —  Bt  —  Lz  (R) . 


UJ-) 


Show  that  the  spectrum  of  the  vector-operator  \H,^4'/lies  in  the 

_i_ 

region  ^  0,  —  1  ^  |  |  2  ^  +  1. 

Solution.  Note  that  A  =  +  (l  +~~)]-  Hen¬ 

ce,  by  virtue  of  the  problem  of  Sec.  3  we  obtain 

nA)f=e^)H-,^)eM^)nx)  = 

Let  <p,  i|)£Co°  (R).  Then 
(p(A')\p{A)f  = 


_  1 

-  r  J)-+X 


«P  ( -  P2)  1 


.  / 

■  d  \ 

sin  I 

_L  ' 

1  dp  ) 

X 


'HP)  (Fv^p  (l 


dp 


X 


sin  y 


y 


Consider  in  greater  detail  the  function 

OO  oo 

=  W  J  iy  I 

R). 


-  oo  —  oo 
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Note  that 

L.e  (6  <1  - 1  *  I »  =  yg- 1  =  /l^f1  ■ 

or 

Fy-Jp(l+^)=j/. JLe(l-\p\)+V2^8(p). 

IPence 

p+i 

n(p)  =  %(p)  +  l.  j  '/.  (S)  dl. 

p- 1 

If  supp  x  c:  [a,  b],  then  supp  r]  cz  [a  —  1,  b  +  11- 
Return  to  operator  <p  (4')  ip  (A).  From  the  above  it  is  clear  that 
if  supp  tp  c  [a,  b ]  and  supp  cp  ( — p2)  cr  R\[a  —  1,  b  +  1]  then 
q>  {A')  ip  (^4)  =  0.  Hence 

o(i,  J')c=U2<0,  (X1-l)</rM<(X1  +  l)!. 

Problem  2.  Let 

a  -9  ,r  ■  d 

A=llx^'  A 

B1  =  B2=5,=  flt  =  CI^(RxR),  T  =  1. 

Show  that  in  this  instance 


i.e.,  the  algebra  induced  in  Horn  (CSj>  s2  (RX1,  R*,,),  CSy  S2  (RX1,  R*2)) 
by  the  homomorphism  Jl  is  a  normed  algebra. 

Solution.  There  exists  the  inequality 

i«p(*+oi  (l+i^ipMi+i^ir^ 

<(l+|ii|)s‘  (1  +  |  h  I)52  ||q>lk(R.), 

where 

t  =  (h,  h),  x  =  (xu  x2),  s  =  («i,  s2),  (pgCs(R2). 

Consequently,  the  set  (  +  +  )  is  a  generating  set  of  degree  s. 
Next,  it  (p  =  F_1(p£C^(R2)  then 

Mi  i')x||c.= 

=  sup  (1  +  |  %i  | )  1  (1  +  |  %2  |  )  2  |  ^  T  (0  y(  (x  Sjl 

<  j  |  ?  (0 1  (1  + 1*1 1  )Sl  (1  +  \t2  I  )52  *•  II  %  ||c,  =  II 9  Wa,  ■  II *  lie.. 
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The  same  estimate  is  obtained  if  <p(i t)  =  8  (t  —  t0).  For  this  reason 
it  follows  from  the  definition  of  the  space  i?s(R2)  that  for  all 
<p£  i?s(R2)  the  following  estimate  is  valid: 

||<pU,  a') ILcs<ikys. 

On  the  other  hand,  for  cpgi?,,  and  for  any  e>0  such 
||Xe  |lcs  =  1  will  be  found  that 

I  j  $  (t)  Xe  (t)  dt  >||(plbs-8. 

I  R2 

Then 


It (-4,  i'klL>  j $(0X8(0*  >IIt||^s— e 

so  that  ||cp  [a,  .4')  c6->cs^||  q>  \\$s-  Hence,  we  obtain 

||cp  {a.  A')  |L-*cs  =  ||. Tils¬ 
it  is  not  difficult  to  obtain  the  final  inequalities  now: 

(cp.i|;)U,  A')  cs-.cs-||<p-^lbs<llTlUs-Hys^ 

=  ||(p(h,  4')  Cs-*Cs  I  t  (-4,  ^'Ilcs-Cs- 
Problem  3.  Let  B{  =  B2  ■=  B3  =  ,54  =  B,  T=  1  and  let  A — A'  he 
a  bounded  operator.  Show  that  the  function - K  for  a  suffi- 

®1  —  x2  +  l 

ciently  large  K  is  the  spectral  weight  of  the  vector-operator 


Solution.  Let  en  £  Cq  (R),  e„-»-l  in  $i  (R)  for  all  l.  Consider 
the  sequence  of  functions 

T/l  O^'l .  %2.)  —  ~jf£~  [fifi  (^-l)  2 )  (•X'l  % 2 )  "FOC  (H2)? 

where  s—(sl,  s2),  sx  is  the  degree  of  A  and  s2  is  the  degree  of  A1. 
We  obtain 

1  _ _ K _ _ 

'l>n  ~  en{xi)en(x2)  (*1~  *2)  "M  _ 


=  k[-± 


ien  (®l)«n  (x'i)  ( xi—x2 ) 


L  en  (xi)  en  (x2)  {xi~x2)  + 

4 — *  k\ ,i{Xi~x4- -4= 

n-+  00  L  (#1 — J 


,-iJciMR2), 


\K _ 
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Next 


4b, 


»  (a,  A')\\  =  ~\\(A-A')en(A)en(i')  + 


< 


^  c2| \A-A'  [1  +  1 
K 


where 

ll«»(A)||<c,  ||c„(4')||<e. 

■Ui')' 


Let  M  =  sup 


<p  II  f  II 3S 


.  Choose 


K^M  (c2 1|  A  —  A'  j|  +  1). 


Then 


M  ■ 


Tn  [a.  A') 


Thus  the  sequence  i|in  satisfies  all  conditions  of  the  definition  of  the 
spectral  weight,  i.  e.,  the  function  - - r-p-r-  is  the  spectral 

V*!  —  xl)  T  1 


CU) 


weight  of 

(3)  One  of  the  most  important  particular  cases  of  Theorem  5.1 
is  the  following  estimate.  Let  A  (.4')  be  the  generating  sets  of  degree 
s  (s')  and  let  B2  cz  B3.  Then 

||/(4)-/(/1')||Bi->b4< 

f(*)  —  f  ( y ) 


<c||q)(sl)  — cp(.4')  ||b2-b3 


fp  (x)  fp  (y) 


(4)  Let  {Bx}  be  a  Banach  scale,  Tx  and  T2  be  the  regular  operators 
of  degree  s  with  the  defining  pair  (Br,  Z?T+X1),  where  x  is  an  integer. 
Let  the  operator  71/ —  T 2  be  bounded  as  the  operator  acting  from  Bx 
to  Bx-%2.,  where  x2  >  2rx.  Let  Tx  =  Ax  +  L42,  T2  =  Bx  +  iB 2, 
where  (Ax,  _42),  (Bu  B2)  are  the  generating  sets.  Let  the  functions 

(D,  (x,,  x2)  and  ®2  (u,,  u2)  be  such  that  the  function  . (I>1  ^ — 

belongs  to  J?s,  s-  (a  (Tx)  X  a  (T2)).  Then  the  operator  (Ax,  A^)  — 
—  ®2  (Bx,  B2)  is  bounded  as  an  operator  from  Bx  to  Bx+ 2xi-x2- 

(5)  Let  T  be  a  smooth  curve  in  R2.  Introduce  the  coordinates  r,  t 
in  the  neighborhood  of  T,  where  r  is  the  length  of  the  normal,  t  is 
the  parameter  on  the  curve.  Let 

rp£C“(R2),  <p(x,  y)  =  fp  (r,  t), 

N  _ 

9 n  (r,  t)  =  2  -jf  -jj-  (0,  t)  =  cpiV  (x,  y). 
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(l  2  \ 

If  the  spectrum  of  the  vector-operator  \A,  T,  A'  j  lies  in  T  and 
the  sum  of  the  degrees  of  the  generators  A  and  A '  does  not  exceed  N, 
then 

2/1  3  \  2  /I  3  \ 

r<pU,  A')=T<pN  U,  A'). 

(6)  Let  P  ( x ,  y)  =  2  ai jXlx}  be  a  polynomial  in  two  variables 
and  A  and  A'  be  generators  in  some  Banach  space  B.  Set 

p  (a,  j')=2  atjA'iA*. 

Problem.  Let  A  and  A'  be  operators  in  L 2  (R)  considered  in  (1): 


2x 

1  -j-x2 


/  2  1  \h 

Show  that  \A'  —  A)  =  0  if  and  only  if  k>  3. 


Solution.  It  is  easily  seen  that  {a  — A')  =^=  0  for  k  =  0,  1,  2. 
Let  k^  3.  Obviously  d  is  a  generator  of  degree  sA  =0.  Next, 

e-wtf  ( t )  =  e-in(i+**)+in(i+(*+w/  (x  _|_  t)  =  1+1(^+/)2  /  (x  + 1); 

consequently  A'  is  a  generator  of  degree  sA'  =  2.  For  rp,  ip  6  C'o’(R) 
we  have 

xp(A')y(A)f=-T^y(i^)(i  +  x*)<p(i±.)f(x)  = 

=  (F/)cp]‘ 

For  this  reason  if  supp  <p  f]  supp  -rjj  =£  0  then  ip  (^4 ')  (p  {A)  =  0, 

i.e.,  the  spectrum  a  lies  on  the  diagonal  in  R2. 

/I  2  \ 

In  view  of  the  preceding  item  the  operator  F  A' )  is  equal 
to  zero  if  on  the  diagonal  in  R2  the  function  F  has  zero  of  the  order 
^  sA  +  sa*  +  1  =3.  Consequently,  for  k  ^  3 


u  (i-ir,) 


=  lim  (g,  en(2')  (1-2')  em(l)f) 


for  /  6  Co°  (R)  and  g  6  L2  (R)  ({ en }  being  the  sequence  of  functions 

I  i  2  \k 

from  Lemma  3.13  of  Chapter  I).  Hence  \^4  —  A')  =0  for  k  ^  3. 

(7)  Let  B1=B2  =  L2  (R),  B3  =  =  IF;1  (R),  and  T  =  i~ 

and  let  A  and  A'  be  multiplication  operators  by  a  smooth  real- 
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valued  function  /  (x).  It  is  not  difficult  to  verify  that  the  spectrum 

/I  2  3  \ 

of  the  vector-operator  \.4,  T ,  A' )  lies  on  the  diagonal. 

From  the  equality 

( 1 4r) e~iHx)t = e~imt  0  i)  +  ( - u) e~imt (*/' (*)) 

it  is  not  difficult  to  obtain  the  formula 
tf(a,  A')<p  =  FU(x),  f(x))i^L+ 

+  F'(f(x),  f(x))iJm.  cp(x), 

where  F'  is  the  derivative  of  F  with  respect  to  the  first  argument 
and  cp  £  Co  (R). 

Sec.  7.  Differentiation  of  the  Functions  of  an  Operator  Depending  on 
a  Parameter 

Theorem  7.1.  Let  Afl) ,  A‘!l>  be  generators  with  the  defining  pairs 
of  spaces  (Bx,  Bf)  and  {B2,  B 2),  respectively,  where  ||  ||  ^ 

<  cx  (1  +  \t  |)S1  and  ||  e~zA2n)t  ||  <  c2  (1  +  |  t  |)s*,  cl7  slt  c2,  s2 
being  constants  independent  of  n.  Let  Tn\  Bx  ->  B2  be  homomorphisms 
bounded  in  the  norm  by  the  same  constant.  Next,  let  the  sequence  [A  } 
converge  point-by-point  in  some  set  dense  in  Bx  to  the  generator  Ax  and 
let  the  sequence  {AiJl)}  converge  point-by-point  in  a  set  dense  in  B2 
to  the  generator  A  2.  Let  the  sequence  { Tn }  converge  point-by-point  to 
the  homomorphism  T:  Bx  B2.  Then,  for  any  function  f  £  3S ^  S2  (R2), 
/  2  /  i  3  \  \ 

the  sequence  \  Tnf  \,/l5'u,  Afl> /  J  converges  point-by-point  to  the  homo- 

2(1  3  \ 

morphism  Tf  A2) :  Bx  B2. 

Proof.  First  of  all,  suppose  that  the  function  /  is  of  the  form 
/  (x,  y)  =  fx  ( x )  f2  (y),  where  /x  £  (R),  f2  £  (R).  Then  the 

following  formulas  are  valid: 

Tnf  (if,  if)  =  h  Uf)  Tnf,  {A(P), 

Tf  (in  A2)  =f2(A2)rf1(Al). 

For  any  h^Bx  we  have 

lim /1(4B))/»  =  /i  (Ai)h. 

TI-+OO 
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Since  Tn-+T  point-by-point  and  || Tn  ||^ const  it  follows  that 
TnUiA^h-^Th  (Ay)h 

in  the  norm  of  B2 .  Since  /2  (^l^)  ->  /2  (.42)  point-by-poinl  in  B2 
and  ||/2(^'n|)||^_£|^j|/2||^(R)  it  follows  that 

/  (4n))  Tnf  Uf)  h  f  (A2)  Tf  (A ,)  h 

in  the  norm  of  B2.  Theorem  7.1  is  proved  for  the  particular  case 
in  question. 

Now  let  h  be  a  fixed  element  of  B t.  Then 

Tnf  Uf,  Jf  )  h  — ^  Tf  (au  l2)h 

in  the  norm  of  B2  for  any  /  of  Ihe  set  P  dense  in  J?5ii5i(R2)  of 
functions  of  the  form 

ft 

/(*',  y)  =  2  T/  (x)  (y)’ 

j= * 

Denote  by  An :  38  sv  s  (R2)-v.82  the  operator  acting  according  to 
the  formula 

Anf  =  Tnf  (if,  JfU 
and  denote  by  A  the  operator 

AfMTfUu  A2)  h. 

Then  the  sequence  {An}  converges  point-by-point  to  A  in  a  set  P 
dense  everywhere,  and  is  bounded  in  the  norm 

IK  II L,  II- 

By  virtue  of  the  Banach-Steinhaus  theorem  An  A  point-by-point 
in  38  Sl,  H  (R2),  Q.E.D. 

Note.  In  this  theorem  the  generators  may  be  replaced  by  the 
generating  sets. 

Let  A  be  a  generating  set  consisting  of  k  commutative  operators 
with  the  defining  pair  of  spaces  (Bu  Bx),  let  A'  be  a  similar  genera¬ 
ting  set  of  k'  operators  with  the  defining  pair  of  spaces  (82,  B2) 
and  let  T  be  a  homomorphism  B1  -a-  B2.  Let  P  ( x ,  y)  be  a  polyno¬ 
mial  in  variables  x  £  Rft,  y  6  Rh: 

P(x,  y)  =  ^jaijxty\ 
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where 

1  =  h,  •  •  •  >  h\  j  =  h,  ■  ■  ■,  7V;  x1  =  x<‘  . . .  xjf>,  y>  =  y{1  . . .  yfi. 
Set 

tp  Q, 

Lemma  7.1.  Le//  6  i?s,s'  (Rft  X  Rft')  and  fP  £  J?Sj  s<  (Rfe  x  Rft'). 

2  /  1  3  \ 

If  the  operator  TP  \A,  A' )  is  bounded  as  the  operator  from  BA  to  B2, 
then 

2  /  1  3  \  2/1  3  \ 

TfP[A,  A')  =  T'f\A,  A'), 

2  /  1  3  \ 

where  T'  is  the  extension  of  the  operator  TP  \A,  A' )  to  the  homomor¬ 
phism  B1  -a-  B2. 

Proof.  Let  {/„}  be  a  sequence  of  functions  of  the  form 

In  (x,  y)  =  un  (x)  vn  (y),  x  £  Rfe,  Z/  €  Rh'- 

It  is  evident  that  if  the  operators  A  and  A'  are  bounded,  then  the 
lemma  is  valid  for  functions  fn: 


If  /„-■»-  /  and  fnP  -*■  fP  in  s-  (Rh+ft'),  then  passing  over  to  the 
limit  for  n  -*•  oo  in  (7.1)  we  obtain  the  required  lemma.  The  proof 
of  the  existence  of  such  a  sequence  is  left  to  the  reader.  The  lemma 
is  proved  for  the  case  of  bounded  operators  A  and  A'. 

Now  let  A  and  A'  be  arbitrary  generators.  Set 
.  A  A' 

^n”l  +  2l2 /„’  • 

Then  An  and  A'n  are  bounded  operators  converging  to  the  operators 
A  and  A',  respectively,  on  sets  dense  everywhere.  There  exist  con¬ 
stants  c,  c',  N,  N'  such  that 

II  e-^nt  ||<c  (1  + 1 1 1  f,  ||  e-^nt  ||  (1  +  |/ 1  f. 

Denote:  Tn  =  cp  (Ah)  T(p  (An).  Then  Tn  -*■  T  point-by-point  in  Bx 
and  ||  Tn  ||bi-.b2  ^  const.  Consequently,  by  virtue  of  Theorem  7.1 
for  any  function  /  £  (R2)  and  for  any  h  £  Bx,  the  following 

formula  is  valid: 

limrn/U»,  A'n)P\An ,  A'n)  h  =  Tf  U,  A')P\A,  A'jh. 

n-voo 

On  the  other  hand,  the  sequence  of  operators 
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acting  on  Bx  to  B2  is  bounded  in  the  norm  and  strongly  converges 
to  T' .  For  this  reason 

2  /  1  3  \  2  /  1  3  \ 

lim  T'nf  \An,A'n)  h  =  T'f  \A,  A'jh. 

n-*-oo 


The  lemma  is  proved. 

Now  consider  the  family  {T  (£)}  of  regular  operators 

T(l)  =^(|)  + 


where  (Ax  (£),  A2  (£))  =  A  (g)  is  a  generating  set  of  degree  s  with 
the  defining  pair  of  spaces  ( B ,  B).  Plere  the  domain  D  of  the  opera¬ 
tor  T  (£)  does  not  depend  on  g, 


sup 

t£R2 


||e-iA(iU|| 

(1  +  M)S 


<  oo 


and  the  spectrum  of  the  operator  T  (g)  is  contained  in  the  closed 
set  a  cz  R2  which  is  independent  of  g. 


Lemma  7.2.  Let  /  6  (o),  let  the  family  {T  (g)}  have  the  defining 

pair  of  spaces  (S' ,  B'),  where  B  a  B' ,  and  let  the  spectrum  of  the  pair 
1  2 

of  generating  sets  A  (g'),  A  (g")  with  respect  to  the  embedding  of  B  into 
B'  be  contained  in  the  closed  set  2  c  o  X  0  c  R4  for  any  g',  g* 
from  the  domain  of  the  function  T  (g).  Next ,  let 

lim  ||  T(l)-T(l0)  ||b-*.b'  =  0. 


Then,  if  the  set  of  functions  of  the  form 

—£&-$<«)  g£%s{a) 

xi  +  tx2 — yi — iyi 

is  dense  *  in  98 s  (2),  then 

lim  ||  f(A(l))-f(A  (|0))||b-.b'  =  0. 

Proof.  Let  the  functions  fn(x),  .rgR2  be  such  that 

<Dn(»,  y)  =  -  <=#,(2).  (7.2) 

v  xi  +  ix2—yi—m  J  v  ’ 

Let  Tit  i0  be  the  extension  of  the  operator  T  (g)  —  T  (g0)  to  the 
homomorphism  B  ->  B' .  Then,  according  to  the  above  lemma,  we 
have 

fn  (A  m  -  fn  (A  (go))  =  k  io  On  U  (S),  ^  (Eo)  )  • 


*  Note  that  the  condition  is  carried  out  if  {T  (g) }  is  a  family  of  generators. 
In  this  case  one  may  set  a  =  R,  2  =  R2- 
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Consequently, 

||  fn  {A  (l))~fn  (A  (So))||B^< 

<c||^  (£}  —  T  (£o)  ||b-b-  ||  ll^s(J:)->-  0 

for 

Let  /„->/  in  $s(axo).  Then 

|| / (A  (£)) - /  (A  do))  ||b_b' ^\\f(A  (£)) -  fn  (A  \\B^B.  -f 
+  I!  fn  (A  (£))  -  fn  (A  (?0))  ||^B.  +  ||  fn  (A  &))  - 

—  /  (-4  do))  ||b-B'<c{||  f  —  fn  ||j3s(o)4- 

+  l|r(l)-r(i0)  iia^B'  ||<D„  IU.w>. 

Fix  e>0  and  choose  such  an  n  that  the  inequality 

II  f  —  fn  ll^s(U2)  <Y 

will  be  fulfilled.  For  a  given  n  there  exists  such  a  8>0  that 

||  T(l)  —  T  do)  ||b-b'  II  ®n  ||j8s(S)  <  Y 

for  1 1  —  £o|<8.  Consequently,  for  ||  —  g0|<;8  the  following  ine¬ 
quality  is  carried  out: 

II  /  (A  (£))  -  /  (A  (Eo))  ||B^B'  <  ce. 

The  lemma  is  proved. 

Problem.  Formulate  and  prove  the  multidimensional  analogue 
of  Lemma  7.2. 


Theorem  7.2.  Let  the  parameter  |  vary  over  an  interval  of  the  real 
axis ,  let  the  family  of  regular  operators  {T  (£)}  ( excluding  ( B ,  B)) 
have  a  defining  pair  of  spaces  (B' ,  B'),  where  B  cz  B' ,  and  let  for  any 
g'  and  £"  of  the  interval  the  spectrum  of  the  pair  of  generating  sets 
12 

A  (g'),  A  (I")  with  respect  to  the  embedding  of  B  to  B'  be  contained 
in  the  closed  set  2  c  a  X  o.  Next ,  let  there  exist  a  derivative  T'  (g) 
considered  in  the  following  sense: 


lim 

£->  0 


r  (5  +  e)  —  T  (£) 


■r  © 


B-B1 


=  0, 


where  ||  T  d)||  <  oo.  Let  /6J?s(a).  Then ,  i/ 


y) 


_ f(x)  —  i(y) 

xi+ix2—yi—iy2 


e%s  (2), 


x  6  R2,  y  6  R2, 
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then  in  the  topology  of  the  space  Horn  ( B ,  B')  there  exists  the  deriva¬ 
tive  /  (A  (?))  so  that  the  following  formula  is  valid: 


±f(A  (i))=r  (?) 


/ 


U(6))  -/  (^4  (5)) 
T(l)~T  (l) 


Corollary.  The  following  estimate  is  justified: 


i f(Am  ©iib-.r' 


Xi  +  ixi  —  t/i  —  «i/2 


SB*™ 


where  c  depends  only  on 


sup 

I6R2 


(l  +  M)* 


S8  (1+1  !\r 


and  on 


Proof.  From  the  existence  and  the  boundedness  of  the  operator 
T'  (?)  it  follows  that  ||  T  (?  +  e)  —  T  (?)  ||b-b'  <  oo.  By  virtue 
of  Lemma  7.1  we  have 


f(A  (E  +  e))-/(i4(S)) 

8 

T  (1+e )-T  (?)  /  U(|  +  e))-/  U(|)) 

8  1  3 

ni+«)-r(l) 


(7.3) 


where  T  (?  +  e)  —  T  (?)  is  the  extension  of  the  operator  T  (5+  8)  — 
—  T  (?)  to  the  homomorphism  B  ->  B' .  Passing  in  (7.3)  to  the 
limit  for  e  ->  0  and  using  the  multidimensional  analogue  of  Lem¬ 
ma  7.2  we  obtain  the  proof  of  the  theorem. 

It  is  not  difficult  to  formulate  and  prove  the  multidimensional 
analogue  of  Theorem  7.2  for  the  functions  of  a  number  of  generating 
sets.  The  definition  of  such  functions  can  be  obtained  almost  word 
for  word  by  using  a  similar  definition  from  Sec.  4. 


Sec.  8.  Formulas  of  Commutation 

Let  A  and  B  be  generators  of  degrees  s  and  s' ,  respectively,  acting 
in  a  Banach  space  B  which  contains  a  linear  manifold  E  dense 
everywhere  and  invariant  with  respect  to  A,  B,  exAt  and  e~xBt. 

In  this  section  we  shall  assume  that  the  following  condition  of 
agreement  between  the  operators  A  and  B  is  carried  out:  for  any 
function  <p  £  Co’(R)  the  operators  cp  (A)  B  and  f?cp  (^4)  are  defined 
on  E  and  are  closed. 
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Lemma  8.1.  Let  the  operator  A  as  well  as  the  commutator  [A,  5] 
be  bounded.  Then ,  for  any  f  £  3?  s+i  (R)  the  following  formula  is  valid: 


~  77  f  Q)  -/  U) 


[B,  f(A)]  =  [B,  A] 

A-A 

where  the  line  above  means  the  closure. 

Proof.  Let  cp  £  C2°  (R)  be  a  real  function  which  is  contained  bet¬ 
ween  0  and  1  and  is  equal  to  1  in  the  neighborhood  of  zero.  Denote 

<Pn  (x)  —  <P  (-^-)  •  Set  An  —  (pn  ( B )  A(pn  ( B )  and  first  prove  the 
formula 


{ 1  1 

CO 

/  Uni 

-/  \An) 

IB,  An]. 


(8.1) 


We  have 


lAn,  B]  =  q>n(B)A(pn(B)B  —  B(pn(B)A<pn(B)  =  (pn(B)[A,  B]q>n(B). 
This  means  that  the  right-hand  member  of  (8.1)  is  equal  to 

,/  UJ-/  (in)  _ 


Iq>n  (B)  [B,  A]  <p„  (5)]  ■ 


1  3 

An  An 


=  [Tn  (B)  BAi p„  (5)] 


—  I<Pn  (B)ABi Vn  (5)] 


f  (An)  -/  (i) 


An  An 


(in)  — /  (i) 


1  3 

An  A  n 


rr  a  dh  /  (^n)  f  (-^n)  i  rr  p  a  -n  /  (^n)  /  (-^n) 

=  I \AnB^ - 7 - § - h  lBAn\ \ - T - 3 - 


An  An 


An  An 


Denote  Bm  =  Bq>m  ( B ).  Then  for  a  fixed  n  and  sufficiently  large  m 


l[B ,  Tin]] 


/  (in)-/  (in) 

1  3 

An  An 


-lAnBm  ] 


/  (In)  -/  (in) 


+  lBmAn] 


(  1  ) 

(  3  ] 

/  Uni 

-f  Uni 

1  3 

An  An 


An  An 

a  p  f  Un)  -/  (X) 
^nDm  i  3 

An  An 


\nfJ^zjJ^A  =  Bm[-f  (An)+f  (An)) 


+  BmA 

=  [Bm,  f  (An)}  ■ 


17-01225 
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Thus  for  a  fixed  n  and  sufficiently  large  m  the  formula  is  valid: 


0*.  An]J 


i  (in)  -/  (Jj 

1  3 

An  A n 


=  {Bm,  f(An)]. 


In  particular,  this  means  that  the  right-hand  member  of  this  for¬ 
mula  does  not  depend  on  m.  If  h  —  ij)  ( B )  q,  where  i|)  £  Co°  (R),  then 

/  (An)  Bmh  =  f  (An)  Bh 


for  sufficiently  large  m.  Consequently,  Bmf  (A„)  h  does  not  depend 
on  m  for  a  sufficiently  large  m  and  since  <pm  (B)  -a-  1  point-by-point, 
B  —  B(pm  (B)  and  B  is  a  closed  operator,  it  follows  that 

BJ  (An)  h  —  Bf  (An)  h 


for  a  sufficiently  large  m.  This  means  that  (8.1)  is  valid  in  a  set 
dense  everywhere  and,  consequently,  it  is  valid  everywhere. 

In  (8.1)  we  shall  pass  over  to  the  point-by-point  limit  for  n  ->  oo 
with  the  additional  assumption  that  the  Fourier  transform  of  the 
function  /  has  a  compact  support.  For  any  h 

e-iAnth^e-iAtfr  (8.2) 


uniformly  in  t  in  any  interval  a  ^.t  and 

||  e-iAnt  j|;C^c  (8.3) 

for  t  6  [«,  hi.  This  follows  from 

N 

e-iAnt_S '  (iAn)h 
^  kl 
ft=  0 

where  Ot  (e)  does  not  depend  on  n.  Passing  over  to  the  limit  in  the 
right-hand  member  of  (8.1)  for  n ->  oo,  by  virtue  of  (8.2)  and  (8.3) 
we  obtain 

h  =  [B,  A] 

A— A 

As  to  the  limit  in  the  left-hand  member  of  (8.1)  we  consider  /  (An)  -> 
->  /  (A)  point-by-point.  Hence  /  (An)  B  ->  /  (A)  B  in  E.  Conse¬ 
quently,  the  sequence  {Bf  (An)  h)  converges  for  any  h  6  E.  By 
virtue  of  the  closed  nature  of  the  operator  B,  we  have,  for  h  £  E: 

lim  Bf  (An)  h  =  Bf  (A)  h. 

n-*oo 


lim  [B,  An] 


(ij -f  (JJ 
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Thus,  for  any  h  £  E  the  following  formula  is  valid: 

[B,  f  (A)]  h  =  [BTA]  f  ^ 

A-A 

The  lemma  is  proved  for  the  function  /  which  has  a  Fourier  trans¬ 
form  with  compact  support.  Since  the  set  of  such  functions  is  dense 
in  38  S+1  (R)  the  lemma  is  valid  in  the  general  case  too. 

The  following  theorem  states  that  the  assumption  that  the  opera¬ 
tor  A  is  bounded  may  be  rejected. 

Theorem  8.1.  Let  the  commutator  [A,  B]  be  bounded.  Then  for 
any  f  ^  38  S+1  (R)  the  following  formula  is  valid: 

[B,  f  (A)]  =  [BTA]  . 

A  —  A 


Proof.  Let  {cp„}  be  the  sequence  of  functions  considered  in  the 
proof  of  Lemma  8.1.  Set  Bn  =  <pn  (.4)  Rcp„  (. A ),  An  =  A(pn  (A). 
Consider  the  commutator 

[Rn,  4m]  =  <p„  {A)  Bcpn  {A)  A( pm  (^4 )  —  ^4 cpm  (^)  cp„  (.4)  Rq>„  {A) . 
Let  n  be  fixed.  Then  for  a  sufficiently  large  m  we  obtain 
[Bn,Am\h  =  <vn{A)[B,A\<9n(A)h,  heE. 


Consequently,  for  a  sufficiently  large  m  the  operator  [Bn,  Am]  does 
not  depend  on  m  and  is  bounded  in  norm  by  the  number  ||  [B,  A]  ||. 
By  applying  Lemma  8.1,  we  get 


[Bn,  /  (^m)]  =  Icpn  ('l)  [B,  A]  <p„  (4)] 


f  (im)  -/  (JJ 

1  3 

Am  Am 


For  a  sufficiently  large  m  this  formula  may  be  rewritten  in  the 
form 


[Bn,  f(An] )] 


=  cpn(i)  [R,  yl](pK(i)/^|  ■  { 


(a) 


(8.4) 


Let  h  6  E.  Then  /  [Am)  Bnh  =  /  (Am)  <pn  (.4)  Bq>n  (A)  h  = 
=  f  (A)  (pn  (A)  B(pn  (A)  h  =  f  (A)  Bnh,  if  m  is  sufficiently  large  for 
a  fixed  n.  In  the  same  way,  Bnf  (Am)  h  —  Bnf  {A)  h  for  a  sufficiently 
large  m.  Consequently,  the  following  formula  is  valid: 


[*»,  /  Ml 


=  cp„  U)  [B,  A)f^A\  «pB(i). 


3 

-A 


17* 


260 


OPERATIONAL  METHODS 


In  this  formula  let  us  pass  over  to  the  limit  for  n 
hand  member  converges  point-by-point  to 


oo.  The  right- 


[B,  A] 


t  (i) -t  (i) 


1  3 

A— A 


Concerning  the  left-hand  member  we  may  say  that  for  h  £  E,  q  = 
=  ip  ( A )  h,  ip  £  Co  (R)  we  have 

lBn,  f  (A)}  q  =  <pB  (A)  B<pn  (A)  f  {A)  op  (4)  h  — 

—  /  ( a )  <P n  {A)  Bi pn  (A)  ip  {A)  h  = 

=  q>»  (A)  [B,  f  (4)]  <pn  {A)  ip  (. A )  h. 

If  n  is  sufficiently  large,  then  (pn  (A)  ip  (4)  h  —  ip  (4)  h  =  q  so 
that 

lim  [Bn,  f(A)]q  =  lim  cpn  (4)  [B,  f  (4)]  q  =  [B,  f  (A)]  q. 


Since  the  linear  core  of  the  set  of  elements  of  the  form  ip  (A)  h, 
whereip  6  (R),  h  £  E,  is  dense  everywhere,  the  theorem  is  proved. 

Theorem  8.2.  Let  the  commutator  [A,  B]  be  bounded.  Then  for  any 
f  ixi  li)  €  s'+i  (R2)  the  following  formula  is  valid: 


f 


(i,  J)  — /  (i,  b)  =  [A,  B]  gL  (a,  a,  b,  b). 


(8.5) 


Proof.  It  suffices  to  consider  the  case  when  /  ( x ,  y)  —  fx  ( x )  /2  (y) 
since  the  set  of  linear  combinations  of  such  functions  is  dense  in 
^s+i,s'+i  (R2)-  Then  (8.5)  is  obtained  by  passing  over  to  the  clo¬ 
sure.  We  have 


lh(A),  h(B)]  =  [h(A),  B] 


fz 


U)  -h  (J) 


1  3 

B  —  B 


Next, 


Ifi  (A),  B]  =  [A,  B] 
For  this  reason 


fi  Q)  -ft  Q) 


1  3 

A  —  A 


lh(A),  fz(B)]  =  [A,B] 
Q.E.D. 


fi  U) -fi  U)  /aU)-/2U) 


2  4 

A— A 


l 

B- 


5 

-B 
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Theorem  8.3.  Let  f  (x)  £  f)  33  a  (R)  and  f  ( x ,  y)  £  f)  $s, »'  (R2)  and 

s  s,  s’ 

let  the  commutator  [A,  B ]  he  bounded.  Then  the  following  formula 
is  valid: 


f(lg(l,  !)])=[[/ (g  [a,  b))j+ 

+OlTs]-g-  (a,  a,  b)  (a,  b,  b)  x 
X  -g-  (g  (i,  b),  [g  (a,  J)],  I g  [a,  b)j)j.  (8.6) 


Proof.  If  the  operator  A  is  bounded,  then  the  proof  is  identical 
with  that  of  Introduction. 

A 

Let  the  operator  A  be  unbounded.  Set  An= - .  Then  An 

1+— 

n 

is  bounded  and  ||  ||  c  (1  -j-  \t  |)s,  where  c  and  s  are  con¬ 

stants  independant  of  n  (see  Chapter  I).  Besides 


II  lAn,  B]  ||< ||  [A,  B) 


52/ 

6x2 


where  /„  (x)  = - . 

1+— 

n 

We  have 


’  (R) 


62/n  {x,  y) 


l  +  : 


1+— 

n 


x  —  y 


Hence  it  follows  that 


II  62/n  {x,  y)  ys>  (R*)<||  6 2fi  (x,  y)  ||^SiS,  (R2). 

Therefore,  the  commutators  [ An ,  B]  are  bounded  uniformly  in  n. 
If  in  (8.6)  A  is  replaced  by  An ,  then  the  obtained  formula  will  be 
valid.  Passing  to  the  point-by-point  limit  for  n  ->  oo  in  the  latter 
formula,  we  obtain  (8.6)  for  the  general  case,  Q.E.D. 


Sec.  9.  Growing  Symbols 

Let  A1  and  A2  be  generators  of  degrees  sx  and  s2,  respectively, 
acting  on  a  Banach  space  B.  As  usual  we  assume  that  A±  and  A2 
are  defined  in  the  same  set  E  dense  everywhere.  The  closures  of  the 
operators  A1  and  A2  in  B  we  shall  again  denote  by  and  A2,  res¬ 
pectively. 
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Definition.  Let  there  exist  such  non-negative  integers  k,  l  for  the 
function  f  ( x ,  y)  that  the  function 

etx  U)= _ fShJl _ 

g{X’  J)  ( *+i)k(y+i)i 

belongs  to  space  &su  S2(R2).  Then  set 


f 


1  1  2  def  .  /  1  2  \ 

\-4ii  Az)  =  (Az  +  i)  S  l^i*  A2)  (A\  +  i)  h 


(9.1) 


for  any  vector  h£E,  so  that  g  {au  A2)  (A1  +  i)hh  belongs  to  the 
domain  of  the  operator  A\. 

Theorem  9.1.  Let  (in  the  notation  of  the  definition ) 

and  h  be  such  a  vector  in  E  that 


(Ai,  A2)  +  h£D Ai. 


Then 


(A2-\-i)1  g  [Ai,  Az)  (Ai-\-i)hh  —  (Az-\-i)1  g'  (^Ij,  Az)  (Az-j-i)  h. 

(9.2) 

Proof.  We  have 

g  (x,  y) = g'  (*»  y)  (x + i)h'~h  (y + if'1- 

Let  the  sequence  {cp„}  of  functions  of  the  form 
mn 

<Pn(z>  y)  =  Hl  Vin(x)$jn(y),  ain€^si(  R)»  Pin  €  #J2  (R) 

j=l 

converge  to  g(x,  y)  in  ^?Sii52  (Rz).  Then  the  sequence  of  functions 


mn 


(x,  y)=  2  Y in(x)8jn(ij), 

5=1 

where  yjn  (x)=j^~Szu  and  8in  (?/) : 
g’ (x,  y)  in  ^S1,S2(R2).  For  any  q£E  we  have 


Pin  (y) 


(y+if~l  ’ 


converges  to 


«Pn 


/  i  2  \ 

Ui,  Az)  q  =  2i  Pin  (Ai)  ajn  (At)q  = 


mn 


5=1 


—  S  (^2  +  0  1  Sjn  (^2)  yjn  C^l)  (^1  4“  0 


.vfe'-ft 


5=1 


=  (^2  +  0I  1  (^li  ^2)  (A  +  0 
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Passing  over  to  the  limit  for  rc-voo  we  obtain 

8  (di,  d2)  q  =  (d2  +  i)  1  g'  (  Alt  d2)  (dt -j-  i)  q  (9-3) 

(here  we  have  used  the  closed  nature  of  the  operator  (d2  +  i)l'~1)- 
Putting  q  =  (dx  +  i)  hh  and  applying  the  operator  (d2  +  i)1  to  both 
members  of  (9.3)  we  obtain  (9.2). 

Theorem  9.1  shows  that  the  element/ (d1}  d2)  h  does  not  depend 
on  the  choice  of  powers  k  and  l  in  (9.1).  Note  that  if  the  right-hand 
member  of  (9.2)  exists,  then  the  left-hand  member  also  exists.  This 
follows  directly  from  formula  (9.3). 

(i  2  \ 

Theorem  9.2.  Let  f  \AU  A 2)  be  an  operator  defined  everywhere 
in  E  and  bounded  in  B  and  let  T  be  the  closure  of]  this  operator  in  B. 
Then  for  any  function  g  £  i?sl,S2  (R2)  and  any  h  £  E  the  following 
formula  is  valid : 

[fg]  (dj,  d2)  h  =  Tg  ( A\,  A2)  h. 

Proof.  Let 

/  (dt,  d2)  h—  (d2- f-  i)1  /o  (dj,  d2)  (dj -f-  i)h h, 
where 

fo(x,  y)=f(x,  y)/{x  +  i)h{y  +  i)1,  /c€  & >v  s2  (R2)- 
Then  for  any  h£E  we  have 

2/1  2  \ 

Tg  Ui>  dj  h  = 

=  27T  J  x)e~iAit  (d2  +  i)'/o  (dJ:  d2)  x 

R2 

X  {AiA-if  e-iA'ihdtdx  =  {A2-\-i)1  j  g  (t,  t)  X 

R2 

X  e-iA'iXf0  (dl5  d2)  e~iAit  ( A-\-i)hhdtdT  = 

—  (d2  +  i)*  [fog]  (di,  d2)  (Ai-\-i)h h  =  (fg)  (di,  d2)  h. 

Corollary.  The  following  estimate  is  valid : 


where  c  is  the  norm  of  the  homomorphism  38  Sy,  s2  (R2)  -> 

2 1  2 

->-Hom(5,  B)  constructed  on  the  ordered  pair  of  operators  Ait  d2. 
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Next,  we  shall  need  the  symbols  f(xu  ...,xn)  satisfying  the 
condition 


/(*  i. 


,  (Rn) 


for  some  integer  k.  If  Alt  .  .  ,,  An  is  a  set  of  generators  of  degrees 
slt  .  .  .,  sn,  respectively,  acting  on  a  Banach  space  B  and  defined 
on  a  linear  manifold  E  dense  everywhere,  then  we  set,  for  any  h  £ 
6  E, 


( 

1 

n  \ 

i  def  /l 

n  \ 

f  \ 

Ai,  . . 

AJ 

h  —  g  \At,  . 

■;An) 

where  g  ( x i,  ...,*„)=/  (xv  .  .  .,  xn)/{x  +  i)h ■  As  in  Theo¬ 
rem  9.1  this  definition  may  be  shown  not  to  depend  on  the  choice 
of  k. 

It  is  not  difficult  to  verify  that  in  this  case  the  estimate  analogous 

to  (9.4)  is  also  valid:  if  /  (^4X,  .  .  .,  An)  is  an  operator  bounded 
in  B  and  g  g  38  su  (Rn),  then 


where  c  is  the  norm  of  the  homomorphism  d!l\  38 sl,  .  ...« (Rn)->- 

1 

Horn  ( B ,  B)  constructed  on  the  ordered  set  of  operators  Al9 

n 

•  •  •>  An. 


Problem.  We  have  defined  infinitely  differentiable  functions  of 
two  non-commutative  generators  with  a  growth  rate  not  exceeding 
the  degree  of  the  argument.  Show  that  they  form  an  algebra  with 
the  p-structur e  (with  the  same  proviso  as  in  the  footnote  on  page  210). 

Finally,  define  growing  functions  of  several  non-commutative 
operators.  In  this  case  additional  assumptions  are  necessary.  Name¬ 
ly,  let  {Bx}  be  a  Banach  scale ,  where  Bx  a  Bx -  for  t  <;  t'.  Let  Au  .  .  . 
.  .  .,  An  be  generators  in  the  scale  {Bx},  where  the  operators  are  also 
translators  in  the  same  scale.  Denote  by  <3  °°  the  space  of  functions 
f  (xlt  .  .  .,  xn)  growing  with  all  their  derivatives  at  a  rate  not  exceed¬ 
ing  |  x  |ft  ( power  k  corresponding  to  the  function  f). 

For  any  function  f  (xlt  .  .  .,  xn)  in  #°°  there  exist  such  integers 


klt  .  .  .,  kn 

that 

g{xu  .. 

•  i  '-1'  n  ) 

t(xu  .. 

(*i  +  i)ki  ••• 

• »  xn) 

0 *n  +  i)hn 

belongs  to  38 

h . 

in  (Rn)  for  any  lu  . . . ,  ln.  Set 

(  1 

n 

\  del  I  2 

\h>  ( in  \hn  I  1 

2n-l  \ 

/U,  . 

•  •  >  An 

)  =  Ui  +  1. 

)  •  •  •  \An  +  1  /  gUl,  • 

•;An) 
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where  the  operators  (. A x  -f  i)hi,  .  .  .,  (An  +  i)kn  are  considered  as 
translators.  The  investigation  of  the  correctness  of  the  definition 
is  left  to  the  reader. 

Problem.  Verify  that  in  the  algebra  of  generators  and  translators- 
in  the  scale  {Bx}  formula  (9.5)  defines  a  p-structure  with  an 
operation  p:  (xx->-  Ax,  .  .  xn->- An)  translating  f  (xx,  .  .  .,  xn) 

into  /  (au  .  .  .,  An )  . 


Sec.  10.  The  Factor-Spectrum 

Let  (Bx)  be  a  Banach  scale  and  A  and  A'  be  generators  in  the 
scale  of  degrees  s  and  s'  with  steps  kx  and  k2,  respectively.  Let  T 
be  a  translator  with  step  l.  Let  Sx  and  S2  be  operators  defined  on  D 
and  acting  on  Bx  for  any  t.  We  shall  call  the  operators  Sx  and  Sz 
the  equivalent  operators  if,  for  any  %  and  t', 

II  sx  S2  |It->t'  00 • 


Definition.  We  shall  say  that  a  point  X  f  R2  belongs  to  the  factor- 

/I  2  3  \ 

resolvent  set  of  the  vector-operator  \A,  T,  A' )  if  there  exists  such  a  neigh¬ 
borhood  U  of  the  point  X  that  for  any  function  f  g  38  s-  (R2)  with 
support  in  U  and  for  any  t  and  %' 


T-*T'  00  , 


2/1  3  \ 

i.e.,  the  operator  Tf  \A,  A' )  is  equivalent  to  zero. 

The  complement  in  R2  of  the  factor-resolvent  set  will  be  called  the 

(  1  2  3  \ 

factor-spectrum  0  of  the  vector-operator  \A,T,A'). 


Lemma  10.1.  Let  f  be  a  finite  function  in  38 Si  s<  (R2)  and  the  opera- 

2/1  3  \ 

tor  Tf  \A,  A' )  be  equivalent  to  zero.  Then  any  point  X  for  which 
f  (X)  =f=  0  belongs  to  the  factor-resolvent  set  of  the  vector-operator 

(a,  T,  A') . 


Proof.  Let  U  be  such  a  neighborhood  of  the  point  X  that  f  (X)  0 

for  X  6  U  and  let  <p  be  a  function  in  38 s,  s’  (R2)  with  support  in  U. 
Then  there  exists  such  a  function  ip  6  JPs,  S'  (R2)  that  <p  =  ip/. 
According  to  Theorem  4.1  we  have  for  arbitrary  p 


2  (  1  3  \ 

Tty\A,  A)  + 


[t+*i-.T+ft1+H  ||'li5||^s 


S'(R) 


<  oo, 


Q.E.D. 
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Theorem  10.1.  For  the  point  A°  to  belong  to  the  factor-resolvent  set 

I  i  2  3  \ 

of  the  vector-operator  \A,  T,  A' )  it  is  necessary  and  sufficient  that  for 
sufficiently  small  s  >  0  there  exist  functions  cp,  ij)  £  C™  (R)  with 
support  in  the  E-neighborhood  of  the  points  A®  and  A®,  respectively, 
such  that  the  following  condition  is  carried  out: 

9  (A®)  =  *  (A®)  =  1 

and  that  the  operator 

*  (A1)  Tt p  (A) 

is  equivalent  to  zero. 


Sec.  11.  The  Functions  of  Components  of  a  Lie  Nilpotent  Algebra 
and  Their  Representations 

This  section  will  be  mainly  devoted  to  the  study  of  functions  of 
differential  operators  which  form  an  ordered  representation  Lx,  .  .  . 

.  .  .,  Ln,  a  of  components  of  some  Lie  nilpotent  algebra  (see  Sec.  9 
of  Introduction).  We  shall  show  that  these  operators  are  generators 
and  translators  on  a  suitable  scale  and  prove  the  relation  (9.5) 
of  Introduction  for  the  case  when,  instead  of  a  polynomial,  there 
exists  an  arbitrary  function  in  C%.  We  shall  also  prove  formula  (8.10) 
which  is  necessary  for  the  proof  of  the  main  theorem.  Besides,  we 
shall  obtain  formulas  for  reducing  a  function  of  the  ordered  opera- 

12  n  7i+l 

tors  Llt  L2,  .  .  .,  Ln,  a  to  a  pseudodifferential  operator. 

First  point  out  some  properties  of  the  ordered  representation. 

Let  Z  be  a  set  of  components  Alt  .  .  .,  An  of  a  Lie  nilpotent 
algebra  (see  Sec.  9  of  Introduction).  Since,  by  hypothesis,  any  com¬ 
mutator  of  length  N  is  equal  to  zero,  it  follows  that  a  commutator 
of  length  N  —  1  commutes  with  all  elements  of  the  set  X.  By  hypo¬ 
thesis,  all  commutators  of  operators  are  included  in  the  set  of  ope¬ 
rators  Alt  .  .  .,  An. 

Let  Xx  be  a  subset  in  X  of  elements  commuting  with  all  elements 
in  X.  Let  X2  be  such  a  set  of  elements  that  their  commutator  with 
any  element  of  X  belongs  to  Xx.  In  general,  let  Xt  cr  X  be  such 
a  subset  of  elements  that  their  commutator  with  any  element  belongs 
to  the  sum  Xk  for  k  <  i.  Obviously  the  number  of  such  sets  Xt 
does  not  exceed  N. 

Now  consider  the  construction  of  an  ordered  representation  of 
the  set  X.  The  method  of  its  construction  is  described  in  Sec.  9 

71+ 1/1  71  \ 

of  Introduction.  By  transferring  in  Atq \AX,  .  .  . ,An )  the  opera¬ 
tor  A  i  from  position  n  +  1  to  position  i  we  obtain  the  expansion 


CH.  II.  CAUCULUS  OF  NONCOMMUTATIVE  OPERATORS 


267 


(1  n  \  n 

Alt .  .  .,An)  in  a  Taylor  series  in  powers  of  An 

71+2 

An.  Hence  we  obtain  the  terms  of  the  form 


(  n  n+2t 
wit  An  / 

k\ 


h 


n+1 

At 


71-1  7l+2\ 

•  •  •  *  -^71  / 


at  the  point 


/I  3  \k  2 

Let  An  6  Xj(n).  Then  \An  —  An]  At  (the  right-hand  commutator 
being  of  the  order  k)  belongs  to  such  a  class  X j  that  j  ^.i  (n)  —  k. 
Similarly  one  may  conclude  that,  in  general,  the  coefficient  of  the 

derivative  — — — — —  of  the  operator  Lt  is  a  constant  or  a  linear 

h  3^ 

homogeneous  function  of  xr  such  that  i  (r)  <  max  i  ( js ). 

Note  that  this  remark  is  also  relevant  to  the  construction  of  the 
representation  Gt  defined  in  Sec.  9  of  Introduction. 


/  2  1  \ 

Lemma  11.1.  Let  L  =  L\x,  —  idldx)  bean  ordered  representation 
of  one  of  the  components  of  the  Lie  nilpotent  algebra.  Then,  for  any 
integer  k  or  l  there  exist  such  integers  s  (k,  l),  m  (k),  n  (l)  that 

II  e~i£< llc;m(ft)-^(0< const  (1+|* l)s(&’ 

where  Chi  is  the  space  of  k  times  continuously  differentiable  functions 
with  the  finite  norm 

h 

II 9 11+ =  sup  2  (1  +  1  +l)!  9  (x)- 

1  *£Rn  iv|=o  dx 


Proof.  Denote  by  Hi  the  completion  of  the  space  S  in  the  norm 

i 


k_ 

!MI„r|<i4H*P>T(i++r)2<p 


L  2 


There  are  embeddings 

c  C’i  c=  Hlv,  Vv>|. 

Consequently,  it  suffices  to  prove  the  estimate 
||  e~iLt  | \Hm(huHh  ^ const  (1  + 1  *  |)s<ft’ l). 

I  n(() 

Let  be  a  Fourier  transform.  Denote  L  —  F x^iLFf->x.  Since 
the  Fourier  transform  of  the  space  H\  is  III,  it  suffices  to  obtain 
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the  estimate 


s(M) 


We~iLt\\H‘  .H»<0<const  (1+|*|) 

m(h )  h 

The  operator  L  has  the  following  form  (the  coordinates  are  num¬ 
bered  respectively): 

rl  r2 

L  =  -  —  i  2  •  •  •>  •  •  • 

5=1  5=r  j+l 

rP+i 

...-I  2  Pi(tn---&p)g !?-••• 

5=rp+l 


2  ^(Si, ...,^)4-+po©’ 


5=rg+l 


where  P}-  are  polynomials  with  real  coefficients  and  a}  are  real  num¬ 
bers.  If  ij)  (|)  £  S,  then  the  function  ip  (£,  t)  —  e~iLiip  (£)  is  a  solu¬ 
tion  of  the  following  Cauchy  problem: 


§+S«<3+  2  p.S-'+iPrt-o, 


dip 


dlf 

3=1  5=r1+l 


dip 


dli 


l  Ml  0)  =  q)  (£). 

Next,  write  the  characteristic  equation  for  this  problem: 
dt  — aj'’  i  — 1>  •  •  ■>  ri> 

d\j 

_  =  ^,  j  =  ri  +  i, 

U(0)  =  i°,  *(0)=<P(&°). 

By  solving  the  first  n  equations  successively  we  obtain 

Ij  +  ajt,  7=1,  . . rlt 
0 

rP 


E  _ E  /tO  A  —  J  ^  ^  ^  ~  1  ’  '  '  '  ’  r*’ 

,  0  j  |«  +  ^(|®,  .  ..,|?p,  *),  7  =  rp  +  l,  ..  .,rp+1 

where  Qj  are  polynomials.  Hence  we  have 
f  h  —  ad,  7  =  1,  . . .,  rit 

^  =  S°(^)={H,  +  i?;.(£l!...)L,*)I  7  =  rp  +  l, 


»  1  p+u 


(11.1) 
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where  Rj  are  polynomials.  Let  (|°,  t)  be  a  function  ip  (|,  t)  of 
coordinates  and  t.  From  the  latter  equation  of  the  characteristic 
system  we  have  an  explicit  formula  for  ip  (|°,  t) 

t 

iji(g0,  t)  =<p(i°)  exp  {  —  i  j  P0{l(l°,  T))dx|  .  (11.2) 

o 

DP 

Note  that  -=£-  =  1.  Consequently 
d  So 

We-Z'vWl^  j|$(£°,  t)  |2 dg°  =  || cp ||£2. 

By  putting  in  (11.2)  §°  =  |°  (g,  t)  and  applying  to  both  members 
an  operator  of  the  form  |p  (~dlY  an^  usinS  (H-l)  in  analogy  with 
an  estimate  in  L2,  we  obtain  the  required  estimate  ||  e  lL<  IU  „««> 

for  the  case  1^0.  Here,  one  may  even  set  n  ( l )  —  l.  Besides,  for 
a  given  m  ( k )  one  may  always  choose  k  =  k  (pi).  Now  make  use 
of  the  fact  that  the  spaces  Hlm  and  HZlm  are  conjugated  in  relation 
to  the  scalar  product  in  L2.  In  other  words,  the  norm 

||<P||m=  SUP  j  (CP,  1p)x.2  j, 
ll+llHlm= 1 

is  equivalent  to  the  norm  in  Hlm.  The  operator  conjugated  to  the 
operator  e~iLt  in  L2  has  the  form  eiLi  since  L  is  symmetrical  in  L2. 
Consequently 

\\e-iZty\\kl  =  sup  |  ip)La J  =  sup  |  (qp, ip)i2 {. 

II'MIjP  =1  IW>IIHI  =1 

h  -ft 

If  l  >  0,  then,  according  to  the  relation  proved  above,  there  exist 
such  numbers  k'  and  s  that  for  ||  ip  ||  x  —  1 

H— ft 

II  ||Hi  ^ const  (1  + 1 1  |)s. 

h' 

For  this  reason 

||e-{ricp||ft'=  sup  ||  cp  11^  ||  i|j  ||  ,  <  const  ||  <p  ||^  (1  +  |*|)s. 
IWiH;  =i  ft' 

The  lemma  is  proved. 

We  shall  now  pass  over  to  the  proof  of  (8.5)  and  (8.10)  as  well 
as  of  their  analogues  given  in  the  item  “the  rule  of  reduction  of  the 
main  problem”  (see  Sec.  9  of  Introduction). 
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As  it  has  been  mentioned,  this  proof  is  based  on  axioms  (p7)  and 
(p8).  It  consists  of  two  parts. 

(1)  Let  g  ( x )  £  C°°;  then  the  operator 


e'Vg 


U. 


2 


n  \  ,"+2,  I  1  n  \ 

4  /  —  Ah  lg  \Ai,  •  • An) 


(11.3) 


/  1  2  n  \ 

is  equal  to  the  operator  i|i  vAj,  A2,  ■  ■  .,  An,  t)  ,  whose  symbol  is 
expressed  by  the  symbol  g  ( x )  in  the  following  way:  ij)  ( x ,  t)  = 

=  elL^  g  (x).  Here  Lh  is  an  ordered  representation  of  the  opera¬ 
tor  A  k.  The  operator  exists  by  virtue  of  the  established  properties  Lk. 

Proof.  Consider  derivatives  of  the  symbols  e“n+2 1  g  (x)  h  and 
t|)  (x,  t)  with  respect  to  t,  i.e.,  the  symbols  ixn+2h  and  i|j)  (x,  t)  = 
=  iL,,\p  (x,  t).  It  is  obvious  that  for  the  former  the  relation  (p|) 
of  axiom  (p8)  is  fulfilled.  Bear  in  mind  that  the  operation  p  brings 

n+ 2  h 

into  correspondence  xn+2  and  Ah  and  xh  and  Ak.  Since  Lk  is  an 
ordered  representation  of  Ak  it  follows  that 

/  1  2  n  \ 

[iLh^(x,t)]  1  n  =iAkm\Al,  Az,  . .  An)J. 

•  ■’xn~An 

Hence,  it  follows  that  the  relation  (p(()  is  also  fulfilled  for  the 
symbol  ij)  ( x ,  t).  At  t  =  0  the  two  operators  if  and  eA]tl  g  are  equal 
to  g.  For  this  reason  their  difference  satisfies  the  relations  (p£) 
and  (p&).  This  means  that  the  operators  are  equal,  as  required. 

From  the  second  part  of  the  axiom  (p7)  it  easily  follows  that  equa¬ 
lity  (8.5)  can  be  extended  to  symbols  of  the  class  C%. 

(2)  Consider  the  operators 


■VA  71+1  +& 
i  ZJ  Ah  lh 

e  k=  l  g 


n 

•  •  j  A-m  1 1, 


), 


(11.4) 

n  k 

1  2  h 

where  i|)  (x,  t)  =  e  g  (x).  From  the  above  item  it  follows 

that  they  are  equal. 

Let  the  pseudodifferential  operator 


act  on  the  symbols  of  both  operators  (11.4),  where  /  6  <¥°°-  By  virtue 
of  the  properties  of  the  operator  Lk  we  have 


CH.  II.  CALCULUS  OF  NONOOMMUTATIVE  OPERATORS 


271 


Obviously,  for  symbol  (11.4)  we  have 


n 


1  xn+l+hth 

£  (®1»  •  •  •  >  % n )  = 


n 


i  2  * 


=  e  h— i 


n+i+lt  li 


f  {%n+l  i  •  •  •  i  ^-n+l+Tt)  £  (-^i  >  •  •  ■  i  ®n)  • 

Because  of  axiom  (u7)  the  corresponding  operators  are  equal  for  all 
£  (t  —  0  included).  Namely,  for  t  —  0  we  obtain  the  equality 

1  1  ra\  /I  71  \  /I  n  \ 

I/Ul,  •••,  -An/MffUl,  •••>  ■■■,  A J, 

where  i|)  (a:)  is  expressed]by  g  (x)  in  the  following  form: 

$(*)  =  /  (^i,  •  ■  ^n) 

as  required. 

The  other  equalities  of  Sec.  8  are  proved  in  a  similar  way.  There 
exists  an  obvious  generalization  for  the  case  when  the  argument 

71+1 

is  B  . 

We  shall  again  use  formula  (8.10)  for  a  complex-valued  function 
of  ordered  operators.  Let  /;  (,4X,  ..  .,An)  £  M,  i  =  1,  .  .  .,  7c. 
Then  /  (/x,  .  .  .,  /&)  can  be  represented  in  the  form  of  the  function 
tp  (-4X,  •  •  •,  H„),  the  symbol  ip  (a:)  being  defined  by  the  formula 

f(hi(L  i,  ...,hAL  ...,Ln)])i =*(*).  (n.5) 

Here  1  is  a  unity  belonging  to  the  space  of  symbols^00.  Wo  shall 
apply  the  above  formula  to  describe  the  function  of  representations 

1  n 

Lx,  .  .  .,  Ln  as  a  complex  function  of  the  components  of  another 
nilpotent  algebra,  namely,  that  of  — ,  x,  in  other  words,  we  shall 

1  n 

write  the  function  of  Lx,  .  .  .,  Ln  in  the  form  of  a  pseudodifferential 
operator.  Thus  we  shall  obtain  an  ordered  representation  of  opera- 

tors  —  i  -j-  ,  x. 

dx  ’ 


It  is  obvious  that 


3 

d_ 

dxi 


f  »  Xl=^  < 


dx 


where  i| i,(y,  x)  -  (  —  i  +  f(y,  x). 
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Consequently,  the  operators  I — i — — \-y,  x  constitute  an  orde¬ 


red  representation  of  the  set  ,  xj.  Then,  from  (11.5),  it  fol¬ 
lows  that 

/  [lu  . . .,  Ln)  =cp  (a;,  —  i-£-)  , 
where 


<P(z,  y)  =  f  Pu  U,  -i-sr  +  y  ],  •  •• 


. ..,  | [Ln  \x,  -i  —  +  yn  1 


Is  the  symbol  of  the  pseudodifferential  operator. 


III.  ASYMPTOTIC  METHODS 


Sec.  1.  Canonical  Transformations  of  Pseudodifferential 
Operators 

We  have  already  seen  in  Secs.  1  and  2  of  Introduction  that  the 
commutation  formula  of  a  pseudodifferential  operator  with  an  ex¬ 
ponential  plays  an  essential  role  in  Heaviside’s  calculus.  The  com¬ 
mutation  formula  of  Hamiltonian  with  exponential  featured  in 
Ch.  II  in  the  construction  of  the  calculus  of  ordered  operators  is  also 
a  key  formula.  In  the  theory  of  p-structures  (rather  in  its  application 
to  pseudodifferential  operators)  this  formula  was  in  effect  accepted 
as  the  definition  of  functions  of  operators 


-ih4~  + 

dx  ' 


as 

dx 


It  should  be  noted,  however,  that  the  commutation  formula  of 

i 

the  pseudodifferential  operator  with  exponential  e  h  of  the  form 

(-»*+£) 

i  ^  ^ 

may  be  interpreted  in  two  ways.  By  taking  T  —  eh  as  a  multi¬ 
plication  operator  by  the  function  ehSM  we  obtain 
(1)  T-‘P(-ikJL)T  =  p(-ik-L  +  f) 


(2)  T'p(-ih£)T=p{-m±+%) 


—s\x,  v)  I  2  M 

Up  till  now,  for  the  case  when  T  =  eh  ’  cp  p)  we  gene¬ 
ralized  formula  (1)  and  thus  obtained  the  commutation  formula 
of  Hamiltonian  with  exponential.  This  section  is  devoted  to  the 


is — 0 1225 
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study  of  the  operator 


T*P 


2 

x,  —  ih 


T,  where 


T*  - 


-T-S 


n  2\ 
\x,pj  — 


<p  (a;, 


A  transformation  of  this  type  will  be  called  the  canonical  trans- 

(  2  i\ 

formation  of  the  operator  P  \x,  p)  .  It  turns  out  that  in  many  cases 
it  is  more  convenient  to  use  the  canonical  transformation  but  not 
transformation  (1)  of  the  differential  (or  pseudodifferential)  opera¬ 
tor  P 

First,  we  consider  the  composition 


jL  [s  ( 
T*T  =  eh  V 


where  5  is  a  real  function. 

From  Theorem  1.1  (see  below)  it  follows  that 


_  <p  1 

(~  (2 
l  X  \1 

\  1 

•,  p, 

;) 

f~  f  2  1 

[x  \  X,  f 

3) 
>,  p) 

lj) 

J  1 

h 

(2  1  3 

\x,  p,  p 

)  1  3) 

h  P‘,  p) 

where  x  (x,  p,  p')  is  a  solution  of  the  equation 
x  +  ~67  (*;  p’  p  '  =  x 

and  it  is  supposed  that  the  Jacobian  J  does  not  vanish: 
/  ( x\  p;  p')  =  l+-i--^-{x;  p,  p')^=0. 


The  operator  T*T  has  the  following  symbol: 


4-[S(*,  p)-s(k,  p')] 
e  h 


<P  (x,  P)  <P  (^, 


P')- 


It  turns  out  that  with  an  accuracy  of  up  to  0  ( h°° )  the  operator  T*T 
depends  only  on  the  values  of  its  symbol  on  the  diagonal  p  =  p' . 
If  the  terms  of  the  order  0  ( h°° )  are  omitted,  then  the  condition  on 
the  Jacobian  /  may  be  also  weakened. 

Let  us  formulate  precisely  and  prove  the  above  assertions. 
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Lemma  1.1.  Let  <D  £  C°°  (R™  X  R”  X  R”)  and  let  it  grow  no 
faster  than  a  polynomial.  Then 


0 


—  ( p-x-p'-x ") 

e h  X 


X  /  (x")  dx"  dp  dp’  j  eh  (P  P)X  0(p,  x' ,  p’)  dx’  = 
=  FpixFX’^pFp'lX’(t)(p,  x',  p')Fx*^p'f( x"), 


viecv  (Rn). 

Here  Fx^p  :  f  (x)-^J(p) 


(2nh) 


,n/2 


dx 


is  the  so-called  1  /h-Fourier  transform. 

The  proof  is  obvious. 

In  the  space  L2  (Rn)  we  set  the  operator 


r=q> 


(1.1) 


where  (p£Co°(R2n)  and  »S£C"(R2ra),  S  being  a  real  function. 

Define  the  vector  (x,  p',  p)  £  R”  whose  tth  component  is  a 
difference  derivative 

5  S  .  ,  ,  ,  , 

('*'>  Pn  •  •  •  i  Pi—  1)  Pii  Pii  Pi+ii  •  ■  ■  i  Pnh 

where  p,  //  £  Rn.  Consider  the  equation 

x +-^- (x;  p’,  p)-=y  (1.2) 

with  respect  to  the  vector  x£R”.  Denote  by  J  the  Jacobian  of 
this  equation 

J  (x,  p',  p)  =  det  ||  8W  +  (x;  p[,  ■■■,  pi,  pu  •  •  ■ ,  Pn)  . 

Theorem  1.1.  Under  condition  that  0  the  identity  holds 

rT  =  <p(x(x,  p,  p),  p)y(x  (x,  p,  p),  p)  x 

X  |  J-1  (x  (x,  p,  p),  p,  p)  |, 
where  x(y,  p' ,  p)  is  the  solution  of  the  equation  (1.2). 


18* 
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Proof.  By  virtue  of  Lemma  1.1 


T*Tf  —  eh  cpU,  P)  <P  U,  Pi /  = 

j  eh  (p  x  p  x  )  j  cix"  dp  dp'  X 


(2nh)2n 
i 


X 


[(p'-p)-x'+S(x',  p')-S(x',  p)] 


<p(z',  p')<p(z\  p)d*'- 


In  the  inner  integral  we  pass  over  to  a  new  variable  p  according 
to  the  formula  x'  =  x  (y,  p' ,  p),  where  x(y,p’,p)  is  the  solution 
of  equation  (1.2).  By  virtue  of  the  condition  /^=0  the  solution 
of  (1.2)  x(y,p’,p)  exists  and  belongs  to  C°°  (It3").  Taking  into 
account  the  identity 

(P'~ P)‘y  =  (p'~ p)’X  +  S(x,  p')  —  S(x,  p) 


we  obtain 

T*Tf=  (2^pr  I  eT ip-x-p'-x")f{x")dx"dpdp'  X 

x  j  eh  v  (P  P>  I  /_1  (x  (y,  p',  p),  p',  p)  I  x 
x<p(®(tf,  p\  p),  p')<p  {x(y,  p',  P),  p)dy. 


where  <p  £  Co°  (R2ra). 

The  proof  of  Theorem  1.1  then  follows  from  Lemma  1.1. 

Example.  Let  S  ( x ,  p)  =  — (x  —  a:2)  p;  p,  x  £  R,  h  =  1 
<p  (x,  p)  =  < p  (#).  Then 


Tf  —  i p  (x)  eiS(*.  p)  /  =  <p  (x)  /  (a:2) 

here  J=  -  if  because  /i  =  1 ) . 

^  Ox  / 

In  this  case  equation  (1.2)  has  the  form 
y  =  *  +  - -  p'-p - T . .  or  0  =  *  • 


and 


The  J  acobian  has  the  form  /  =  2x.  This  is  why  if  <p  (x)  is  equal 
to  zero  in  the  neighborhood  of  the  point  x  =  0,  then 


VH-rpr 


U/~S)l2+M-i/x) 


A  i  /~\ 
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By  the  same  method  (i.e. ,  by  an  analogous  change  of  variables) 
we  shall  derive  a  similar  formula  for  the  operator  Tx: 


TJ 


def 


(2nh) 


n / 


.  [s(l’p)_x6]cp(i,  p)dt- 


fix) 


whose  symbol  is  equal  to  the  l//j-Fourier  transform  of  the  symbol 
of  the  operator  T.  The  formula  which  is  to  be  obtained  will  help 
us  to  clarify  the  important  role  which  the  1/A-Fourier  transform 
plays  in  canonical  transformations  of  pseudodifferential  operators. 

Let  Jx  (|,  p',  p)  be  the  Jacobian  of  the  equation 


y  =  (I;  p'»  p)+i§-  (I+p— p',  S;  p) 


6i 


(1.3) 


same  way  as  the  vector 


ss 

6 

Thus  we  obtain 


which  is  considered  in  regard  to  §  ^  the  vector  is  defined  in  the 

65 


•MS,  p\  P) 

=  det 


d\j  [fiPi  P>'  P)+  6| ,  +  P'  P)]  ||  • 


Theorem  1.2.  Under  condition  that  /j  =£  0  the  identity  holds 


nPi=cp(l(i  p,  p),  p)x 

x»(ru,  ij)+;-;.i)|/r'(iU.i  iu;)i. 

(i-4) 

where  \(y,  p' ,  p)  is  a  solution  of  equation  (1.3). 


Proof.  By  virtue  of  Lemma  1.1  we  obtain 


e  _  1 

1  iJ  ~  (2ji/i)2» 


j  (P-x-p'-x") 


f{x")dx"dpdp’x 


X 


1 


4-  is  (IT  p')-s  (T+p-p',  p)] 
e  "■ 


<P(I+P  —  p',  p)  <P  (I,  p')4- 


We  make  a  change  of  variables  |  ->  y  in  the  inner  integral  accor¬ 
ding  to  formula  (1.3).  By  virtue  of  Jx  =#=  0  the  solution  £  (y,  p',  p) 
exists  and  belongs  to  C°°  (R3n).  By  taking  into  account  the  identity 


(p'  -p)-y  =  S  (f,  p')-sa+p-  P\  p) 


we  obtain  the  desired  equality  (1.4)  as  in  Theorem  1.1,  Q.E.D. 

Now  let  us  consider  the  general  situation  including  the  formulas 
of  Theorems  1.1  and  1.2.  For  simplicity  let  us  restrict  ourselves 
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to  a  two-dimensional  case:  x  =  (xx,  x2)  and  p  =  (pu  p2).  Consider 
the  operator 


T2f  - 


def 


4-  Is  (ei. 


y  2itfe 


pUiSiI  L  2 

9  Ul,  *2 


.  p)  dl  i 


/(x). 


(1.5) 


In  analogy  with  Theorems  1.1  and  1.2  we  obtain 
T2Tzf  —  J2njiyi  J  f  {x")  dx"  dp' dp  X 


X 


J 


4-[(P2-P2)-z+S  di,  z,  P')-S  (il+Pi-pi,  z,  p>] 

X 


X  9(^1  + Pi  —  P[,  z,  P)  9(Sn  z,  p')dzdl 


By  a  change  of  variables  (g^  z)  ->-  (j/lt  y2)  we  wish  to  reduce  the 
exponent  in  the  inner  integral  to  the  form 

X  Kpi  —  Pi)  •  +  (Pi  —  P2)  •  y2]  =  j-  (p'  —  P)  •  y- 
Therefore,  we  set 

i/i=g^(Si;  z;  pi)  pi;  P2)  +  6^-(^i  +  Pi  —  pI.  Si;  «;  Pi,  p2).  (1-6) 

J/2  =  z  +  g^-(?i;  z;  pj;  pi,  pa). 

Then  the  following  identity  is  valid: 


*/-(p'  —  P)  =  (pi— P2)-z+^(Sd  z,  Pi,  pi)—. -S'  (Si+Pi— p[,  z,  pi,  p2). 


Suppose  that  the  Jacobian  J2  of  system  (1.6)  is  not  equal  to  zero: 

(<H)\  dyi  \ 

ZZ)*0-  (i-7> 

dil  dz  / 

Then  there  exist  smooth  solutions  h{y,p',p)  and  z(y,p’,p) 
of  system  (1.6).  In  analogy  with  Theorems  1.1  and  1.2  after  a  change 
of  variables  (|l5  z)  (yu  y2)  we  obtain 

/  2  1  3  \  /  2  1  3  \  1  \ 

lx,  p,  p);  z  [x,  p,  p}\  p)  X 

x5u,c.pj)+A-p.;dx, ;)j)x 

/  /  2  1  3  \  /  2  1  3  \  1  3  \  I 

X  Z"1  Ui  \X,  p,  p/;  z  [x,  p,  p) ;  p;  p)  |. 


nr2 


=  9  (li 


Thus,  we  have  proved  the  theorem  that  follows. 


(1.8) 
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Theorem  1.3.  Let  the  operator  T2  be  defined  by  formula  (1.5)  and 
let  condition  (1.7)  be  fulfilled.  Then  the  identity  (1.8)  holds. 

Note.  In  Theorems  1.1  and  1.2  it  is  sufficient  to  stipulate  that  the 
Jacobians  /  and  /x  should  be  non-zero  only  for  (x,  p)  £  supp  <p  (x,  p) 
and  (|,  p)  £  supp  cp  (£,  p),  respectively.  Besides,  Theorems  1.1  and 

1.2  can  be  generalized  to  cover  the  operator  r*ip  \p  —  p)  T.  Here 
if  the  Jacobian  J  is  non-zero  for  (p,  p')  £  Ran  such  that  p  —  p'  £ 
£  supp  ip,  then  the  correlation  is  valid 

3  /  4  1  \  2  / /  2  1  3  \  i\ 

T*\!p  \p  —  p)T  =  cp  U  U,  p,  p) ,  p)  X 

k  ‘p).kp)U(p-'p). 


where  x  (y,  p’ ,  p)  is  a  solution  of  equation  (1.1). 

Under  similar  conditions  Theorem  1.2  can  be  generalized: 

3  /  4  1  \  2  / _  /  2  1  3\  1  \ 

T\\\>  \P~Pl  T i  =  (p  (I  V X ,  p,  pj ,  p)  X 

-{~(  2  1  3\  3  1  3  \  I  / _  /  2  i  3  \  1  3  \  I 

X<p  U  U,  P,  Pi  +P  —  P,  PI  I  Jf1  U  U,  P,  PI,  P,  P/  I  X 

Xip  (p-p), 


where  \  ( y,p',p )  is  a  solution  of  equation  (1.3)  and  the  Jacobian 
J1  0  for  (p',  p)  6  R2n  such  that  p  —  p'  £  supp  ip. 

An  analogous  assertion  also  takes  place  in  the  situation  described 
in  Theorem  1.3. 


Lemma  1.2.  Let  the  function  tp6  (z)  =  0  in  a  5- neighborhood  of 
point  z  =  0,  ip6  (z)  =  1  outside  a  28-neighborhood  of  point  z  =  0 
and  ip6  e  C°°  (Rn).  Next,  let  <p  £  C“  (R2n)  and  S  (x,  p)  £  C°°  (R2n), 


S  being  a  real  function  and  let  the  Jacobian 


J°=  del 


(S. . 

1  02S  (x,  p) 

°u 

0xt  dpj 

:  0. 


(1.9) 


Then,  for  any  N  and  0  ue  have 


T*  ip6 


4  M  2  I 

p  —  p)T  I wN-wN ^ cn,  khh- 


Proof.  By  virtue  of  (1.9)  the  equation 

OS  (x\  p)  .  dS  (x',  p’)  , 

dx’  ^ 1  dx'  "i"  ^ 
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has  a  unique  solution  in  regard  to  p£R",  namely,  p  =  p'.  Thus, 
for  |p  —  p' | ^-8  the  vector 

£r[  —  S(x',  p)  +  S(x',  p')  +  (  —  p  +  p')x'}^=0.  (1.10) 

3  /  4  1\  2 

By  representing  r*ip6  \p  —  p)  Tf  in  an  integral  form  it  is  not 
difficult  to  verify,  in  analogy  with  Theorem  1.1,  that  the  obtained 
integral  will  differ  from  the  integral  in  the  proof  of  Theorem  1.1 
by  an  extra  factor  i|)6  (p  —  p').  Since  the  derivative  of  the  exponent 
in  the  inner  integral  does  not  turn  to  zero  on  the  support  of 
ip6  (P  —  P')  (see  (1.10)),  the  inner  integral  may  be  integrated  by  parts 
any  number  of  times  (by  putting  the  exponential  inside  the  differen¬ 
tial).  This  immediately  leads  to  the  proof  of  the  lemma. 

Condition  (1.9)  can  be  shown  to  be  essential  here. 

The  meaning  of  Lemma  1.2  is  in  the  fact  that  the  operator  T*T 

depends  largely  on  the  values  of  its  symbol  e h  tS<A’  P  1  S<A’  P)]x 
X  cp  ( x ,  p')  (p  (x,  p)  on  the  diagonal  p  =  p'  (correct  to  0  ( h°° )). 

Thus,  if  in  Theorem  1.1  the  condition  J  0  is  weakened  by 
replacing  it  by  condition  (1.9),  then  by  virtue  of  Note  of  1.1  and 
Lemma  1.2  we  obtain  the  theorem  that  follows. 

Theorem  1.4.  Leiip6  be  the  function  of  Lemma  1.2  and  condition  (1.9) 
be  fulfilled.  Then  for  a  sufficiently  small  6  the  following  equality  is 
valid-. 

rr=(p(j(i,  p,  p),  p)i  ( x  (x,  p,  p),  p)  x 

X  |/-i  (x  [x,  p,  p),  p,  p)  I  (l  — 1|)«  (p  — p)  )  -M,  (1-2') 

where  ||  A  < cw,  khh  for  any  N,  0. 

The  latter  lemma  and  theorem  can  also  be  formulated  for  the 
case  of  the  operators  T1  and  T2.  For  the  case  of  the  operator  we 
note  that  the  equation 

|f-(£>  p')-^(1+p-p',  P)  =  o 

has  a  unique  solution  p  =  p'  if  the  Jacobian 


does  not  become  zero.  For  this  reason,  in  analogy  with  the  preceding 
theorem,  the  theorem  that  follows  is  obtained  under  the  same  condi¬ 
tions  on  S  and  (p. 
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Theorem  1.5.  Let  J\  ^  0.  Then  for  sufficiently  small  8  the  following 
equality  is  valid: 

T*iTi  =  (f  \t\x,p,p),p)q>\%\x,p,p)+p  —  p,p)x 

x|/7‘  (l(»,  p,  p),  P,  p)|(l-^(p-p))+^ 

where  ||  A  \\wN^WN^cN,khk  for  any  N,  /e>0. 

Theorem  1.3  can  be  reformulated  in  a  similar  way. 

In  the  given  formulas  one  may  notice  a  certain  duality  in 
regard  to  the  operators  T*T  and  T*T1.  First  of  all  we  note  that  we 

3  1 

may  set  p  =  p  correct  to  0  ( h ).  Then,  instead  of  the  Jacobians  J 
ancl  Jx  we  may  substitute  the  Jacobians  J°  and  J\.  If  we  denote 


fP 


91 :  V\J°\ 

the  form 


and  cp2 


v\n 

T*T=  |cpi|2(^  {x,  p),  p)  +0(h), 

nji=|cp2|2(f  Q,  p),  p)+o(h), 

where  x(x,  p)  is  a  solution  of  the  equation 
«  +  ■§£■  (*>  P)  =  x 

and  |(a:,  p)  is  a  solution  of  the  equation 


then  the  obtained  formulas  will  have 


(*) 


dS 


a  p)- 


dS  (l,  p) 


■  X. 


°p .  d% 

Let  us  now  dwell  on  the  geometrical  meaning  of  the  observed 
duality  in  the  case  n  —  1.  Consider  a  one-parameter  family  of 
infinitely  smooth  curves  in  the  phase  plane  (£,  x): 

I  =  S(y.  P),  x  =  X(y,p),  (1.11) 

where  the  parameter  p  (  R  and  y  is  a  coordinate. 

The  one-parameter  condition  has  the  form 

/  ax  ax 

d'J 

3E  as 

\  dy  dp 

By  a  suitable  change  of  coordinate  y  we  may  always  obtain  D  —  1 
in  new  variables  *.  Hence  without  loss  of  generality  we  can  set 

D  =  1.  (1.12) 

*  This  assertion  is  proved  in  Chapter  TV. 


D  —  det 


Z  l^°- 


282 


OPERATIONAL  METHODS 


From  this  condition  it  follows  that  at  degeneration  points  of 
projection  onto  the  axis  x,  i.e.,  at  points  where  dE/dy  =  0,  the 
derivative  dE /dp  is  non-zero.  Similarly,  at  degeneration  points 
of  projection  onto  the  axis  £  we  have  dX/dp  =f=  0.  At  other  points, 
either  dX/dp  ^0  or  dE  /dp  0. 

This  is  why  we  can  cover  the  family  of  curves  (1.11)  by  the  system 
of  intersecting  neighborhoods,  in  each  of  which  whether  dXIdy  and 
dEIdp  or  dXIdp  and  dE/dy  are  non-zero.  The  first  will  be  called 
non-singular  patches  and  the  second — singular  patches.  The  set  of 
patches  is  called  a  canonical  atlas  of  the  family  of  curves. 

Along  with  (1.11)  we  shall  also  consider  a  “shifted”  family  of  curves 

£  =  E  (y,  p)  —  p,  x  =  X  (y,  p). 

Consider  a  finite  real  function  (p  (y,  p)  £  C°°  with  support  in  one 
of  patches  of  the  canonical  atlas. 

We  shall  study  two  separate  cases  when  the  support  qi  lies  either 
in  a  non-singular  or  a  singular  patch. 

Case  1.  Non-singular  patches.  Since  dX/dy  0  in  this  patch, 
it  is  possible  to  make  a  change  of  variables  x  =  X  (y,  p),  hence 

dcf 

y  =  y  (x,  p)  6  C°°.  Denote  £  (x,  p)  =  S  (y  (x,  p),  p).  We  have 

n_  D(X,  B)  D(*,  f(*.  P)h, 

D  (y,  p)  y=y(x,  p)  D  (x,  p) 
yD(X,  p)  I  =  1  0  dX_6X_  =1. 

A  D  (y,  P )  I y=y  (x,  p)  d%  0%  dV  dP 
Ox  dp  01 

consequently, 

p),  p)  ^  (x,  P)  =  l 
or 

|  (1-13) 

Let  the  patch  under  consideration  contain  the  point  ( y0(p ),  p) 
and  let  x0  (p)  =  X  (y0  (p),  p).  Denote 

S(x,p)=  j  l!(x',  p)—  p]dx'+S0  (p), 
xo(P) 

where 

-§^(P)  =  */o(/>)  —  *o(p)  +  (B(»o(p),  P)-P)^f(P)-  (1-14) 

Show  that 

-0-(x,  p)  +  x  =  y{x,  p). 


(1.15) 
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From  the  definition  of  the  function  S  it  follows  that  = 


l(x,  p)  —  p.  Then  by  virtue  of  (1.13) 
dy  ( x ,  p)  dt  ,  ,  ,  ,  d2S  ( x ,  p)  d 


dx 


dx 


(*+£)• 


dS 


ie.,— (r,  p)+a:  —  i/  (a;,  p)  —  f(p)  is  a  function  of  p  only.  We  have 


dS  (x,  p) 
dp 


3C=JC0(P) 

dS0  ( p ) 


.  dS0  (p) 
dp 


dp 


■(E(y0(P),  p)-p) 


Therefore,  from  (1.14)  we  obtain 

/(P)  =  ^—  (E(y0(p),  P)-/>)^  + 

from  which  follows  (1.15). 

Denote  by  T'  an  operator  in  the  form 


■x0(p)—yo  (p)  =  o, 


r  =  eft 


,4-s(*,i)  q>  (y  6,  p),p) 


( y  P 


From  (1.15)  it  follows  that  1 
re,  it  follows  from  (*)  that 


P 

d2s 


dx  dp 


1 

p  = 

■1  d 

-  lh  -r —  . 

dx 

(1.16) 

dy__ 

(  dX  \  -1 

Therefo- 

dx 

^\dy)  ' 

(: T')*r  ==  |  rp  I2 


(2  1\ 

\x,  p] 


+  0(h). 


In  fact,  a  more  precise  theorem  exists  (in  its  formulation  in  the 
text  below  we  shall  omit  the  signs '  and"  to  avoid  any  ambiguity). 


Theorem  1.6.  Under  the  above  conditions  an  equality  is  valid: 

T*T  =  cp[x,  p)  cp  [x,  p)  +  h2A(h), 
where  ||  A  (h)  ||w-iv_>,v-n^Cjv  for  any  N^O,  and  Im  9  =  0. 

Before  passing  over  to  the  proof  of  this  theorem  we  shall  consider 
the  case  when  the  support  9  belongs  to  a  singular  patch. 

Case  2.  Singular  patches.  In  this  case  dE/dy  =£  0  and,  consequent¬ 
ly,  the  equation 

1  +  P  =  S  («,  P) 
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dcf 

has  a  solution  y  (g,  p)  £  C°°.  Set  x  (|,  p)  =  X  (y  (£,  p),  p).  Just 
as  in  Case  1,  we  have 


1=DU 


p ) = 


£(g(i.  p).  g  +  p)  ^(B(y.  p)— p,  p) 


£(i,  p) 


£(>/.  p) 


ly=y (i,  p) 


5s 

dx 

5E 

5E  , 

-  53  1 

/  5s 

5s  \ 

dp 

dp 

dy  1 

i  "5f 

5p  j 

1 

1 

0 

1 

Hence 


f  (i-  P)=f(£,  p)-|f(6,  p). 


*i 


Define  the  function 


(1.17) 


S(l  p)=  f  *(E',  p)dg'  +  S0(P), 

=o(P) 


where 


(p) 

dp 


*(Po(P),  P)[%^  +  1]—  Po(P) 


(1.18) 


(we  assume  that  the  patch  contains  the  point  ( y0  (p),  p);  |0  (p)  = 
=  S  ( y0  (p),  p)  —  p).  Note  that  at  the  intersection  of  singular  and 
non-singular  patches  the  function  S  (|,  p)  is  the  Legendre  transform 
of  the  function  S  (x,  p)  with  respect  to  argument  x,  i.e., 

S(l,  p)  =  lx  (l,  p)  —  S(x( p),  p). 

Show  that 

— f-(S>  p)+-f-(l.  p)  =  y&  p).  (i.i9) 

From  the  definition  of  the  function  S  we  have 
/>)  =  *(£»  p). 

Hence  and  from  (1.17)  it  follows  that 

dy  d'lS  rfiS  d  /  dS  dS  \ 

If  ~  ~  ~dfdl+W~~di  Vi  dp)  ’ 
therefore 

dS  dS  . 
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But  at  point  |  =  £0  (p)  we  have 
dS_ 

dp 


9S  /t  _  9S0  (p)  _  dS  ,y  ,  ,  \  dip  (p) 

Hn  P)  l|=So(P)  fln  g§  (So  (P)>  P)  gp 


dp 

^9S^pl_x(y0(p),  p)^L. 

For  this  reason  and  by  virtue  of  (1.18)  we  obtain 

f(p)=  —  d-^f  +  X{y0(p),  P)^H^-  +  X{y0{p),  p)-y0{p)  =  0 , 

from  which  follows  (1.19). 

Equality  (1.19)  may  be  rewritten  in  the  form 


|g-(S  {y,  p)-p,  p)-- §-(s  (P>  P)~P-  P)  =  V 

because 

|  +  p  =  S(y(|,  p),  p)  or 
p'  =  i/(S(p',  p)— P,  P)- 

Denote 

iixi-sG.p)]  $  („(6f ;), *) 


(1.19') 


T'  =  ^  f  e~ 

1  Y—2nihJ 


V|f  (.(«.!).  i) 


dg,  (1-20) 


where  A,  is  a  constant  in  modulus  equal  to  1  introduced  for  the  sake 
of  convenience.  Its  meaning  will  be  made  clear  below. 

By  virtue  of  (1.19)  we  have 


33  _l 

-  dy  -1-1 

/  (AS 

d^S 

dy  1 

-  06  J  “ 

\  312 

9%  dp 

(J°t) 


-1 


For  this  reason  from  (*)  it  follows  that 


(nr  r;=ki 


(i.  p) 


+0(h). 


In  fact,  there  exists  a  more  precise  relation;  namely,  the  theorems 
that  follow  are  valid  (again  we  shall  omit  '  and"). 

Theorem  1.7.  There  exists  an  equality 
T\Ti  =  y[x,  p)<pU,  p)  +h2A  (h), 


where  A  (k)  is  such  an  operator  that  ||  A  (h)  ||  v  v  ^  cN  for 

W2  VV2 

any  N  ^  0,  and  Im  ip  =  0. 

The  proof  of  this  theorem  will  be  cited  somewhat  later,  whereas 
now  we  shall  formulate  the  result  related  to  the  canonical  trans- 
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formation  of  the  pseudodifferential  operator  f  \  x,  p)  whose  symbol 
belongs  to  (R2)  and  grows  no  faster  than  a  certain  degree  of  its 
arguments.  In  the  case  of  a  non-singular  patch  there  exists  the 
relation 

T*f(x,  p)r  =  |cp|2Q,  p)f(x(x,  p),  s{x,  p))  +  0(h). 

For  a  singular  patch  there  exists  an  identical  relation 

T\f  (x,  p)  =  |  <p  }2  [x,  p)  f  {x  [x,  p),  s[x,  p))+0(h). 


In  fact,  there  exists  a  more  precise  statement.  Namely,  the  theorem 
that  follows  is  valid.  Its  proof  will  be  cited  later. 

Theorem  1.8.  Let  /  6  C°°  (R3),  where 

1  ( P ,  x,  p')  =  /  (p\  x,  p)  and  |  /<“>  |  <  ch  (1  +  |  p'  |  h  +  |  p  |h) 


for  all  a  and  some  k  >  0,  ch  do  not  depend  on  x.  Let  T  be  an  operator 
defined  by  the  formula  (1.6).  Then,  if  Im  cp  =  0, 

T*[fip,  x,  p)]t  =  <pix,  p)f  (s(x,  p); 

)+x(x,  p)];  s(ip))<p(z,  p)  +h2A2  (h),  (1.21) 


/  2  3  ’ 

X\X,  p) 


where  A2  (h)  is  an  operator  satisfying  the  following  relation: 

||  A2  (h)  ||wN_iyiv^civ  for  all  N^O.  Let  Ti  be  an  operator  defined 
by  the  formula  (1.20).  Then,  if  Im  <p  =  0, 

Tlifip,  x,  pWt^H,  p)f  (s(x,  p); 

^\x(x,  p)+x(x,  p)  ];  S  (ar,  p))<pU,  p) +hzA3(h), 

where  A3(h)  is  an  operator  satisfying  the  following  relation: 

I \A3{Ii)\\wn_wn<;Cn  for  all  iV> 0. 

The  proof  of  this  theorem  will  be  cited  at  the  end  of  the  section. 


Note.  Below  the  following  construction  of  the  family  of  curves 
S  (y,  p),  X  (y,  p)  will  be  used.  Let  x  ( x° ,  p°,  t)  and  p  (x°,  p°,  t)  be 
a  solution  of  the  Hamiltonian  system 

*  =  x{0)  =  x\  p=—^,  p(0)  =  p°,  H(x,  p)ec°°. 
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Then  according  to  Liouville’s  theorem  (see  Ch.  IV)  we  obtain 


dx  dx 
dx0  dp0 
dp  dp 
dx0  dp0 


1  at  any  moment  of  time  t. 


The  equations 
x  =  x  (x°,  p°,  t), 
p  =  p  (x°,  p°,  t) 

define  the  family  of  curves  (p°  being  a  parameter)  satisfying  the 
above  requirements  at  fixed  t. 


Proof  of  Theorem  1.6.  According  to  Theorem  1.4  we  have 
T*T  =  <p  {y  {x,  p),  p)  i p  {y  (x,  p) ,  p)  X 


J~l  (*, 

1  3\ 
Pi  P) 

1/ 

dx  (  ( 

X,  p)  ,  p) 

\IL\ 

Oy 

(» t,  i) 

i.;) 

x[l_il>6  (p  — ]  -4-0  (/i00),  (1.22) 

where 


~  ~(2  1  3) 
x  =  x  [x,  p,  p), 


(2  1  3  \ 

dx 

l 2  1  3 \ 

U\  p,  p) 

dx 

U,  Pi  p) 

II  0  ( h°° )  \\wN^wN^cht  Nhk 

for  all  k  and  N^>0. 

Recall  that  x  ( y ,  p,  p')  is  a  solution  of  the  equation 
~  5(VPM(£ L£)  =  y. 

n —  rr 


(1.23) 


Now  observe  that  from  (1.15)  we  have 
%{y,  p)+-^r(X(y,  p),  p)  =  y. 

Therefore,  it  is  quite  natural  to  seek  the  solution  of  (1.23)  in  the 
form 

*  (y>  p')  =  x  (y*  p )  +  {p'  —  p)  xi  (y,  p)  + 

+  0{p'  -p)\ 


(1.24) 
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Note  that  by  virtue  of  Lemma  1.2  we  may  consider  all  functions 
only  in  a  small  strip  near  the  diagonal  p  =  p' .  Here  and  below  we 
denote  the  function  of  the  form  {p'  —  p)2  0  ( y ,  p,  p')  by  the  symbol 
O  (p'  —  p)2,  where  <D  £  C°° . 

By  putting  (1.24)  in  equation  (1.23)  and  expanding  all  functions 
in  p'  in  the  neighborhood  of  p  we  shall  easily  find  the  coefficient  Xx: 

Xi(V,  P)=  — \h(y,  P)^(x(yy  P)<  P).  (1-25) 


where 

i?  (y>  p)  =  l+S^(x(y^  p)>  p)=: 

Or,  in  other  words, 


(x,  P) 

dx  x=X(y,  p) ' 


h  (y,  p)=-gjj-(y,  P)¥=  0  (in  a  non-singular  patch). 

Prove  that 

XAv,  P)  =  T-f-^’  p)»  (1-26) 

i.e.,  expansion  (1.24)  has  the  form 

x{y,  p,  p')=X  (y,  p)  +  ±(p'—p)*!L(y,  p)JrO(pt  —  p) 2.  (1.27) 
In  fact,  from  (1.15)  we  obtain 

dy  (x,  p)  d^S  .  . 

JLljrL=Wrix’  p)- 

However, 


1  dx 

2  dp  ’ 


P)  lx=v(y,  p>=  P>-  (!-28) 

For  this  reason  from  (1.25)  we  have 

xi{y,  P)  =  —  y  A>  (y»  P)  [  _  T^yTF)  ~W  P^  ]  =  T  *ap  ’ 

i.e.,  (1.26)  is  proved. 

By  differentiating  (1.27)  with  respect  to  y  we  obtain  an  expansion 

dec 

of  the  Jacobian  J~l  (y,  p,  pr)  =  (y,  p,  p')  in  the  form 

/_1(P’  p-  p')=-^+4(p'-p)-^|-+0(p'-p)2= 


=  /o(y.  p)+y(p'  — p) -§^-(y,  p)  +  0(p'-p)2. 
Now  we  shall  expand  the  Jacobians 

(U  {x,  p),  p)  and  (y  (x,  //),  //) 


(1.29) 
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in  degrees  of  ( p '  —  p).  In  an  analogous  manner  after  simple  trans¬ 
formations  and  by  taking  into  account  (1.26)  from  (1.27)  we  obtain 
(here  x  =  x  (y,  p,  p')) 


dX_ 

dy 


(y{x,  p),  p)  =  /0  (y,  p)  + 

dx  (  \ 

dP  [v'  p)  ai0  (y,  P) 


p) 


dp 


o  ( p'  —  pf  ■ 


For  the  second  Jacobian  we  have 

(y  (x,  p'),  p')  =  h{y,  p)  +  (p'~p)[dIoigp  P)- 

1  1  dlp(y,  p)dX  (y,  p)~1  0(  ,  ,2 

2  I0(y,  p)  dy  dp  P)  • 

For  these  two  expressions  and  from  (1.29)  we  obtain 

- !  /"‘  (y»  p’  ;/)  1 - —  1  +(9  (p'  — p)2. 


ex  .  ~  .  .  ax  .  i 

-Qjj-  (, v  p),  p)  (y  (*>  p),  p) 


(1.30) 


Out  of  all  functions  in  the  right-hand  side  of  (1.22)  only  the  func¬ 
tions  <p  (y  ( x ,  p),  p)  and  (p  ( y  ( x ,  p'),  p')  remain  to  be  expanded. 
By  virtue  of  (1.28)  their  expansions  in  degrees  of  (p'  —  p)  will  have 
the  form 

<p(p(*.  p).  p)=(p(y-  p)+ffi  (p.  p)  w;^P)pj  %■  (y»  p)+<?(p'— p)2 

and 


<p(p(*.  p')>  p')  =  <p(p.  p')  — 


dy  P>  2 70  (!/,  p)  dp 


P)+o{p'-P)\ 


Note  that  in  the  second  case  we  do  not  expand  cp  (y,  p')  in  the 
argument  p'.  Besides,  here  the  remainders  0  (p'  —  p)2  have  the 
form 

(p'  —  p)2  (D  (y,  p,  p'),  where  ®  £  C”. 


From  these  equalities  and  from  (1.30)  we  obtain  that  the  symbol 
of  the  operator  in  the  right-hand  member  of  (1.22)  is  equal  to  the 
expression 

<p  (x,  p)  <p  (x,  p')  [1  —  ^  (p  — -p')l  + 

+  (p'  —  p)2®  (*,  p,  p'),  (1.31) 

where  O  £  Co°-  (In  (1.30)  we  replaced  the  argument  y  in  the  symbol 

2 

by  the  operator  x;  this  is  why  in  (1.31)  we  raplace  y  by  x.) 


19-01225 
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Consider  the  operator 


(  »  3\  , 

(  2 

1 \  (2  S\ 

\p  —  p)  (p  ' 

p)  9  U,  p) 

! 

1 

II 

.  a  .. 

i  -t—  ,  -ih- 
dx  ’  c 

where 


dx 


4 

a 

dx 


5 

a 

dx 


0m (i,  p,  x,  P',  <p(*.  p)<pfo,  p')ecsr, 

m  being  any  positive  integer. 

Evidently,  we  have  the  following  estimate: 


pU(i  i) 

m  ll^JV(R5)^Civ,  mh"1 , 


110. 


(1.32) 


i.e.,  this  operator  is  0  (h°°)  in  our  notation. 

In  the  same  way, 

/  3  1\2  / 2  1  3 \ 

\P  —  P)  <J>U  P,  Pi  =h2Au  where  (1.33) 

vv  2  2 

Therefore,  the  equality  of  Theorem  1 .6  follows  from  (1 .32)  and 
(1.33).  Q.E.D. 

Proof  of  Theorem  1.7.  By  virtue  of  Theorem  1.5  we  have 


X 


X 


9  (y 

it  p) 

9  (y  (f+p- 

1  (2  1  3) 
\J r1  \X,  p,  p) 

3  3  \  3  \ 

-p,  p/;  pi 

X 

Y\ 

as  (  (r 

■w  U  U’ 

1)  1) 
;  p) 

as  (  f pti  1  33 

\y  U+p— p;  p 

U) 

[l  —  Vs  [p—p)l  +  0(h°°), 


X 


(1.34) 


where 


til213)  r-il2  1  3)  l2  1  3) 

i  =  EU,  p,  p),  Ji1  U,  p,  P/=-^-vx>  p,  p) , 
ll0(^00)llivN^.w,w<cJV,ftfeft  for  all  jV,  P>0. 

Here  the  function  |  (p,  p,  p')  is  a  solution  of  the  equation 
S'  (f  +p-p\  p’)-s  (1,  p’)  s  (t  p’)-s  (I,  p)  fl  35x 

Taking  into  account  the  equality  (1.19)  it  is  natural  to  seek  the 
solution  in  the  form 

l(y,  P,  P')  =  a(P,  P)  —  P  +  (p'  —  P)%i(P,  P)+0(p'-p)2. 
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Put  this  expansion  in  (1.35).  As  in  Theorem  1.6  we  obtain  the 
coefficient  S4:  ^  ~ 

S,(y,  =  ?)-%&,  P))|E=a„iB_,.  (1.36) 

where 


or 


■i_ 

d2 S  \ 

. dy 

li 

Si 

1 

d%  dp  / 

6=S (v,  p)-p  91 

l=2(y,  p)-p  ’ 

.  dE 

{y,  p). 

From  (1.19')  wo  obtain  (by  differentiating  with  respect  to  \ 
and  p  and  summing  up  the  obtained  equalities) 

d2S  d2S  _  dy  .  dy 

From  the  identity  £  +  p  =  5  (y  (|,  p ),  p)  we  also  obtain 


2  = 


dE 

dy 


I  dy_  ,  dy\  .  dE 
\  di  "r  dp  )  ^  dP  • 


By  virtue  of  (1.36)  these  two  equalities  produce 


Si  {y,  p)=4'|t^’  rt- 

Thus,  the  expansion  of  function  l(y,  p,  p')  in  degrees  of  (p'  —  p )• 
has  the  form 

% (y,  p,  p')  =  sG/>  p)—p+Y&—P)ijfto’  p)  + 

+  0(p'-pf.  (1.37) 

By  differentiating  this  equality  with  respect  to  y  we  obtain  an 
expansion  of  the  Jacobian 


J?  (y,  p,  p’)  =  -||  (y,  p,  p')  =  h{y ,  p)  + 

+  |(p'-  P) +  0(P p)2.  (1 .38) 

Further,  in  a  manner  analogous  to  the  proof  of  Theorem  1.6, 

we  expand  the  Jacobians  —■  {y  (f,  p);  p)  and  ~  (y  (1+  p— p' ,  p');  p') 

as  well  as  the  amplitudes  (p  (y  (g,  p);  p)  and  <p  (y  (i  +  P— P’>  p')\  p') 
in  degrees  of  {p'  —  p) . 

Finally,  we  obtain  the  symbol  of  the  operator  in  the  right-hand 
member  of  (1.34)  in  the  form 

cp(:r,  p)  <p(«,  p')[l  — V*(p  — p’)]  +  (p'  —  P)^{x,  p,  p'), 


where  d>£C^. 
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By  repeating  the  discourse  of  Theorem  1.6  we  can  obtain  that 
the  operator  with  the  above  symbol  is  equal  to 

<P  U,  p)  <J>  (*,  p)  +  h2Az{h), 
where  \\A2  for  all  A7>0,  Q.E.D. 

Before  passing  over  to  the  proof  of  Theorem  1.8  we  shall  make 
a  comment  analogous  to  Note  1.1. 

Note.  Let  f£C°°(R3)  be  the  function  defined  in  Theorem  1.8. 
Then  for  the  operator  T  defined  by  formula  (1.16)  we  obtain  the 
result  in  a  manner  analogous  to  the  proof  of  Theorem  1.6: 

4  /  5  3  l\  2  /  2  3\  /  3  _  /  2  1  3\  i\  /  2  1\ 

T*f  \p,  x,  p)  T  —  q>  \x,  p)  f  \p;  x  \x,  p,  p);  p)  cp  \x,  p)  +hzA2, 

where  x  is  a  'solution  of  equation  (1.23).  Since  x  (y,  p',  p)  = 
—  x(y,  p,  p')  from  (1.27)  we  have 

*(»>  p'.  p)  =  -jix(y,  p')+X{y,  p))+o{p'—pf. 


Then  in  a  manner  analogous  to  the  proof  of  Theorem  1.6  we 
obtain 


4 

T*f 


/  5  3 

1  \ 

2 

(  2  3\ 

Ip,  X, 

P) 

8- 

II 

E-x 

U,  p) 

X 


X/ 


(p;  l[x  [x,  p)+x(x,  p)];  p)<p(x,  p)  +  h2A'2 


where  ||  A'  (h)  \\wn^wn<:Cn  for  all  iV>0. 

The  same  equality  is  obtained  from  Theorem  1.7  for  the  opera- 

4  /  5  3  1\  2 

tor  T\f  ip,  x,  p)  Ti. 


Proof  of  Theorem  1.8.  Denote 

def  <p(y{x,  p),  p) 


$(*.  P)  : 


/If 


(y(x,  p),  p) 


By  using  the  commutation  formula  with  an  exponent  we  obtain 

®  /  4  3  2U  -is(ip)  (e 

T*f\p,  x,  p)T  =  e  h  ij)  \x,  p) 


X 


X/ 


8  as  (  7'U  43  .  as  (  l’)1\  ,(2  l)  i-sill) 

lp+-fa  *.  I  P  +  -fo\x’  P  /!/  ’P  V*. 


Next,  let  us  transform  the  operators  with  numbers  3  and  5  by 
using 
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the  Z-formula  and  commutation  formula,  and  putting  the  operator 
p  =  —  ih  in  the  first  and  seventh  place,  respectively.  We  shall 
get 


5 

T*f 


(  4  3  2  \  1 

l  P,  X,  p)  T  = 


--T-S 


—  e 


(Vp)m  (3  2  M  -fs(lp) 

®iv \P,  x,  p)  eh 


+  hN+z R 


X 


2  3p'2  3a:2 

+  (<fc)  [-S’  + 

w+i 

+  2  hhFh(P>  X,  p'), 


(1.39) 


In  this  equality  the  function  <Pjv  has  the  form 

<Dj v  ( P ,  a:,  P')  =  ^  (■*,  P)  /'I’  (*,  P')  +  (  —  ih)  ^  {x,  P)  X 

1  32/  325  ,  .  ,  ,.l  . 

(z,  p)^,  P)J  + 


(1.40) 


;i=2 


where  we  omit  the  arguments  of  the  function  /  and  its  derivatives 

(p +  ■&(*•  p);*;  p')); 

Ffeec?r(R3),  *=2, ...,w+i. 

The  remainder  R_v  in  (1.39)  has  the  estimate 


hNR 


w  i|  /v  for  any  iV>0. 

vr  2 

55 


(1.41) 


Since  P  +  -^r(£,  p)  —  S(y(x,  p),  p),  from  Theorem  1.6  and  by 

taking  into  account  formula  (1.40)  for  the  term  of  the  zero  order 
in  h  in  equality  (1.39)  we  obtain 

r4*/(a(pa;)ju,s(pU;u))i= 

=  <P  (*,  p)f  (b  (J,  p)  ,  p)+x  (x,  p)]’ 


S  ( x ,  p) )  (p  [x,  p)  +hzA'2,  (1.42) 

where 

The  term  of  the  first  order  in  h  in  (1.39)  can  be  transformed 
in  an  analogous  manner.  By  taking  into  account  the  symmetry  of 

(  1  3\  /  3  2  1\ 

the  symbol  /  we  reduce  it  to  the  form  h\p — p)Q\p,x,p), 
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where  Q  £  Co  (R3).  In  a  manner  similar  to  the  proof  of  Theorem 
1.5  we  obtain  the  estimate 


I \h{p—  p)  Q(p,  x,  p)  jv  jy  = 

W2  -*w2 


J) 


W2-+W2 


^h2CK 


(1.43) 


The  remaining  terms  in  (1.39)  (of  orders  h 2,  h3,  .  .  .,  hN+i)  can 
also  be  transformed  by  virtue  of  Theorem  1 .5  and  the  following  esti¬ 
mate  for  them  can  be  obtained: 


I \w^w2^htc"- 


Consequently,  from  (1.39)  and  (1.42)  and  from  estimates  (1.41) 
and  (1.43)  the  desired  equality  for  the  operator  T  follows. 

The  equality  for  the  case  of  the  operator  Tx  is  established  in  an 
analogous  manner.  The  Theorem  1.8  is  proved. 


Sec.  2.  The  Homomorphism  of  Asymptotic  Formulas 

Let  Ax  and  A2  be  generators  of  degrees  sx  and  s2,  respectively, 
with  the  same  defining  pair  of  Banach  spaces  (B,  B).  The  generators 
are  defined  on  the  same  linear  manifold  D.  Denote  again  the  closures 
of  the  operators  by  Ax  and  A2. 

Theorem  2.1.  Let  cp  £  38 s„  (R2)  and  the  function  1);: 

o|i  (xx,  x2)  =  x£cp  (xx,  x2), 

where  k  is  an  integer ;  k  also  belongs  to  33  SUSi  (R2).  Then 

i|j  (ax,  A2)  =  a2< p  (aj,  A2)  . 

Proof.  Let  e  6  (R),  e  (0)  ^  0.  Set  cp  =  cp  +  cp,  vp  =  ip  -j-  Tp, 

where  <p  (xx,  x2)  =  cp  (xx,  x2)  e  (x2),  ip  (xx,x2)  =  x\  cp(xx,  x2).  Let  {<pn} 
be  a  sequence  of  functions  converging  to  cp  in  J?S1.S2  of  the  form 

m(n) 

Trc  (-D)  ^2)  =  2  ^rij  (*D)  3 '  ?  i  ■  {^2)1 
3=1  3  3 

where  each  function  un.  and  vn.  either  belongs  to  Co  (R)  or  is  the 
Fourier  transform  of  the  6-function.  Identically  let  {i)in}  be  a  sequen¬ 
ce  of  functions  converging  to  ij>  in  J?5X)52  (R2)  of  the  form 
m 

1,  ^2)==  2  WnAxx)zn  (X2), 

3=1  3  1 
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where  the  functions  ivn.  and  zn.  are  taken  from  the  same  class  as 
Un.  and  Vn.-  Set 

(Pin  (^-Ti  =  fPn  (X1 1  ^2)  ^  (^2)1  Tin  (^1?  ^2)  =  tPln  (^T>  ^2)  ^"2> 

T2n  (%,  *2)  =  T>  ^2)  (1  —  e  (x2)),  <p2n  (aq,  x2)  = 

=  ^2n  (®1»  ^2)  • 


Then  the  following  relations  of  convergence  exist  in  i?51i  S2  (R2): 

lim  q>m  ==  tp,  lim  i|)lTl  =  ip, 

n-*-oo  n-*-  00 

lim  tp2n  =  ip,  lim  (p2n  =  cp, 

n-+o o  n->  00 


Thus, 

lim  (cpln  +  q>2„)  =  cp,  lim(ipl7l  +  ip2n)  =  ip,  (2.1) 


where  ipln  (xu  x2)  +  \p2n  {xux2)  =  4  [<Pm  (*i.  *2)  +  <P2n  (*i,  *2)]  •  By 
applying  the  homomorphism  ofll  to  the  limiting  relations  (2.1)  we 
obtain 


[(Pin  ( 

1  2 
At,  A2l 

+  tP2n 

X 1J] 

=  <P 

U„  k) ,  1 

Urn  ( 

1  2  ) 
-4i!  A2> 

+  T2n 

ik,k). 

U„  la). 

(2.2) 


the  corresponding  sequences  converging  in  the  norm  of  operators. 

Let  h  be  an  arbitrary  element  of  the  space  B.  From  Theorem  4.1 
of  Chapter  I  it  follows  that 


C  'Fin.  (^li  -d2)  T  tf>27i  {a.1,  A?)  ]* — 

=  ^1-2  [(pin  ( ali>  A2)  -\~  cp2n  ( i17 12)  J  h.  [(. 2.3 ) 


Since  the  operator  A%  is  closed,  from  (2.2)  and  (2.3)  it  follows  that 


ip  (2I1,  A^j  h  —  242<p  (^-i,  al2)  h, 
Q.E.D. 


Theorem  2.1  shows  in  particular  (see  Note  in  Sec.  8)  that,  in  the 
essence  of  the  fundamental  problem,  we  are  looking  for  the  asymp¬ 
totics  “in  some  operators”:  in  the  operator  A2  in  this  case,  i.e., 
if  we  know  the  behaviour  of  the  symbol  of  the  “remainder”  for  x2  ->■  00 
then  we  can  arrive  at  the  conclusion  that  the  “remainder”  belongs 
to  the  domain  of  A\- 

Strictly  speaking,  Theorem  2.1  is  equivalent  to  the  following 
statement.  Let  cp  and  ip  belong  to  the  space  JFS1,  S2  (R2)  and  cp  (xu  x2)  — 
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—  ijj  (ar^,  x2)  —  0  ( X2  h)  in  the  sense  that  the  function 


fa,  Xo)  x\  [9  fa,  x2)  —  1|3  fa,  x2)] 


belongs  to  J?S1>  s.2  (R2).  Then  for  any  g  6  B  the  vector  cp  {a1,A2)  g  — 

—  ip  (^lt  A2)  g  belongs  to  the  domain  of  A\. 

As  an  example  consider  the  method  of  a  stationary  phase  in  the 
case  when  the  phase  linearly  depends  on  a  parameter.  Let  9  6  Co°  (R) 
and  ep  be  an  infinitely  differentiable  in  R  real  function.  Let  the 
equation  sp'  (g)  =  p  have  a  unique  solution  £  =  E  (p)  on  the  sup¬ 
port  of  the  function  9  for  any  p  £  R,  where  jF"  (B  (p))  =P  0  for 
any  point  p  £  R.  Consider  the  integral 


00 

I(x,p)  =  %(p)  j  9(| (2.4) 

—  OO 


where  %  6  (R). 

In  the  integral  (2.4)  proceed  to  a  new  variable  of  integration  t 
according  to  the  formula 


*  [  &(l)  -P-1-F( S  (p))  +  p B  (p)]  = 
—  |  x  |  t2  sgn  [x  tp"  (B  (p))]. 


Denote  as  in  Sec.  5  of  Chapter  I 
|  x  |  =  to,  sgn  x  sp "  (S  (p))  =  a. 


We  obtain 


00 

I  (x,  p)  =  %  (p)  e«[^(H(p))-p(S(p))]  j  ei(oa(2\p0  (t,  p)  dt, 

—  OO 


(2.5) 


where  ipo  ( t ,  p)  =  9  (g  (t,  p))  ■  ^  ^  ^  .  The  function  ip0  is  infinitely 

differentiable  in  all  arguments;  moreover,  there  are  such  positive 
continuous  functions  c  (p)  and  d  (p)  that  ipn  (t,  p)  =  0  for  t  $ 
$  [ — c  (p),  d  (p)].  Construct  a  sequence  of  functions  %  (t,  p)  accord¬ 
ing  to  the  following  recurrent  formula: 


'IWC  P)  =  4i 


P)—$}( 0,  p) 
t 


It  is  obvious  that  for  f$[ — c(p),  d  (p)] 
t/(*>  p)  =  r2PJ(r1,  p), 


where  Pj  (t,  p)  is  a  polynomial  in  the  variable  t  with  infinitely 
differentiable  coefficients  depending  on  p.  In  Sec.  5  of  Chapter  I 
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it  is  shown  that  the  following  expansion  exists: 

|^“e-«[^(S(!-)~p(E(/)))]  /  (.£,  p)  = 


=  ]/'rt 


1JC  (7TU  .. 
-  Sgn^  (c,(p)) 


2  [~2^  J  ^  (°»  P)  x  (p)  +  Ci+1  (*,  P), 

(2.6) 


i=o 


where 


rn+ 1 


(s,  P)  =/*  [■£-]"+i  x  (P)  j  eiMat2\|3n+i  (t,  p)df,  (2.7) 


the  function  ]/x  being  defined  in  Sec.  5  of  Chapter  I.  In  the  expan¬ 
sion  (2.6)  replace  ]/x  by  rad  x  and  or~J  =  x~ ’  ( — l)5  sgn  x  by 
P;  (x)  ( — 1);  sgn  x->  where  the  function  rad  and  p j  are  also  defined 
in  Sec.  5  of  Chapter  I.  Here  the  remainder  rn+1  (x,  p )  is  replaced 
by  the  function  rn+1  (x,  p)  which  coincides  with  rn+1  (x,  p)  for 
|  x  |  >•  a,  where  a  is  an  integer  independent  of  p.  Note  that  in  (2.6) 
sgn  (S  (p))  ^La0  —  const  because  the  function  <jp"  (S  (p)) 

does  not  become  zero  anywhere.  For  x  =£  0  all  terms  of  the  expan¬ 
sion  (2.6)  are  obviously  infinitely  differentiable  in  x  and  p  with 
the  exception  of  rn+1  (x,  p).  This  means  that  the  function  rn+1  (x,  p) 
also  possesses  this  property.  Let  e  (x)  be  a  function  in  (R)  which 
is  identically  equal  to  1  for  |  x  |  <  a.  Set 

rn+ 1  (x,  P)  e  (x)  =  p  (x,  p),  rn+1  (x,  p)  [1  -  e  (x)]  =  v  (x,  p). 

We  have 

L1+1  (x,  P)  —  P  ( x ,  P)  +  v  (x,  p). 

The  function  p  belongs  to  C"  (R2)  cr  3?Si>as  (R2).  This  is  why  the 
function 

(x,  p)  ->  xn+1p  (x,  p) 

also  belongs  to  C”  (R2)  cz  38n,H  (R2)-  Show  that  the  function 
(x,  p)  -+  x”+1v  (x,  p) 

also  belongs  to  38  s,  (R2)  (this  also  means  that  v  £  38  su  S2  (R2))- 
For  the  sake  of  certainty  set  sgn  J+"  (S  (p))  —  1.  Just  as  in  Sec.  5 
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of  Chapter  I  for  any  integer  m  >  n  +  1  we  obtain: 

x”+1v(x,  p)  =  l/'ne“(y)”+1il5„+1(0,  p)X(p)  (1— «(*))  + 

in  m 

-f- yn e 4  2  ("r),a;n+1";(1— e(ar))^(°*  p)x(p)+ 

3=n+ 2 

-fjAz  —  e  (a:)]  (y)m+1  X 

CX) 

x  j  eix<>,n+1(C  p)l{p)dt.  (2.8) 

—  oo 


The  first  term  in  the  right-hand  member  of  (2.8)  obviously  belongs 

m 


to  $1  tu  S2  (R2).  The  same  applies  to  each  term  of  the  sum 
der  the  latter  term  in  (2.8).  Set 


2  •  Consi- 

3=1 1+2 


f(x,  p)^=Vxxnm[\~e{x)\  j  eixt2i\ im+l(t,  p)X(p)  dt  = 


■=Y xxn  m[l  —  e(x)]x(p)  gm  (x,  p), 

where 


oo 

grn  (*.  P)  =  j  eixt2\pm+l  (; t ,  p)  dt. 

—  oo 


Just  as  in  Sec.  5  of  Chapter  I  we  establish  that  for  x  0  the 
function  gm  is  infinitely  differentiable  and 

dkl+H  gm,  ( * ,  p) 


ki  rlJl2 


dx  1  dp‘ 


■  =  0  (\x  |_fti), 


where  0  is  an  estimate,  uniform  in  p  for  p  6  supp  %.  Consequently, 
for  m  ^  n  +  2  and  for  any  non-negative  integers  lc1  and  k„ 

R2 


dhi+k*f(x,  p) 


dxhi  dph 2 


dx  dp  oo 


so  that  /  £  JTf1+1,  S2+1  (R2)  c:  J?S1,  S2  (R2).  Thus,  we  have  shown  that 
the  functions  rn+1  (x,  p)  and  xn+irn+i  (x,  p)  belong  to  the  space 
^,S3(R2).  Denote 

K  {x,  p)  =  rad  xe ~ “[-^(S(p)) -pS(p)]/  (Xj  p 
From  the  expansion 

in  ^ 

isf(a:,  p)=]/rjte4ffo  2  (^);  Pi  (*)  (°’ P)  X  (p)  +  r»+i  (*>  P) 

3=0 

(2.9) 
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it  follows  that  K  cr  38, u  ,2  (R2).  By  using  Theorem  2.1  we  obtain 
the  following  result:  for  any  h  6  B  the  vector 

(2  l  \  _  ing0  n  . 

Av  AJ  h  =  Yne  4  2  Pi  (^)  50  (A2)  h,  (2.10) 

i= o 

where  %j  ( p )  =  %  (0,  p)  %  ( p )  belongs  to  the  domain  of  the  opera¬ 
tor  A?+1. 


Theorem  2.2.  Let  Ax  {A 2)  be  generators  of  degree  sx  (s2)  with  the 
same  defining  pair  ( B ,  B)  and  with  the  same  domain  Dax  =  D a2  =  D. 
Let  the  functions  <p  and  i[>  €  33  ,u  (R2)  be  correlated  by  the  formula 
a})  {xL,  x2)  =  P  (xx)  <p  (x1,  x2), 


where  P  is  a  polynomial.  Then 


Proof.  As  in  the  proof  of  Theorem  2.1,  we  construct  the  sequen¬ 
ces  {cpln},  {cp2n}i  {'Ihn}  and  {^271}  of  functions  of  the  form 

i(n) 

2  unj  (xi)  vnj  (x2)  possessing  the  following  properties: 

3  =  1 

lim  (q)l7l  -f- (p2„)  =  cp,  lim  (\|5ln  -f  if 2n )  = 

n-»-  00  n-»-oo 

^>ln(xl,  x2)  =  P{xi)  Tin  {XU  ^2).  %7i(Zl>  x2)  =  P  (xl)  <P2n  {xi,  xl)  ■ 
Let  h£D.  Then  from  Theorem  4.1  of  Chapter  I  it  follows  that 

[\|)lrl  Uj,  A2)  +  i|52n  (au  l2)]fe  = 

—  l^Tln  (-^Ij  A2)  +  fp2n  (  Aj,  A^)^  P  {Af)ll. 

Passing  over  to  the  limit  for  n  ->  00  we  obtain 

if)  ( Aly  A2)  h  =  cp  ( Ax,  A2)  P  (A i)  h. 

Q.E.D. 

Theorem  2.2  brings  out  the  following  statement.  Let  cp  and  i|? 
belong  to  the  space  J?SjiS2(R2)  and  cp(xu  x2)  —  ip(xi,  x2)  =  0  (xfk) 
in  the  sense  that  the  function 

0*4,  x2)  -v  x\  [cp  {xu  x2)  —  y\>  (xu  x2)} 
belongs  to  38  S2  (R2).  Then  the  operator 

[-T  ( Ai,  A2)  — 'l5  (Ai,  A2)  ]  A? 

is  bounded. 
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We  can  now  write  an  analogue  of  the  expansion  (2.10)  of  the 
stationary  phase  method  in  a  case  when  the  operator  Ax  acts  first 
and  A 2  second.  Specifically,  the  operator 

(i  9  \  inao  n 

AUAJ-Vne  *  2  X,  (A2)  p,  (A,)]  An,+l  (2.11) 

3=0 

is  bounded. 

Apply  the  obtained  results  of  the  stationary  phase  method  to  the 
pseudodifferential  operators.  The  expansion  (2.10)  has  the  following 
form: 

/  2  1  \  ijlCXo  n 

k[-‘±,  x)hM=Vne  *  2  (^L)'x 

i= o 

x  pi  ( — *  -j&) %]  w h  w + qn+i  (*)> 


where  qn+l  £  W\+n+i  (R)  if  h£W\{K). 

The  expansion  (2.11)  for  the  pseudodifferential  operators  has  the 
form 


K  l-'i’  x)h(x)  = 


inoo  "  i 

=  (x)Pj(-i-!L)h(z)  + 


+  r 


n+ 1 


3=0 

1 

-i^L,x}h(x), 


where  the  pseudodifferential  operator  rn+l  ^  —  i  —  ,  xj  possesses 

/  1 

such  a  property  that  for  any  k  the  operator  rn+l 


’  x!  x 


xHi)”+1  is  bounded  in  W\  (R).  Consequently,  for  any  h£ 

rh-n-  1 


6  n  (R)  the  function 


1  71+1 


=  rrl 


2 1 

>  *]h(x)  = 


d  /  .  d  .  ,\n+l  /  .  d  ,  .\-n-l 

IT’  ^(-^  +  0  (-l!T  +  l) 


h  (x) 


belongs  to  W\  (R). 
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Sec.  3.  The  Geometrical  Interpretation  of  the  Method  of  Stationary 
Phase 


Consider  the  integral 


/  (p,  (0)  =  rad  ^ j  etco(-px+.f:(x))(p  i(x)dx,  (3.1) 

(2ju)  2  ~00 

where  p,  co  are  real  variables,  i2  =  eilt/4  and  cpx  £  Co°  (R);  rad  a 
is  an  infinitely  differentiable  function  defined  for  sufficiently  large 
|  co  |  by  the  formula 


rad  co  =  co  2 


def 


— r— (1  -sgn  a) 

e  4  |  co 


2 


Note  that  for  sufficiently  large  |  co  |  the  function  i1/2I  ( p ,  co)  is  — - 

Fourier  transform  of  the  function  eia'^<'x\1  ( x )  depending  on  the 
parameter  co. 

Apply  the  method  of  stationary  phase  to  the  integral  I  (p,  co) 
using  only  the  first  term  of  the  asymptotic  expansion.  Supposing 
that  S'" {x)  ^  0  on  the  support  of  the  function  %  (x)  and  that  the 
equation  —  p  +  Jf'  (x)  =  0  has  a  unique  solution  x  —  x(p)  for 
x  g  supp  cpx,  we  obtain 


-  i  -T-(sgn^"(x(p))  - 1 )  sgn  a 

e  4 


rad  co 
(2jte)  1/2 


OO 

\  ei»(-px+^r(x»(pi  (x)  dx  = 

—  OO 


=  — £ii^ML_eM-px(p)+^wp))]  i  c0\ 

\3'"  {X  (p))  1 1/2 


where  the  function  g(p,  co)  possesses  the  following  property:  for 
any  X  £  C<j°  (R)  and  any  su  s2 

X  ( p )  e-i<o[-P*(PH^(*(P)%  (Py  «))  g  %su  sa  (R2)) 

©X  ( p )  e-i»[-P*(P)+^(*(p))]g  (p,  co)  g  J*S1>  S2  (R2). 


We  shall  write  further  /4  (p,  a)  ^ /2  (p,  a)  if  /c  — /2  6  S3  ( R2) 

and  cof/Jp,  co)—/2(p,  a)]  6  S2  (R2)-  Thus 

- 1  -J[sgniF"  (x(p)) - 1  ]sgn  a>X  (p)  X 


X 


rad  co 
(2ji  £)1/2 


OO 

j  gla[-px+^’(x)+px(p)— ^(x(p))]  X 

—  OO 


q>i  (g  (p)) 

I  (*  (/>))  1 1/2  ' 


X  cpt  (x)  dxo^i  (p) 


(3.2) 


302 


OPERATIONAL  METHODS 


In  the  space  of  points  ( x ,  p)  which  is  usually  called  the  phase 
space  in  physics  the  equation 

JF'  (x)  =  p  (3.3) 

describes  some  line.  Introduce  the  parameter  a  on  the  curve  (3.3): 
x  =  x  (a),  p  —  p  (a). 


The  condition  J2"'  (x)  =#=  0  means  that  equation  p  =  p  (a)  with  respect 
to  a  has  a  unique  solution  a  =  a  (p),  where  the  function  a  (p) 
is  infinitely  differentiable.  In  this  case  the  curve  (3.3)  is  said  to  be 
diffeomorphically  projected  onto  the  axis  p.  Thus  any  function 
on  the  curve  (3.3)  may  be  regarded  as  a  function  of  x  and  p  or  a. 
Allowing  for  inaccuracy  in  the  notation  we  shall  sometimes  write 
an  equality  of  the  type 

<P  (*)  =  9  (p)  =  cp  (a), 


as  well  as  the  expressions  a  —  a  (x)  for  the  solution  of  the  equation 
x  —  x  (a),  and  a  =  a  (p)  for  the  solution  of  the  equation  p  =  p  (a) 
(of  course,  this  applies  to  cases  where  there  could  be  no  misunder¬ 
standing).  We  have 

x  a 

&  (x)  =  (x  (<%<,))  +  j  (x)  dx  =  cp  (x  (a0))  +  j  p  dx,  (3.4) 

x(a0)  a0 

a 

—  px(p)  +  £r  (x(p))=  —px  (p)+  j  pdx  +  ^  (x(  a0))  = 

ao 

a 

=  —  j  xdp  —  p(a0)x{a0)  +  ^(x(a0)), 
a0 


where  j  x  dp  and  J  p  dx  are  curvilinear  integrals  along  the  cur- 

ao  ao 

a 

ve  (3.3).  The  integral  j  p  dx  along  the  curve  in  the  phase  space 


ao 


will  be  called  the  action  (as  accepted  in  physics). 
By  analogy  with  (3.2),  set 

<P(a) 


<Pi  (*)  = 


dx 

1/2 

da 

ja=a(x) 


By  virtue  of  (3.4)  and  of  equalities 
s-r'tt  /  dp  dx  dp 
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we  obtain 


[  g-toP* 

®  +  *  \ 


/  “ 

[  i®  5  pi 


e  “o 


<P(«) 


dx  ■ 

1/2 

da 

dx  : 


a—a(x ) 


^  e 


-i-2-o  sgn  <o 


i<o[-  )'  x  dp-p(ao)x(«o)  ] 


6  ao 


<P(«) 


dp 

1/2 

da 

X 


a=a(p) 


xX(p) 


1 


w  +  i  ’ 


(3.5) 


where 


0  =  -i(l-sgn-g-). 


Sec.  4.  The  Canonical  Operator  on  an  Unclosed  Curve 

Let  M1  :  x  =  x  (a),  p  =  p  (a)  be  an  unclosed  infinitely  smooth 
curve  without  self-intersection  with  coordinates  ( x ,  p)  in  the  phase 
space  and  let  <p  (a)  be  an  infinitely  differentiable  function  with 
a  compact  support.  Define  the  real  functions  on  Ml 

a  a 

S  (a)  —  ^  p  dx,  S  (a)  =  j  x  dp  -j-  x  (a0)  p  (a0)  = 
ao  ao 

=  —  S  (a)  4- jp(a)  x  (a). 

Let  an  open  arc  U  of  the  curve  M1  containing  the  support  of  the 
function  <p  be  diffeomorphically  projected  onto  the  axes  x  and  p, 

i.e.,  =7^=  0  on  U.  Then,  instead  of  a,  we  may  choose 

either  x  or  p  as  a  parameter  on  U: 

a  —  a  (x),  a  —  a  (p). 

The  relations  are  valid: 

dS  dS  n  i  n 

P~~dP~ '  X==~df’  S  +  S  =  PX> 

i.e. ,  the  transition  from  x  and  S  (x)  to  p  and  S  (p)  is  a  Legendre 
transformation. 

Exchanging  x  and  p  in  (3.5)  and  passing  over  to  the  complex- 
adjoint  values  we  obtain,  for  any  infinitely  differentiable  function 
p  (to)  which  is  equal  to  zero  in  a  neighborhood  of  zero  and  is  equal 
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to  unity  in  a  neighborhood  of  infinity: 

e-i<oS(a(x»X  (-*.)  p  (£0)  j/_ X 
co  _JL 

X  [  eiaPxe-' ioS<a)  4^-  2  cp  (a) 

J  da  T  w  a=a(p) 

—  oo 

__1_ 

2 

=  X  (*)  P  (©)  (i  sgn  co)°  —  <p  (a) 

under  the  condition  that  the  support  of  the  function  %  is  contained 
in  the  projection  of  U  onto  the  axis  x.  But  if  the  support  of  an  infi¬ 
nitely  differentiable  function  %  ( x )  does  not  intersect  with  the  sup- 
poft  of  the  function  cp  (a  (x))  and  %  (x)  =  1  in  a  neighborhood 
of  infinity,  then  the  function 

g  (x,  co)  =  x  (x)  p  (co)  ]/ ■=^r  X 

oo 

X  [  eia>px-ia,S(.a)  \  AZ_  I  2  m  (a)  dp 

J  I  da  |  T  '  7  a=ct (p) 

—  oo 

belongs  to  the  space  W%  (R2)  for  any  s.  The  function  a )hg  (x,  co), 
where  k  is  an  arbitrary  integer,  has  the  same  property.  Consequently, 
the  equality  is  valid: 

X(;r)p(co)]/  -|-x 

oo  __1_ 

X  f  eia>(px-S(a))  I  2  cp  (a)  dp  = 

J  I  da  T  w  a— a(p) 


_ 1_ 

= 1  (x)  P  (®)  (*  sgn  ®)ff  eiaSia)  -£  |  T  (a)  a=a(x)  + 

+  ei«sc«(*»£1  (a: ,  co)  -f  g2  (a: ,  co) ,  (4.1) 

where  g1  and  g2  are  infinitely  differentiable  functions  gq  ( x ,  co)  =  0 
for  x  6  supp  cp  (a  (x)),  the  functions  cogq  (x,  co)  and  cogq  (x,  co) 
belonging  to  the  space  $} 52  (R2)  for  any  non-negative  integers  sx 
and  s2. 

In  the  right-hand  member  of  (4.1)  the  function 

ei  toS(a)  2 

da 

is  infinitely  differentiable  in  U,  but  outside  the  arc  U  it  may  no 
longer  be  smooth  in  points,  where  -^-  =  0.  These  points  will  be 
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called  focal  points.  Besides,  the  left-hand  member  of  (4.1)  is  pro¬ 
portional  to  the  co-Fourier  transform  of  the  function 


e-ia>S(a)  I  dP 
da 


'<P  (“) 


a=a(p) 


__1_ 

where  the  factor  e~io)S(a)  |  J  is  an  infinitely  differen¬ 
tiable  function  in  the  neighborhood  of  a  focal  point.  This  conside¬ 
ration  suggests  the  idea  of  defining  the  following  operator  K  which 
is  a  canonical  operator  translating  an  infinitely  differentiable  finite 
function  in  M 1  into  a  function  of  variables  co  and  x. 

Let  the  family  {Uj}j£i  of  open  arcs  cover  M1: 


M{=  U  V, 
iei 


(in  M1  the  ends  are  not  included),  every  arc  Uj  intersecting  only 
a  finite  number  of  arcs  Uj.  Next,  let  on  every  arc  Uj 


—  ^  0  or  4L^°- 
da  da 


Choose  on  every  arc  Uj  either  x  or  p  as  a  parameter  (as  a  local  coor¬ 
dinate).  If  x  is  chosen  as  a  local  coodrinate  on  Uj,  then  we  call 
Uj  a  non-singular  patch  of  the  curve  M1;  otherwise,  U}  will  he  called 
a  singular  patch.  The  function  a  =  a.j  (x)  or  a  —  aj  (p)  corresponds 
to  every  patch  Uj.  The  set  of  singular  or  non-singular  patches  on 
M1  will  be  called  the  canonical  atlas  of  the  curve  AT1. 

Let  the  function  cp  (a)  have  a  compact  support  supp  <p  C  M1. 
Consider  the  partition  of  unity  corresponding  to  the  canonical 
atlas,  i.e.,  infinitely  differentiable  functions  {e;-  (a)}  which  satisfy 
the  condition 

l  =  2e;(a)  for  a  £  supp  <p,  supp  e}  cz  Uj. 

3 

Then 

<P  (a)  =  S  ei  (a)  <P  (“)  =  2  <P i  (a),  supp  (Pj  <=  Uj. 


For  the  sake  of  certainty  let  Ujy  be  a  non-singular  patch  which 
contains  a  point  a0.  For  the  function  a|)  (a)  with  the  support  in  Ujl 
we  set 


(x)  =  eiaSW 


dx 

da 


'I3  (a) 


,a=a^(3c) 


(4.2) 


Let  Uj2  be  a  singular  patch  crossing  with  Ujr  Define  a  canonical 
operator  Kj2  acting  on  the  function  with  support  in  Uj2  by  means 


20-01225 
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where  the  constant  c  will  be  defined  below.  Require  that  for  any 
infinitely  differentiable  finite  function  ip  (a)  with  the  support  con¬ 
tained  in  Uji  (1  Uj2  the  following  relationship  should  be  valid: 
e-«oS(cci(*))^  (x)  p  (CO)  [Kj$  —  Kj$]  (x,  to)  ==  0 

regardless  of  the  function  x  6  Co  (R)  with  the  support  contained 
in  the  projection  of  f]  Uja  onto  the  axis  x  and  regardless  of  the 
function  p  £  C°°  (R),  which  is  equal  to  zero  in  a  neighborhood  of 
zero  and  equal  to  1  in  a  neighborhood  of  infinity. 

By  virtue  of  (4.1)  we  have 

e-iaS^x\  (X)  p  (CO)  IK^P)  (x,  CO)  ~ 

££  c2  ( i  sgn  co)<TDiir'pi2e-i<oS(ai(x))^  p  [ij^-pp]  (x,  co), 

where 

Consequently,  we  may  set 
c=  (i  sgn  co)  auh^uh' 

Identically  for  non-singular  patch  U j3  which  intersects  with  U,, 
we  set 

[iiTjaXjj]  (x)  =  (isgn  co)  <yunr,uh+  uh^uh  x 
_ i_ 

X  eiaS(a)  JfLj  \h(a)|  ; 

dec  I  lcc=aj3(x) 

here  supp  ip  6  U3. 

In  general  let  Uj_,  U2,  .  .  .,  Un  be  a  finite  sequence  of  patches 
of  a  given  canonical  atlas,  where  singular  and  non-singular  patches 
of  the  sequence  follow  in  succession  and  two  adjacent  patches  of 
the  sequence  intersect. 

Then  set 

(X)  -  (i  sgn  x 

H’srl  2  ♦ML  « 
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for  odd  n  and 


(x)  =  (i  sgn  (O)  U}n-if]U,nx 

_  oo  _± 

j//" . j  et<o(px-sfa))  I  dP 


X 


da 


(a) 


'a~ain  (p) 


dp. 


For  even  n  define  the  index  and  the  canonical  operator.  The 
number 

ind  (/, . W=S  (-1  )k°u* 


k=i 


will  be  called  the  index  of  the  chain  of  patches  Ujt,  .  .  .,  Ujn.  For 
the  given  definition  of  the  canonical  operator  Kj  in  a  patch  to  be 
uncontradictory  it  is  necessary  and  sufficient  that  the  index 
ind  (/i,  .  .  jn)  should  depend  only  on  j\  and  jn  or  identically  that 
the  index  of  the  closed  chain  of  patches  should  be  equal  to  zero. 
This  statement  holds  for  an  unclosed  curve  iff1.  In  fact,  let  U  be 
an  arc  of  the  curve  M 1  which  is  diffeomorphically  projected  onto 
the  axis  p  and  a'  and  a "  be  two  points  on  the  arc  U  which  are  non- 

focal  (i.e.,  at  these  points  j  .  Set 

Y  (a',  a")  =  {[sgn -g-  (a')  -  sgn  ^  (a")  ]  . 

If  the  points  a',  a"  are  on  the  arc  which  is  diffeomorphically  pro¬ 
jected  on  the  axis  x,  then  we  set 

Y  (a\  a")  —  0. 

It  is  easy  to  see  that  both  definitions  yield  the  same  result  in  cases 
when  they  are  applied  simultaneously.  Now  let  l  be  a  path  on  the 
curve  M1  with  ends  p',  P",  i.e.,  a  continuous  mapping 

t  ->  a  (t) 

of  the  segment  [0,  1]  in  M1  satisfying  the  conditions 
a(0)  =  p',  cc(l)  =  p". 

Let  the  points  p'  and  p"  be  non-focal.  We  set 

72—1 

yM=  2  V (“(**).  a(*k+i)).  (4.3) 

a=i 

where  P'  =  a  (0),  P "  ==  a(l)  and  0  =  t0  <  tx  <  ...  <  < 

<fn  =  l,  where  the  numbers  tx,  .  .  .,  4-i  are  chosen  in  such  a  way 
that  on  the  right-hand  side  of  (4.3)  every  segment  of  the  path  with 
ends  a  (tk),  a  (4+i)  either  has  no  focal  points  or  entirely  lies  on  the 

20* 
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arc  diffeomorphieally  projected  onto  the  axis  p  (this  choice  is  always 
possible).  Call  y  [Z]  the  index  of  the  path  Z.  This  term  is  justified 
because  a  ( t )  does  not  depend  on  the  choice  of  intermediate  points 
a  (Zx),  a  (Zn_x)  on  the  path  Z.  In  order  to  verify  this  statement, 
it  is  sufficient  to  note  that  y  [ Z ]  does  not  change  if  the  point  t'  is 
placed  between  th  and  Zft+X.  In  this  approach  a  summand  is  to  be 
added  to  y  [Z]: 

y  (a  (Zft),  a  (Z'))  +  Y  («  (0>  a  (tk+1))  —  y  (a  (Zft),  a  (Zft+1)). 

The  summand  is  always  zero  as  follows  directly  from  the  definition. 

Let  two  paths  l:  a  =  /  (Z),  Z':  a  =  g  (Z)  be  homotopic  on  M1, 
i.e.,  there  exists  a  continuous  function  jF(Z,  s),  0  ^  Z  ^  1,  0  ^ 
^  s  ^  1  with  such  values  in  M1  that  jf(t,  0)  =  /  (Z)  and  JF(Z,  1)  = 
=  g  (Z).  If  for  any  s  £  [0,  1]  the  points  Jg(0,  s)  and  jF(l,  s)  are 
not  focal  then  the  indices  of  the  two  paths  l  and  l'  coincide.  The 
proof  of  this  statement  is  left  to  the  reader.  Now,  it  is  not  difficult 
to  verify  that  the  index  of  the  closed  chain  of  patches  on  M 1  is 
equal  to  zero.  In  fact  for  any  chain  of  patches  Ujit  .  .  .,  Uj  the 
number  ind  (]\,  .  .  .,  jn)  is  equal  to  the  index  of  some  path  l  with 
the  initial  point  in  Uji  and  the  final  point  at  the  intersection  £7^  f| 
fl  Ujn.  Let  jn  =  )\.  Then  we  may  assume  that  the  initial  and  final 
points  of  the  path  l  coincide,  say  with  a  point  a0,  i.e.,  the  path 
l  is  closed.  But  any  closed  path  of  the  unclosed  curve  may  be  conti¬ 
nuously  transformed  into  the  path  l':  a  —  const  (into  the  point). 
It  is  obvious  that  y[Z']  =  0.  Consequently, 

yll]  =  ind  (ju  .  .  .,  j\)  =  0. 

The  concept  of  the  path  index  on  M 1  becomes  especially  clear 
if  in  every  compact  subset  M1  there  exists  only  a  finite  number  of 

focal  points  and  at  every  point  the  derivative  changes  its  sign 

(if  these  conditions  are  fulfilled,  then  the  curve  M 1  is  said  to  be  in 
the  general  position  with  respect  to  the  projection  onto  the  axis  x). 
Then  we  can  consider  the  index  y  (a)  of  the  point  a  as  an  integer¬ 
valued  function  on  M 1  in  the  following  way:  y  (a0)  =  0;  by  the 
transition  through  a  focal  point  in  the  direction  of  decreasing  dxldp 
the  index  y  (a)  increases  stepwise  by  one;  by  the  transition  in  the 
direction  of  increasing  dxldp  the  index  y  (a)  decreases  by  one;  at 
focal  points  the  function  y  (a)  is  not  defined  and  at  other  points 
it  is  continuous  (hence  locally  constant).  We  shall  stress  that  the 
initial  point  a0  should  be  non-focal.  For  any  path  l  on  M'  which 
begins  at  the  point  a0  and  ends  at  the  point  a  we  have 

y  [  l\  =y  (a).  (4.4) 

In  the  case  when  the  curve  M 1  is  not  in  a  general  position  we  shall 
consider  (4.4)  as  the  definition  of  the  function  y  (a).  Finally,  define 
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the  canonical  operator  by  formula 

[#cp]  (x,  O) )  =  2  (i  sgn  w)yj  | 

j£h 


X 


X  (a)  <p  (a)  |a=aj(x)  + 


+  2  (isgnco)^|/-|^  j 


X 


ith 
dp 


da 


ej  (a)  cp  (a) 


gia  px-i(oS(a)  ^ 

dp, 


a=aj(p) 


where  Ix  is  a  set  of  numbers  of  non-singular  patches  and  J2  is  a  set 
of  numbers  of  singular  patches  and 

yj  =  y  (a),  a  €  Uj 


if  Uj  is  a  non-singular  patch.  If  Uj  is  a  singular  patch,  then  y  (a) 
may  accept  different  values  at  different  points  of  the  arc  Uj-  Let 

yj  —  min  y  (a). 

aeUj 

An  operator  VC  will  be  called  a  smooth  canonical  operator  if  it  satis¬ 
fies  the  following  conditions: 

(a)  [St'cp]  ( x ,  co)  =  [K<y\  ( x ,  co)  if  |  to  |  is  larger  than  some  constant 
independent  of  (p; 

(b)  [Sfcp]  (x,  co)  6  C°°  (R2). 


Let  Ax  and  A2  be  generators  acting  on  a  Banach  space  B.  Since 
[S?<p]  (x,  co)  is  a  smooth  function  of  x  and  co  we  may  consider  ope¬ 
rators  {VC cp]  {au  42)  and  [e/£cp]  (.4^  A?)  .  Introduce  the  following 
notation: 

VC  (if)  12)  <p(a)ft  ML[W<p)  (it,  A2)  h, 

VC  (JL  A2)  <p(a)h  d^=[VCg>]( Ax,  A2)  h. 

1  2 

Definition.  We  shall  say  that  the  pair  of  generators  Ax  and  A 2 

(lj  and  A 2)  acting  on  B  is  in  agreement  with  the  curve  M 1  in  the 
phase  plane  (x,  p)  if  for  any  non-singular  patch  U  of  the  curve  M1 
and  for  any  infinitely  differentiable  function  %  (x)  with  the  support 
contained  in  the  projection  of  the  arc  U  onto  the  axis  x  the  operator 

1  {aJ  el^2Cp  ( respectively ,  %  i,A^\  elA'z<t>^A^ )  ,  where  cp(x)  = 

—  S  (a  (x))  is  bonded  in  B. 
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Theorem.  Let  SK  and  S/C'  be  two  canonical  operators  on  M1  corres¬ 
ponding  to  different  canonical  atlases  {Uj}j£i  and  {U'j}j^r  to  parti¬ 
tions  of  unity  {e^}  and  {e'j}  and  to  different  techniques  of  “ smoothing ” 
in  co,  but  to  the  same  initial  point  a0. 

Then 

1  2 

(a)  if  the  pair  Ax,  A 2  is  in  agreement  with  Ml,  then  the  operator 

A2[ffl  (Xu  A2)  <p (a)  —  S/C' (A„  I2)  cp(a)] 

is  bounded  in  B; 

2  1 

(b)  if  the  pair  Au  A2  is  in  agreement  with  M1,  then  the  operator 

\s/C  ( At,  A2 )  9  (a)  —  SfC'  ( ^4i,  A^)  9  (a)]  A2 
is  bounded  in  B. 


Proof .  Consider  the  sum  of  the  canonical  atlases  {Ujjjci 

and  {Uj}j£i',  i.e.,  the  set  I"  is  the  sum  (disjunctive)  of  the  sets  I 
and  Vj  =  Uj  for  j  £  I  and  Vj  —  XJ]  for  7  6  /' .  Continue  the  par¬ 
titions  of  unity  {e^}  and  {e'j}  in  the  following  way: 

ej  (a)  =  0  for  f  £  I',  e'j  (a)  =  0  for  7  6  I- 


Here  I  and  /'  are  regarded  as  unintersecting  subsets  of  the  set 
Then  S/C  and  S/C’  may  be  regarded  as  two  canonical  operators  cor¬ 
responding  to  one  and  the  same  canonical  atlas  {F,},  but  to  dif¬ 
ferent  partitions  of  unity  {ej}  and  {e'j}.  For  this  reason  and  without 
any  loss  of  generality  we  may  consider  that  from  the  start  the  cano¬ 
nical  atlases  {£/,}  and  {Uj}  have  been  identical. 

For  sufficiently  large  modulus  co  we  have 


\{S/C  _ST)  9]  ( x ,  co)  = 


=  2  sSn 

iSli 


lei  (a)  —  e]  (a)]  x 


X  9  (a)  |a=a.(.x)  +  2  (*  Sgn  ®)Vjf  —  2ju  j  6 
j£I  2 


i<o  px  -  icoS(a) 


X 


dp 


da 


lej  (a)  —  e'j  (a)]  9  (a) 


a=a  j(p) 


dp. 


Without  any  loss  of  generality  one  may  suppose  that  any  two 
different  non-singular  patches  of  the  atlas  {£/,}  do  not  intersect 
and  any  two  different  singular  patches  of  this  atlas  do  not  intersect 
either.  In  fact,  let  Uj0  be  a  non-singular  (singular,  respectively) 
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patch  of  a  given  atlas  and  let  I0  be  a  set  of  the  numbers  of  all  non¬ 
singular  (singular)  patches  intersecting  with  Uj0.  Then  the  arc  U  U , 

i£Io 

with  x  (or  p)  as  a  local  coordinate  may  be  chosen  as  a  patch  of  some 
canonical  atlas  in  M1-  In  general,  call  two  elements  /'  and  /"  of  the 
set  I  equivalent  if  the  patches  U y  and  U y  are  simultaneously 
non-singular  or  singular  and  intersecting. 

Let  /  be  the  quotient  set  of  the  set  /  according_to  a  given  equi¬ 
valency  relation.  For  every  equivalence  class  j  6  I  we  set 

UJ=  U  Uj,  ej  —  2  ej> 

iei  iei 

where  we  choose  x  (or  p)  as  a  local  coordinate  on  Uj  if  Uj  is  a  non¬ 
singular  (singular)  patch  for  /  6  /.Then  {Uj}j  £  j  is  the  canonical 
atlas  on  M1  and  {e-]}jej  is  partition  of  unity  corresponding  to  this 
atlas.  Here  any  two  different  non-singular  (or  singular)  patches  of 
the  atlas  {Uj}  do  not  intersect  and  the  canonical  operator  corres¬ 
ponding  to  the  atlas  {Uj}  and  to  partition  of  unity  {ej}  obviously 
coincides  with  the  canonical  operator  corresponding  to  the  atlas 
{Lj}  and  to  partition  of  unity  {ej}. 

Thus,  suppose  that  the  atlas  {[/;•}  coincides  with  the  atlas  {Uj}. 
Then  [es  (a)  —  e'j  (a)]  cp  (a)  =  0,  if  the  point  a  is  not  included 
in  any  of  the  non-singular  (singular)  patches  of  the  atlas,  because 
in  this  case  (a)  cp  (a)  —  e]  (a)  <p  (a)  =  <p  (a).  Let  Uj  be  a  singu¬ 
lar  patch  of  the  atlas  {Uj}  and  let  Uhl,  .  .  .,  U^m  be  non-singular 
patches  intersecting  with  Uj.  Then  the  support  of  the  function 

m  _ 

[ej  (a)  —  e'j  (a)]  <p  (a)  is  contained  in  (J  {Uj  f)  Uh  ),  where  at 

n=i 

any  point  a  £  Uh  f]  Uj  the  following  equalities  are  valid: 
ej  (a)  <p  (a)  +  eh)i  (a)  <p  (a)  =  1, 
e'j  (a)  <p  (a)  +  e^  (a)  cp  (a)  =  1. 

Hence  at  the  intersection  Uj  f)  Uh^  the  following  equality  is 
valid: 

<P  («)  [<P;‘  («)  —  e'i  (a)  +  ehvL  (a)  —  eh^  (a)]  =  0. 

Here  we  note  that  since  the  functions  and  e*  are  equal  to  zero 
in  a  neighborhood  of  each  end  of  the  arc  it  follows  that  the  support 
of  the  function  [ej  (a)  —  e)  (a)]  (p  (a)  is  contained  in  some  open 
arc  which  is  diffeomorphically  projected  onto  the  axis  x.  By  apply¬ 
ing  (4.1)  we  obtain  that  the  difference  [(i£  —  K ')  tp]  ( x ,  co)  is  the 
sum  of  a  finite  number  of  terms  of  the  form 

eiaSlaj(x»gl  (x>  co)  -t -g2(x,  co), 
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where  gx  and  g2  are  infinitely  differentiable  functions  gx  ( x ,  to)  =  0 
outside  some  closed  set  which  is  contained  in  the  projection  of  the 
non-singular  patch  U j  onto  the  axis  x  and  the  functions  cog1  (x,  ©) 
and  cog2  (x,  co)  belong  to  J?sii  52  (H2)  for  any  non-negative  integers 

%  and  s2.  The  operators  4  2gx  [a^  -42),  gx  [au  A^)A2,A2g2  {ax,  A2) 

and  g2  [au  A?)  A2  are  bounded  in  B.  The  proof  of  the  theorem 
now  follows  directly  from  Theorem  9.2  of  Chapter  II. 


Sec.  5.  The  Method  of  Stationary  Phase 

Let  h  6  R,  y  6  R”,  cp  be  an  infinitely  differentiable  real  function 
and  cp  be  a  complex  function  in  C”  (R"+2)  whose  support  is  contai¬ 
ned  in  (a,  b)  X  Y  X  ( — c,  c),  where"  a  <;  b,  c  >  0  are  real  numbers 
and  7  is  a  ball  in  Rn.  Consider  the  integral 

I(y,h)=  J  e  h  <D(P’  v’  h)  (p  ( p ,  y,  h )  dp.  (5.1) 

—  00 

Suppose  that  the  equation 

■^-(P,y,h)  =  0,  pe(a,b),  y£Y,  \h\<c 
has  a  unique  solution  p  =  p(y,  h ),  where 
^r(p(y,  h),  y,  h)^  0. 

We  shall  now  make  in  (5.1)  a  change  of  variables 

$  (p,  y,  h)  —  $  (p  (y,  h),  y,  ty  =  t2a,  (5.2) 

where  o  =  sgn  (p  {y,  h),  y,  h).  We  obtain 

i  00  i 

/to,  »•«•»]  «»“%(,,  y,  h)d,,  (5.3) 

—  oo 

where  p(t,  y,  h)  is  the  solution  of  the  equation  (5.2), 

M*.  =  T  ( P(t ,  y ,  h),  y,  h)  dp  (t'J’  h)  . 

The  function  belongs  to  Co°  (Rni2)  with  support  contained 
in  ( d ,  e)  x  Y  x  ( —  c,  c),  d,  e  being  real  numbers.  By  applying  to  (5.3) 
the  results  of  Sec.  5  of  Chapter  I  we  obtain  the  following  expan- 
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sion 


1  - »  7~ff  sgn  ft  ft),  V,  ft) 


1/1  M 


e 


I  (y,  h)  = 


JV 


3=0 


=  V«2  (-^-)J^(0,  y,  fe)  +  rJV+1(j/,  h), 

where 

rjvn  (j/,  h)  -. 


1  --i-j-CT  sgn  ft  /  iaft  \  W+l 


Vl*l 


X 


(*  —a  <2 

X  j  eft  vjJjv+i  (0  dt, 


'i’l  ( t ,  y,  h)  =  ty(t,  y,  h), 

,  ,±  ,,  a  ^i(<-  I/,  h)— tyj(0,  y,  h) 

&  y>h)=w - 7 - 


(5.4) 


(5.5) 


(5.6) 


Note  that  for  sufficiently  large  in  modulus  t  every  function 
\J)  j(t,  y,  h)  has  the  form-^j-  Py,  ft  (y)  ,  where  PVt  h  is  a  polynomial 

whose  coefficients  are  infinitely  differentiable  functions  of  y  and  h 
supported  in  IT  X  (— c,  c).  Besides,  the  functions 

'/•;  {y,  h)  ==  (0.,  y,  h ) 


belong  to  C”  (Rn+1)  and  are  supported  in  Y  X  (  —  c,  c). 

I 

Estimate  the  remainder.  Set  h  —  —  and  consider  the  function 

(D 

Rn+i  (i/>  ©)=^L  rN+1  (i/.  -y)  •  This  function  is  non-zero  only  for 

|  to  |  >  1/c.  Show  that  the  function  a>N+1R  N+1  (y,  o»)  belongs  to 
38  su  S2  (R”  X  R)  for  any  s1(  s2.  In  fact,  for  any  integer  m  >  N  +  1 
we  have 

aN+lRN+l{y,  co)  =  l/n(-^-)^+1XN+1(y,  -y)  + 

m 

+v™  s  4-)+ 

j—N+2 

,  ,  r-. — i  -i-r-crsgnco  /  ia  \IV+1 

+  V\(j>\e  4  (oN~m  x 

oo 

X  j  eimot2\j)m+1  (t,  y,  -y)  dt. 


(5.7) 
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The  first  term  in  the  right-hand  side  of  (5.7)  belongs  to 
^.«(RnxR) 
since 

Xn+i  ( y »  — )  =%N+i(y,  0)  +  ~x  (j/>  — ) » 

where  %  (y,  h )  is  an  infinitely  differentiable  function.  Hence  the 
function  —  %ly,  —j  belongs  to  any  Sobolev  space.  Next  all  terms 

m 

in  the- sum  2  in  the  right-hand  side  of  (5.7)  are square-integrable 

j=N+ 2 

and  all  their  derivatives  possess  the  same  property.  Finally,  consider 
the  function 

/(p,(0)  =  KHe'iTosga“CdN-mx 

oo 

X  j  e^cjwi  (*,  y,  c«  =  !/[«]  X 


X  e 


.  71 

-  -a  sgn  0) 


<x)N~mg(y,  ©). 


The  function  g  ( y ,  co)  is  non-zero  only  for  y  <E  Y  and  is  bounded. 
We  shall  estimate  its  derivatives.  For  any  multi-index  k  = 
=  (klt  .  .  .,  kn)  and  any  number  l  we  have 

i 


d^+lg(y,  co) 
dyk  dal 


=  2cl‘(~4rY 


X 


j=0 


X 


j  **»<■(!  A.)*,  (5.S) 


From  (5.8)  it  follows  that  the  function  g  ( y ,  co)  is  infinitely  diffe¬ 
rentiable  and  all  its  derivatives  are  bounded.  Consequently,  for 
a  sufficiently  large  m  the  function  /  (y,  co)  belongs  to  any  Sobolev 
space  given  beforehand.  This  proves  that  the  remainder  rN+1  in  the 
expansion  (5.4)  satisfies  the  condition 

®N+1Cv+i  (y,  *2  (Rn  X  R). 

In  conclusion,  we  shall  consider  the  case  when  the  critical  point 
of  the  phase  (J)  (p,  y,  h)  is  absent.  Consider  the  integral  (5.1)  and 
let  the  functions  <J>  and  cp  satisfy  all  the  above  conditions  excluding 

the  solvability  of  the  equation  =  0. 
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Instead  of  this,  we  suppose  that 
-%£■  ( P ,  y,h)¥=  0 

for  p  £  (a,  b),  y  (:Y  and  |  h  |  <c.  So  we  can  make  the  following 
change  of  variables  in  the  integral  (5.1): 

®  ( P ,  y,h)  =  t,  p  =  p  ( t ,  y,  h). 

We  obtain 

00  i 

I(y,h)=  [  eh\  ( t ,  y,  h)  dt, 

—  OO 

where 

'ML  y,  h)  =  cp(p  (t,  y,  h),  y,  h)  dp  (t'J’  h)  . 

As  before,  the  function  i|)  belongs  to  Co°  (Rn+2),  where  its  support 
is  contained  in  ( d ,  e)  X  Y  x  (— c,  c),  d,  e  being  integers.  By  integ¬ 
rating  by  parts  N  times  we  obtain 

(5.9) 

—  OO 

Set  h  =  -^-.  From  (5.9)  it  follows  that  if  in  (5.1)  0  on  the 

support  of  the  functions  cp,  then  for  any  integer  m  the  function 
to mI  (y,  1/co)  belongs  to  any  Sobolev  space  which  means  that  it 
also  belongs  to  any  space  i?si,  S2  (Rn  X  R). 

Sec.  6.  The  Canonical  Operator  on  the  Unclosed  Curve  Depending  on 
Parameters  Defined  Correct  to  O  ( —  j 

1.  Consider  the  family  of  unclosed  curves  M1  (P,  co)  in  the  phase 
plane  (x,  p).  Let  p  £  R™,  co  belong  to  an  extended  numerical  axis 
and  the  equations  of  curves  M1  (P,  co)  are 

x  =  x  (a,  p,  co),  (6.1) 

P  =  P  (a,  P,  co),  (6.2) 

where  a  is  the  (same)  parameter  on  the  curves  of  the  family  in  ques¬ 
tion  and  x  (a,  p,  co)  and  p  (a,  p,  co)  are  infinitely  differentiable 
functions  (also  for  co  =  oo). 

Introduce  the  following  functions  S  (a,  P,  co)  and  S  (a,  p,  co): 
dS  =  p  (a,  p,  co)  dx  (a,  p,  co), 

S  (0,  p,  co)  =  0, 

S  (a,  p,  co)  =  —S  (a,  P,  co)  +  x  (a,  p,  co)  p  (a,  p,  co).  (6.3) 
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Let  {U  (P,  co)}p£B,  a>ea  be  a  family  of  the  arcs  of  the  curves  Ml(P,  co) 
corresponding  to  the  interval  (a,  b )  containing  the  parameter  a, 
and  let  Q  be  an  open  domain  without  zero  on  an  extended  numerical 
axis  and  B  be  a  domain  in  R”.  Suppose  that  every  arc  U  (P,  co) 
is  diffeomorphically  projected  onto  the  axis  x  and  also  onto  the 
axis  p  so  that  the  equalities  (6.1)  and  (6.2)  have  on  (a,  b)  x  B  X  Q 
a  unique  solution  with  respect  to  a. 

a  —  a  (x,  p,  co),  a  =  a  ( p ,  p,  co). 

Let  cp  (a,  p,  co)  be  an  infinitely  differentiable  function  with 
a  compact  support  which  is  contained  in  (a,  b)  X  B  X  Q.  Consider 
the  integral 

l 

_  CO 

I  (x,  P,  C0)  =  ]//'  ■  .  J  P,  co) 


dp 


da 


X  cp  (a,  3,  co)  | 


a=a(p,  p,  G>) 


dp. 


For  the  calculation  of  this  integral  we  can  apply  the  method  of 
stationary  phase.  If  %  (x)  is  an  arbitrary  function  in  (R)  then 
X(x)I(x,  p,  co)  = 


=  X  (x)  (i  sgn  co)0  eicoS<“>  P>  ®) 


dx 


da 


9  (a,  P,  co)  |a=- 


a(x,  P.'ra) 


+ 


eiaS(a(x,  p,  co),  p,  co)^  ^  _j_  g2  ^ x ,  p,  gi). 


Here  the  functions  gx  (x,  p,  co)  and  g2  (x,  p,  co)  are  non-zero  only 
for  co  £  Q,  the  functions  cogx  (x,  P,  co)  and  co g2  (x,  p,  co)  belonging 
to  the  space  J?SI,  S2,  S3  (R  X  R”  X  R)  for  any  slt  s2,  s3; 


0  = 


—sgn 


dp/ da  \ 

dx/da  >  a=cc(x,  p,  <#)  ' 


Now  let  i  (x)  be  an  infinitely  differentiable  function  equal  to 
zero  on  the  combined  projection  of  the  arcs  U  (P,  co)  onto  the  axis  x 
and  equal  to  1  in  a  neighborhood  of  infinity.  Then  we  can  use  the 
results  of  the  preceding  section  which  deal  with  the  absence  of 
critical  points  of  the  phase  if  we  set 

^=(p*4)- 

We  obtain  that  for  any  N  and  any  s*,  s2  and  s3 
aNi  (x)  I  (x,  P,  co)  6  *,  S3  (R  X  Rn  X  R). 
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Putting  unity  in  the  form  1  =  X  W  +  (1  -  X  (z))»  where  %  ( x )  6 
6Co°(R),  we  finally  obtain  the  following  relation: 


I  ( x ,  P,  co)  =  (i  sgn  co)°  eiwS(“>  P* <0) 


dx 


da 


X 


X  cp  (a,  p,  co)  |a=-a(Xi  Pf  M)  +  P.  •>.  P.  (x,  p,co)  + 

+  g2(x,  p,  co),  (6.4) 

where  the  functions  gx  and  g2  have  the  same  properties  as  above. 


2.  The  definition  of  the  index.  The  formula  (6.4)  which  is  a  gene¬ 
ralization  of  (4.1)  permits  us  to  define  the  canonical  operator  in  the 
family  of  curves  M 1  (P,  co).  Let  C  be  a  compact  set  in  the  space  of 
parameters  a,  P  and  co  containing  no  points  at  which  co  =  0.  Next, 
let  {Uj},  7  =  1,  ...»  iV  be  a  family  of  open  connected  sets  in  the 
parameter  space  which  covers  C  and  let  {e^},  7  =  1,  .  .  .,  N  be 
partition  of  unity  corresponding  to  the  covering  {U  j} 

N 

es  (a,  P,  co)  6  C“;  2  e}  (a,  p,  co)  =  1 

5=1 

for  (a,  P,  co)  6  C. 

Obviously,  the  covering  {Uj}  of  the  compact  set  C  may  be  chosen 
so  that  for  any  j  one  of  the  following  conditions  is  fulfilled: 

(a)  -£-(«.  P.  ©)#0  for  (a,  p,  co)  6  Uj, 

(b)  -f^-(a,  P,  co) 0  for  (a,  p,  co )€U}. 

Divide  the  set  of  numbers  1,2,  .  .  .,  N  into  two  classes— Ix  and 
/2— in  such  a  way  that  for  j  6  the  condition  (a)  will  hold  and 
for  7  g  /2  the  condition  (b)  will  hold.  The  family  {Uj}  with  the 
pair  {Ilt  /2}  will  be  called  a  canonical  atlas  of  a  neighborhood 
of  the  set  C  in  the  space  of  parameters.  The  set  Uj  for  /-£  Ix  will 
be  called  a  non-singular  patch  of  this  atlas  and  for  j  6  I2 — a  sin¬ 
gular  patch.  The  function  aj  ( x ,  P,  co),  which  is  the  solution  of  the 
following  equation  with  respect  to  a 

x  —  x  (a,  p,  co), 

(a,  P,  co)  6  Uj, 


corresponds  to  every  non-singular  patch  Uj  and  the  function 
aX'  (p,  p,  co),  which  is  the  solution  of  the  following  equation 

P  =P(a,  P,  co), 

(a,  p,  co)  6  Uj> 

corresponds  to  a  singular  patch  Uj>. 
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The  canonical  atlas  { Uj }  and  {Ix,  /2}  of  a  neighborhood  of  the 
compact  set  C  may  always  be  chosen  in  the  space  of  parameters 
in  such  a  way  that  for  any  j\  6  h  and  ;2  £  /2  the  intersection  Uh  f| 
fl  U j2  is  connected.  We  shall  suppose  that  this  condition  is  fulfilled. 
The  number 


°uhnuh = 


sgn- 


-g-(a,  P,  co) 


dx 

da 


(a,  P,  co) 


l(a,  p.  co)6 Uhr\Uh 


will  be  called  an  index  of  intersection  of  the  non-singular  patch  Ujt 
and  singular  patch  Uj2  which  have  a  non-empty  intersection. 
Set  by  definition 

°uhruh=  ~auhnuh. 

If  both  patches  Ujl  and  Uj2  are  non-singular,  or  singular,  then  set 
auhruj2  =  °- 

Let  Ujt,  .  .  .,  Ujm  be  a  finite  sequence  of  patches  of  the  cano¬ 
nical  atlas  such  that  any  two  successive  patches  of  this  sequence 
intersect.  Such  a  finite  sequence  will  be  called  a  chain  of  patches. 
The  number 

ind  (]\,  .  . . ,  jm)  =  aVj  nV.  +  •  •  •  +  aUj  (]Uj 

J  Jm- 1  Jm 


will  be  called  an  index  of  this  chain  of  patches. 

By  means  of  the  index  of  the  chain  of  patches  we  introduce  the 
index  of  an  arbitrary  path  l  in  the  space  of  parameters  (a,  P,  co) 
which  begins  and  ends  at  points  belonging  to  some  non-singular 
patches.  Let  U .  .  .,  Ujm  be  such  a  chain  of  patches  begun  and 
ended  by  non-singular  patches  that  the  path  l  is  equivalent  to  the 
sum  of  the  segments 

Z  =  +  ...  +  l  m 

satisfying  the  condition  cz  Uj  .  Then  the  number 
Y  [Z]  =  ind  (ju  ■  ■  jm) 

will  be  called  an  index  of  the  path  Z.  This  definition  of  the  index 
of  the  path  Z  is  correct,  i.e.,  it  is  independent  of  the  choice  of  the 
chain  of  patches  Ujlt  .  .  .,  Ujm  and  of  the  partition  of  the  path  Z 
into  segments  lu  .  .  .,  Zm. 

In  order  to  verify  this  statement,  first  suppose  that  by  the  same 
partition  of  the  path  Z  into  segments  we  use  another  chain  of  patches 
U U •'  for  the  definition  of  the  index  of  the  path. 

J1  Jm, 
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Then 


ind  (/j,  .  .  jm)  =  ind  (/",  .  .  fm). 


(6.5) 


In  fact,  let  Mu  be  the  end  of  a  segment  ln.  Set 


|l— sgn 


-Sr  w  I 


if  -J^-(Mn)  =/=  0,  =#=  0  and  crM  ^=0  in  the  opposite  case. 

Regard  the  path  l  as  a  road  which  in  every  part  l ^  has  a  highway 
(a  non-singular  patch)  or  a  canal  (a  singular  patch)  (or  the  former 
and  the  latter).  At  the  points  there  exist  stations  where  one  can 
change  from  a  car  to  a  motor-ship  (if  the  highway  and  the  canal 
intersect  at  this  point).  The  passenger  begins  and  ends  his  trip  in 
a  car.  At  every  station  he  has  the  right  to  change  the  type  of  trans¬ 
port.  Leaving  the  car  he  receives  the  sum  cr^  for  the  loss  of  the  speed 
and,  leaving  the  motor-ship,  he  pays  the  sum  cr,*.  The  sum  does  not 
change  regardless  of  the  part  of  the  road  where  the  highway  is  along¬ 
side  the  canal.  It  is  clear  that  the  sum  total  for  the  whole  trip  does 
not  depend  on  the  choice  of  the  scheme  for  changing  transports 
and  this  means  that  (6.5)  is  valid.  Since  one  may  go  over  singular 
or  non-singular  patches  several  times  it  should  be  noted  that  the 
index  of  the  road  does  not  change  by  partition  of  the  segment  lfl 
into  parts. 

From  the  definition  of  the  index  of  the  path  it  follows  that  y  [  Z] 
does  not  change  by  continuous  deformation  of  l  if  the  ends  of  the 
path  remain  unmoved.  Since,  in  our  case,  the  parameter  a  changes 
in  some  part  of  the  real  line  it  follows  that  any  closed  path  l  may 
he  transformed  into  a  point  by  continuous  deformation  in  the  space 
of  parameters  a,  p,  oj.  This  means  that  y  [  l]  =  0  for  any  closed 
path  l. 

Hence  it  follows  that  the  index  of  the  path  depends  only 
on  its  initial  and  final  points. 

Therefore,  the  index  of  the  chain  of  patches  beginning  and  ending 
with  non-singular  patches  depends  only  on  the  first  and  last  patches 
on  the  chain.  . 

This  fact  is  identically  proved  for  an  arbitrary  chain  of  patches. 

3.  The  definition  of  the  canonical  operator.  Now  we  can  define 
the  canonical  operator  K  on  the  family  of  curves  {Ml  (P,  co)}. 
Fix  a  point  P0  in  the  space  of  parameters  and  let  this  point  belong 
to  some  non-singular  patch  Uj0.  For  any  function  cp  (a,  p,  co)  sup- 
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ported  in  the  set  C  by  definition  we  set 

[i£cp]  ( x ,  p,  (d)  =  2  (i  sgn  c o)vV“S(a>  P'  X 
ieh 

__i_ 

Idx  2 

(«.  P,  ©)  cp  (a,  p,  ©)  !«=«/*.  ft,  co)  + 

________  oo 

+  2  (i  Sgn  CO)Vj  j/" j  gio)(px-S(a,  p,  to))  x 
i£i2  -  oo 

x  2«j(a>  P>  ®)<p(a.  P,  ®)  |a=<xi(P,  p,  co)  dp,  (6.6) 

where  yj  is  the  index  of  the  chain  of  patches  starting  with  the  patch 
Uj o  and  ending  with  the  patch  Uj. 

The  canonical  operator  K  defined  by  (6.6)  depends  on  the  choice 
of  the  canonical  atlas  {Uj}  and  on  the  partition  of  unity  {ej}  (as 
well  as  on  the  choice  of  the  initial  point  P0  and  on  the  arbitrary 
choice  of  the  definition  of  the  action  S  associated  with  the  possibi¬ 
lity  of  the  reparametrization  of  the  family  of  curves). 

Let  Ax,  .  .  .,  A, i+2  be  generators  acting  on  a  Banach  space  B. 
Consider  the  operator 

/ft  2  ft-1  ft+1  n+2  1  \ 

[-^Tcp]  V^4i,  A2,  •  •  *,  -/1ft— 1?  -cfft,  •  *  •)  ^-n+2f  * 

Definition.  We  shall  say  that  the  ordered  set  of  generators  A  = 

ft  2  ft— 1  ft+1  n+2  1 

=  (AU  A2,  .  .  Ak-iy  Ah,  .  .  A  n+i,  An+2 )  acting  on  B  is  in 
agreement  with  the  family  of  curves  M 1  (P,  co)  in  the  phase  plane 
(x,  p)  if  for  any  non-singular  patch  U  in  the  space  of  parameters 
a,  P,  co  (for  family  of  curves  M1  (P,  co))  and  for  any  infinitely  dif¬ 
ferentiable  function  x  (a,  P>  ®)  supported  in  U,  the  operator  O  (4) 
corresponding  to  the  symbol 

CD  (a;,  p,  co)  =  %(a(:r,  P,  ©),  Pi  co)  eia>s<a(*-  P*  “>»  P*  “) 

is  bounded  in  B. 

Theorem  6.1.  Let  K  and  K'  be  two  canonical  operators  on  the 
family  { M 1  (P,  co)}  corresponding  to  different  canonical  atlases 
{ U j}j  g  i,  Ilt  /2  and  {Uj}j  6  p,  I'v  I'2  (of  the  neighborhood  of  compact 
set  C  in  the  space  of  parameters)  and  to  the  partitions  of  unity 
{ej}j  e  i  and  {e]}jci>  respectively.  Next,  let  the  set  of  generators 

/ft  2  ft— 1  ft+1  n+2  1  \ 

A  V^4i,  A2,  . . . ,  Ah-iy  A-k,  .  .  . ,  An^^,  An+2/ 

acting  on  a  Banach  space  5  be  such  that  the  operators  Alt  .  .  Ak-i 
commute  with  each  other  and  with  the  operator  An+2  and  the 
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operators  Ah,  .  .  An+X  commute  with  each  other  and  with  the 
operator  Ax;  and  let  this  set  be  in  agreement  with  the  family 
{ M 1  (P,  (o)}.  Then  for  any  infinitely  differentiable  function  <p  (a,  p,  co) 
with  support  in  C  the  operator 

{lK<p]  ( A )  -  [K\ p]  (A)} 

■^■n+2 

is  bounded  in  B. 

The  proof  of  this  theorem  is  based  on  (6.4)  and  is  analogous  to 
the  proof  of  the  theorem  of  Sec.  4. 

Note.  Below  we  shall  also  need  the  dependence  on  the  translator. 
This  case  is  analogous  to  the  preceding  case.  For  the  sake  of  simpli¬ 
city  let  re  =  1.  In  Theorem  6.1  one  can  replace  the  vector-operator  A 
by  the  vector-operator 

U3,  A 2,  T,  Aj  , 

where  A2  commutes  with  A3  and  T:  B  ->  B  is  a  translator,  or  by 
the  vector-operator 

/  1  2  3  4  \ 

\^3>  T,  A2,  -^1/  > 
where  A2  commute  with  At. 

Sec.  7.  V -Objects  on  the  Curve 

1.  The  definition  of  the  spaces  LA  and  Li.  Let  Ml  be  an  infi¬ 
nitely  smooth  curve  on  the  plane  R2  and  let  the  Cartesian  coordi¬ 
nates  x  and  y  be  fixed  on  this  plane.  If  an  open  arc  U  of  the  curve 
M1  is  diffeomorphically  projected  onto  the  axis  x,  then  one  can 
choose  rasa  parameter  on  this  arc.  If  such  a  choice  is  made,  then  U 
will  be  called  a  non-singular  patch  of  the  curve  M1-  In  the  same 
way,  the  arc  of  the  curve  M1  on  which  y  is  chosen  as  a  parameter 
will  be  called  a  singular  patch  of  the  curve  M1- 

A  set  of  all  singular  and  non-singular  patches  of  this  curve  will 
be  called  a  complete  canonical  atlas  of  the  curve  M1.  Any 
finite  family  {Uj}j=u  ...,N  of  patches  of  the  complete  canonical 
atlas  Jr covering  M 1  will  be  called  a  finite  canonical  atlas  of  the 
curve  M1-  We  shall  suppose  that  the  finite  atlases  of  the  curve  Ml 
exist  (for  example,  M 1  is  a  compact  curve). 

Let  Jn  be  a  set  of  a  non-singular  patches  of  the  atlas  and 
Jk o  be  a  set  of  singular  patches  of  this  atlas.  Every  patch  U  £  J-H 
is  defined  by  the  equation 

y  ==  Vu  (x) 

and  every  patch  U  £  A? 0  is  defined  by  the  equation 
x  =  xv{y). 
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It  is  obvious  that  in  the  case  when  the  two  families  of  functions 
{llu}u  £  AB’  {Xu}u£  Ao 

are  given  they  are  equivalent  to  the  curve  Ml- 
For  any  of  the  two  intersecting  patches  (J  £  AH  and  U'  £ 
there  exists  a  linear  operator  VUt  v-  acting  on  infinitely  differen¬ 
tiable  functions  of  y  with  support  in  the  projection  onto  the  axis  y 
of  the  intersection  U  {]  U'  and  translating  them  into  infinitely 
differentiable  functions  of  x  with  support  in  the  projection  onto 
the  axis  x  of  the  intersection  U  f]  U’ .  It  is  required  that  the  follow¬ 
ing  two  axioms  be  fulfilled: 

Vx  (the  locality  of  the  operators  Vv,  u')-  The  value  of  the  func¬ 
tion  Vu,  u'*P  at  the  point  x  depends  only  on  the  germ  of  the  func¬ 
tion  cp  at  the  point  yv(x)  (i.e.  only  on  the  restriction  of  the  func¬ 
tion  <p  by  any  small  neighborhood  of  the  point  yu(x))- 
V2  (the  conditions  of  concordance) 

[Vvv  t/' cp]  (x0)  =  [Vo2,  t7'<p]  (-r<i) 

for  any  function  q>  with  support  in  the  projection  onto  the  axis  y 
of  the  intersection  U\  f|  U2  and  for  any  point  x0  of  the  projection 
onto  the  axis  x  of  the  intersection  U1  f]  U2. 

Let  Jb  =  {Uj}  be  the  finite  atlas  of  the  curve  M1,  be  the  set 
of  numbers  of  non-singular  patches  and  /2  be  the  set  of  numbers 
of  singular  patches  of  this  atlas.  Consider  the  triple 

cp  =  (^,  {<p }{x))jVl,  {(fj(y)}j£h),  (7.1) 

where  cp;-  ( x )  is  a  function  in  C™  (R)  with  support  in  the  projection 
Uj  onto  the  axis  x  and  (p;-  (y)  is  a  function  in  C”  (R)  with  support 
in  the  projection  Uj  onto  the  axis  y.  The  set  of  all  possible  elements  cp 
of  the  form  (7.1)  becomes  a  vector  space  for  a  fixed  Jt  if  linear  ope¬ 
rations  will  be  introduced  by  the  formulas 

{Xcpj  (ar)}ieJl,  {>.cpi(j/)}i£i2)> 

{<M*)},  {<Pj  (y)})  +  {ML’  (^)).  {M’j  (f/)})  = 

=  M.  {<pj(*)+^(*)}.  Wj(y)+^j(y)})- 

The  obtained  vector  space  will  be  denoted  by  L^.  Denote  by  Lz 
the  join  of  all  possible  sets  L 

2.  The  definition  of  F-objects.  Let 

<p=(*A  {<p/ («)}ig/i»  {(pj  (y)}j£h),  <d={Uj}, 

M>  =  (^'.  MbWkij,  {^j(y)}i£i'2),  =  {Uj} 
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be  two  elements  of  Lz-  Consider  the  following  four  functions  on  Ml: 
Th  (x,  y)=  2  tp i(x),  cp0  {x,y)=  2  rPj  (y), 

Ii  i£h 

(x,  V)eUj  ( x ,  y)£U . 

’M*.  y)  =  2  'M*.  i/)=  2  ’MM 

i£Tj  3€l2 

(*,  u)£Uj  (x,  y)£Uj 

We  shall  say  that  the  elements  cp  and  ip  are  equivalent  and  we  shall 
write  cp  ==  ip  if  such  elements  satisfy  the  following  conditions: 

(a)  there  exists  a  finite  set  A  of  the  pairs  (U,  U'),  where  U  6  Ah, 
V  6  A  0  such  that  for  two  different  pairs  (Uu  U\),  ( U2 ,  U2)  in  A 
the  intersection  U1  [ }  U[  f]  U%  fl  U'2  will  be  empty  and 

CRn  — Tpn=  2  aU,U',  CP0  —  ’I’o—  2  $U,U', 

( U ,  U’)£ A  (U,  U')£ A 

where  aVl  v-  and  pu,  w  are  infinitely  differentiable  functions  with 
support  in  U  [\  U' \ 

(b)  for  any  pair  (U,  U')  6  A  the  following  equality  is  valid: 

«C7,  V  (x,  IJu  (x))  +  Fcj,  V  fPu,  V  (xw  (y),  y)]  (x)  =  0. 

Denote  by  X  the  factor-set  Lz  according  to  the  equivalence  rela¬ 
tion  =. 

Introduce  the  structure  of  a  vector  space  on  X.  First  of  all,  we 
note  that  if  cp,  ip  £  Lz  then  there  exist  cp',  ip'  (f  Lz  such  that  cp  =  cp' 
and  ip  =  ip'  and  the  atlases  corresponding  to  the  elements  cp'  and  ip' 
coincide.  The  elements  cp'  and  ip'  can  be  added.  Define  the  sum  of 
the  classes  of  the  equivalency  {cp}  and  {ip}  by  the  formula 

M  +  M>}  =  M  +’P'}-  (7.2) 

It  is  easy  to  see  that  the  sum  is  well-defined  by  (7.2).  The  product 
of  the  class  {cp}  by  a  scalar  will  be  defined  in  the  ordinary  way: 
X  {cp}  M  {?up}- 

The  introduced  vector  space  X  will  be  called  the  space  of  F-ob- 
jects  on  the  curve  Ml. 

Example.  The  functions  on  the  curve  as  F-objects. 

Consider  a  F-object  on  Ml  which  corresponds  to  the  following 
family  of  the  “transition  operators”  Vu,  v-  if  U  is  a  non-singular 
patch  of  the  atlas  A^  and  U'  is  a  singular  patch  intersecting  with, 
it,  then 

VufO’<t(y)  =  <V(yu(z)),  (73) 

F u\  t/<p  (x)  =  <p  (xw  (y)). 

Let  cp  be  a  F-object  which  corresponds  to  the  family  of  transition 
operators  (7.3)  and  constitutes  the  class  of  the  equivalency  contai- 
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ning  the  element 

[A,  {<p j  (*)},  {?;(!/)}) 

of  the  set  Ls.  Bring  the  object  cp  in  correspondence  with  the  function 
cp  on  M1  defined  by  the  formula 

?(*o»  l/o)=  2  Vj  (xo)  +  .2  <Pj  (j/o)>  (7-4) 

j£Ki  i£K» 

where  is  the  set  of  numbers  of  non-singular  patches  and  K2  is 
the  set  of  numbers  of  singular  patches  (of  the  atlas  A)  containing 
the  point  (a;0,  y0)  £  Ml .  From  (7.3)  it  follows  that  the  definition 
of  the  function  does  not  depend  on  the  choice  of  the  representative 
F- object  cp  in  L%. 

Conversely,  let  cp  be  an  infinitely  differentiable  function  with 
a  compact  support  in  M1  and  let  A  be  a  finite  atlas  in  M1.  Consider 
some  partition  of  unity  {e7}  corresponding  to  the  atlas  A: 

N 

ej  6  C°°  (M),  supp  et  cz  U },  2  =  1; 

3=1 

then  every  function  cpj  =  e;-cp  is  supported  in  U j.  If  Uj  is  a  non¬ 
singular  patch  of  the  atlas  A  then  set 

9;  (*)  =  V]  (*,  Vu j  (*)),  (7-5) 

and  if  Uj  is  a  singular  patch  then 

<Pi  (y)  =  cPj  (xvj  (y),  y).  (7.6) 

The  formulas  (7.5),  (7.6)  bring  the  function  cp  in  correspondence 
with  an  element  (A,  {cp^  ( x )},  {cp;-  (y)})  of  the  set  L 2  such  that  (7.4) 
is  valid.  This  establishes  a  one-to-one  correspondence  between  the 
space  X  of  F-objects  corresponding  to  transition  operators  (7.4) 
and  the  space  (M1).  Below  we  shall  identify  the  F-object  cp  and 
the  corresponding  function  cp. 

3.  Linear  operators  on  the  space  of  F-objects.  We  shall  now 
describe  the  method  whereby  linear  operators  on  the  space  X  of 
F-objects  will  be  given.  Since  X  is  a  factor-set  it  is  natural  to  first 
set  some  operator  A0  on  the  set  and  then,  as  usual,  to  bring 
an  operator  A  on  X  in  correspondence  with  A0  according  to  the 
formula 

A  {/}  =  {A0f}.  (7.7) 

Of  course,  for  (7.7)  actually  to  define  the  operator  A  on  X  it  is  neces¬ 
sary  that  the  operator  A0  should  be  in  agreement  with  the  relation 
of  the  equivalency  =: 

(f  =  g)-+(A0f  =  A0g). 
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To  set  a  linear  operator  on  X  in  the  usual  way  one  needs  to  set 
a  linear  operator  A0  on  Lx-  However  Lx  does  not  possess  a  structure 
of  the  vector  space.  For  this  reason  the  operator  A0  acting  on  Lx 
will  be  called  a  linear  one  if  for  every  finite  atlas  A  of  a  curve  M 1 
the  restriction  of  the  operator  A0on  is  a  linear  operator  acting 
on  L^.A  structure  of  the  vector  space  on  X  is  introduced  in  such 
a  way  that  the  above-mentioned  linear  operator  A0  on  Lx  corres¬ 
ponds  to  the  linear  operator  A  on  X. 

The  above  method  of  setting  the  linear  operators  on  X  is  not  yet 
versatile  enough.  One  may  now  consider  the  operators  A0  defined 
on  a  part  of  Lx-  It  suffices  to  suppose  that  the  operator  A0  is  defined 
on  the  join  of  a  family  {Z/^}  of  linear  subspaces  such  that  A0L'^cz 
a  Lj.,  L'^d  Lj.,  where  for  any  cpcr  X  there  exists  a  representative 
in  one  of  the  subspaces  L'^. 

Example.  A  differential  operator  on  the  curve. 

Consider  again  the  space  C^iM1)  as  a  space  of  F-objects  on  M1. 
Fix  an  arbitrary  finite  atlas  A  on  M 1  and  the  partition  of  unity 
{e^}  corresponding  to  this  atlas.  This  partition  will  be  called  a  weigh¬ 
ted  partition  of  unity. 

In  the  space  L  ^  consider  a  linear  subspace  L'^  consisting  of  ele¬ 
ments  of  the  following  form: 

{A,  {ej{x,  yUj(x))( p(x,  yVj(x))},  (a:^.  (y),  y)  cp  {xUj  (y),  y)}), 

where  cp  is  an  arbitrary  function  in  C^°(M1).  It  is  obvious  that  for 
any  function  cp  6  C™(Mr)  there  exists  its  representative  in  L'^. 
Let  Ix  be  the  set  of  numbers  of  non-singular  patches  and  /2  be  the 
set  of  numbers  of  singular  patches  of  the  atlas  A.  A  differential 
operator  L  acting  on  C^iM1)  will  be  defined  by  means  of  the  sets 
of  operator  {Lj}j^n  and  {Lj}jei2  with  differentiable  coefficients 
according  to  the  formulas 

(A,  {*,  (x)},  (y)})  =  L  (A,  {cp,-  (x)},  {q>;  (y)}) ,  (7.8) 

X|)y  (X)  =  Ljtyj  (x),  j£Iu 

%  (y)  =  L/Pj  (y),  7<E/2  (  ' 

In  order  to  define  pseudodifferential  operators  on  M1,  we  intro¬ 
duce  Sobolev  spaces  W\  (M1).  Let  again  the  finite  atlas  A  and  the 
weighted  partition  of  unity  {ej}  be  fixed.  For  any  function  cp  £ 
6  (M1)  we  set 

II  T  =  2  II  fj  (x)  1 1  II  CPi  ( y )  lliyft(K)> 

*  2  2 


(7.10) 
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where  <p7-  ( x )  and  cp7-  ( y )  are  the  components  of  a  representative  of 
the  function  cp  in  the  subspace  L'^. 

Problem.  Prove  that  in  the  case  when  the  curve  iff1  is  compact 
the  norms  of  the  form  (7.10)  corresponding  to  the  different  finite 
canonical  atlases  and  to  the  different  weighted  partitions  of  unity 
are  equivalent. 

Example.  Pseudodifferential  operators  on  a  curve. 

Define  the  space  W'i  (iff1)  as  the  completion  of  the  vector  space 
<70oo(M'1)  in  norm  (7.10).  The  elements  of  spaces  W\  (iff1)  will  be 
called  generalized  functions  in  iff1. 

Let  cp  6  C^iM1),  {-A,  {<p7  ( x )},  {(p7-  (y)})  be  the  representative  of 
<p  in  LA.  Consider  the  two  families  of  pseudodifferential  operators 


{"<(*•  -*4)1,,.  -4)L 


(7.11) 


whose  symbols  II  j  satisfy  the  condition 

Hi  (|,  ri) 

;  -X(|)6^s,n(R2) 


(7.12) 


0i  +  0m 

for  any  %  £  C0°°(R).  The  operators  of  this  family  translate  the  space  S 

in  itself.  Suppose  that  the  operators  II j  ( x ,  — id/dx)  and 
12  1  \ 

Hi  \y,  — id/dyf  do  not  extend  the  support  of  the  function  on  which 
they  act  (e.g.  differential  operators,  the  operator  with  the  symbol 
JI  (^,  t))  =  e1!  does  not  fit  in).  Bring  the  families  of  functions 
{<p7-  (x)}j£jTi  and  (cp7  (y)}j£i2  in  correspondence  with  the  two 
new  families  {ij;7-  (x)}j£I1  and  {%  (i/)}7£j2  according  to  the  formulas 


(a:)  =  tf7  —i-fo)  <M*), 
T;  (y)  =  H j  1 1/,  -i  4r)  %■(!/)■ 


Then 


M.  ixPi  (x)}jPJu  {%  (y)hzr 2) 

belongs  to  the  space  L Thus  some  operator  II:  C“  (iff1)  ->  (iff1) 
is  defined.  From  the  conditions  (7.12)  it  follows  that  II  is  bounded 
as  an  operator  acting  on  W[+m  (iff1)  to  Wl2  (iff1),  where  |  l  |  ^  s. 
It  is  natural  to  consider  the  extension  of  the  operator  II  to  the  homo¬ 
morphism  Wi+m  (iff1)  ->  Wl2  (iff1)  as  a  pseudodifferential  operator 
corresponding  to  the  family  of  symbols  II j  (£,  ■>]). 
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Sec.  8.  The  Canonical  Operator  on  the  Family  of  Unclosed  Curves 

In  this  section  the  class  of  canonical  operators  will  be  constructed 
correct  to  0  (l/co^)  where  N  is  any  number. 

1.  U-objects  for  the  canonical  operator.  Let  the  equations 

x  =  x  (a,  p,  ©),  p  =  p  (a,  P,  oi) 

define  the  family  {M1  (p,  ©)}  of  infinitely  smooth  curves  on  the 
phase  plane  x,  p  which  satisfy  the  conditions  mentioned  in  Sec.  6. 
Let  C  be  a  compact  set  in  the  space  of  parameters  a,  P,  ©  which 
does  not  contain  points  where  ©  =  0.  In  Sec.  6  we  introduced  the 
concept  of  the  canonical  atlas  of  a  neighborhood  of  the  set  C  in  the 
space  of  parameters.  The  set  of  all  singular  and  non-singular  patches 
of  all  canonical  atlases  corresponding  to  the  totality  of  compact 
sets  C  will  be  called  a  complete  canonical  atlas  of  the  space  of  para¬ 
meters. 

Proceed  now  to  the  definition  of  objects  to  which  the  canonical 
operator  a/T,  will  be  applied.  These  will  be  some  F-objects  in  the  space 
of  parameters.  We  allow  some  deviation  from  the  general  definitions 
given  in  the  preceding  section.  This  corresponds  to  our  wish  to  avoid 
cumbersome  details  in  the  definitions  of  Sec.  7  in  order  to  get  them 
across  more  clearly.  Now  describe  the  mentioned  deviations.  In  the 
definitions  of  the  previous  section  the  complete  canonical  atlas 
of  the  curve  is  to  be  replaced  by  the  complete  canonical  atlas  of  the 
space  of  parameters  and  the  finite  canonical  atlas  of  the  curve  by  the 
canonical  atlas  of  a  neighborhood  of  the  compact  set  C  in  the  space 
of  parameters.  The  elements  of  the  space  L ^  will  have  function 
components 

q>j  (x,  P,  ©),  j  E  A,  (8.1) 

(pj  (p,  p,  ©),  j  e  I*., 

where  7X  is  the  set  of  numbers  of  non-singular  patches  and  /2  is  the 
set  of  numbers  of  singular  patches  of  the  atlas  J. .  Here  we  shall 
identify  those  functions  (8.1)  which  differ  only  by  0  (©~i-1),  i.e.,  who¬ 
se  difference  is  the  product  of  ©~i~1  by  an  infinitely  differentiable 
function;  for  a  patch  containing  the  point  ©  =  oo  we  shall  identify 
any  two  functions  (8.1)  if  the  patch  does  not  contain  points  where 
©  =  oo.  In  other  words,  we  make  a  corresponding  factorization 
in  every  space  L^.  By  virtue  of  the  preliminary  factorization  the 
conditions  defining  the  relation  of  equivalency  ==:  are  to  be  changed 
in  the  obvious  way. 

Define  the  transition  operators  Vjj,  v  which  translate  the  func¬ 
tions  of  x,  p  and  ©  into  the  functions  of  p,  p  and  ©  if  U'  is  a  non¬ 
singular  patch  and  U  is  singular,  and  the  functions  of  p,  p  and  © 
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into  the  functions  of  x,  p  and  co  if  U'  is  singular  and  U  is  non-singu¬ 
lar.  Let  U  be  a  non-singular  patch  and  U'  be  a  singular  patch,  both 
belonging  to  the  atlas  A The  patch  U  corresponds  to  the  function 
av  (x,  p,  co)  which  satisfies  the  equation  x  =  x  (av  (, x ,  p,  co),  p,  co) 
and  the  patch  U'  corresponds  to  the  function  av-  ( p ,  p,  co)  which 
satisfies  the  equation  p  (a ( p ,  p,  co),  p,  co)  =  p.  Let  cp  (a,  p,  co) 
be  an  infinitely  differentiable  function  with  support  contained 
in  U'  f)  U, 

<P  (P,  P,  co)  =  q>  (av  (p,  P,  co),  P,  co). 


Consider  the  integral 


/(X,  p,  <.)  =  / 


oo 

J  giaj-x-iaS(a,  p,  co) 

~oo 


X 


dp 

da 


< p(a,  p,  co)  |a=a[7,(p,  p,o»dp, 


where  the  action  S  (a,  p,  co)  is  defined  by  (6.3).  On  calculating 
the  integral  I  (x,  p,  co)  by  the  method  of  stationary  phase  (for  x  — 
=  x  (a,  P,  co),  (a,  P,  co)  6  U  f)  U')  we  obtain 


I(x,  P,  co)  =  (i  sgn  co)0  V  {  (-g- )  > 


(x,  P,  CD),  p,  CD) 


X 


3=0 


1 


X 


dx 


da 


(I'  P.  “>}  +  '•■«(*.  P- “>x 


x  gicoSCOyOc,  p,  CD),  p,  CD) 


where 


a°--szn(-£r) I  (is)  L  p, 


(a,  P,  cD)£UnC/' 


CD)££/nE/' 


and  the  function  co!+1  r!+1  (x,  P,  co)  belongs  to  any  of  the  spaces 
$  ,  ...,  Sn+r  (Rn+2).  Concerning  the  functions  %j  we  may  say  that 
by  virtue  of  the  method  of  stationary  phase  the  functions  %j  (x,  p,  co) 
for  a  fixed  function  S  depends  only  on  values  of  the  function  <p 
and  its  derivatives  in  a  up  to  order  l  inclusive  at  the  point  (av  (x, 
P,  co),  p,  co). 
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We  define  the  operator  VUtU-  in  such  a  way  that  the  following 
equality  is  valid: 


I(x,  p,  co)  =  e 


_  iaSia^x,  P,  co),  p,  co) 


|  (i  sgn  0))° 


X 


X 


dx 


da 


2  ,  .  AVu,  u'<p](x,  P,  co)  +  r;+1  (x,  p,  co)  j  . 

C=a tj(X,  P,  (0)  ) 


In  other  words,  we  set 

i 

iFy,  wy]  (x,  p,  co)  =  2  (-§■)'’  Xj  (x,  p,  co).  (8.2) 

j= o 

2.  The  construction  of  the  canonical  element.  Consider  the  spa¬ 
ce  X  of  F-objects  in  the  space  of  parameters  a,  P,  co  corresponding 
to  the  family  of  transition  operators  Vv<U’  defined  in  the  present 
section.  The  vectors  of  the  space  X  will  be  called  canonical  elements. 

We  shall  describe  a  standard  method  for  constructing  a  canonical 
element.  Let  cp  (a,  P,  co)  be  an  infinitely  differentiable  function 
supported  in  a  compact  set  C,  let  A  =  ( Uj)j  g  i  be  the  canonical 
atlas  of  a  neighborhood  of  the  set  C  and  {e,}  be  a  partition  of  unity 
called  a  weighted  one  corresponding  to  the  atlas  A: 

ej  6  C°°,  supp  ejdUj, 

S  ei  (a>  P>  <°)  =  1 1  (a,  P,  co)gC. 


The  function  cp,  the  atlas  A  and  the  weighted  partition  of  unity 
{ej}  are  brought  in  correspondence  with  the  canonical  element  by 
means  of  the  following  procedure:  let  A'  —  { Uj}j  g  r  be  an  arbitrary 
canonical  atlas  of  a  neighborhood  of  the  set  C  and  let  {ej}  be  the 
partition  of  unity  corresponding  to  the  atlas  A' .  We  set 

cp j(x,  P,  co)  =  e}  (a,  p,  co)e„(a,  p,  co)  x 

X  <P  (a,  P,  co)  |a=a^/(x,  (5,  CD),  jgl' 

3  (8  S'i 

cp)  (P,  p,  co)  =  ej  (a,  P,  co)  e0  (a,  P,  co)  X  K  '  ' 

X  Cp  (a,  P,  CO)  |a=a jjXp,  P,  cd),  j£l’2i 

where 

en  —  2  e}’  eo  —  2  eji 

i£Ii  ieh 

/]  is  the  set  of  numbers  of  non-singular  patches  of  the  atlas  As,  72  is 
the  set  of  numbers  of  singular  patches  of  the  atlas  A  and  I\  (Q 
is  the  set  of  numbers  of  non-singular  (singular)  patches  of  the  atlas 
A' .  Thus  for  every  canonical  atlas  A'  of  a  neighborhood  C  we  define 
the  element 


Cp^'=M',  {cP;WWp  {CP)  (p)}j£Ij) 
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of  the  space  L^>.  It  is  left  to  the  reader  to  verify  that  for  any  cano¬ 
nical  atlases  A'  and  A "  there  exists  an  equivalency  q)^/  =  cp^» 
so  that  all  elements  of  the  form  cp^/  define  one  and  l he  same  class 
{9,^'}  €  %  ■ 

Let  Ay,  .  .  kn+2  be  such  non-negative  integers  that  l  >  /y-f-  .  .  . 
.  .  .  +  kn+i.  Intoduce  in  the  space  of  infinitely  differentiable 
functions  of  x ,  p  and  01  the  following  relation  of  equivalency 
cp  (x,  P,  (o)  »  ij)  (x,  P,  (o)  if  and  only  if 

(oj_ft1_."-fen+1[^(^  ^  to)  — 1)3  (a:,  P,  0 ))]6^>/il . 's„2(R”+2)- 

The  quotient  space  corresponding  to  the  relation  of  equivalency 
will  be  denoted  by  Ski . kn+ 2’  l.  Allowing  for  the  common  inac¬ 

curacy  in  the  notation  we  shall  deal  with  the  elements  of  the  space 
Shi,...,  hn+2,  i  as  with  functions  of  x,  P  and  00,  keeping  in  mind 
their  actual  representatives  in  CO0(Rn+2).  In  the  same  way  we  shall 
often  use  notation  and  expressions  as  if  the  components  cpj  ( x )  and 
cpj-  ( p )  of  an  element  of  As  were  functions  and  not  classes  of  equiva¬ 
lent  functions. 


3.  The  definition  of  the  canonical  operator.  We  may  now  define 
the  canonical  operator  Ki  on  the  family  of  the  curves  M 1  (P,  to) 
with  a  fixed  parametrization  and  a  fixed  “initial”  point  P0  in  the 

space  of  parameters,  the  operator  acting  on  Lz  to  S’n . kn+ 2’  1 . 

Let  A  be  the  canonical  atlas  of  a  neighborhood  of  a  compact  set  C 
in  the  space  of  parameters,  Ix  be  the  set  of  numbers  of  non-singular 
patches  of  the  atlas  A  and  /2  be  the  set  of  numbers  of  singular  patches 
of  this  atlas.  Let  P0  belong  to  a  non-singular  patch  U j0  6  A  and  y 
be  the  index  of  the  chain  of  patches  of  the  atlas  A  which  starts  with 
the  patch  Uj0  and  finishes  with  the  patch  Up 

Definition.  For  any  element 

<P  =  {<P;  (x,  P,  co )}nu,  (cp;-  (p,  p,  0)) }j  £  jr.,) 


of  the  space  we  set 

[App]  (ay  P,  co)  =  2  (i  sgn  co)7!  ei<oS(a>  P.  ®)  x 
ieh 

X  |  -4~-  2  I  .  <Pj  (x)  +  2  (i  sSn  ®)Vy  x 


oa 

r 


|a=a£7.(x,  (5,  a) 

J  ieh 


X 


V  ■=sr  5 


gico ;(px)-S(a,  P,  (0))  ^ 


X 


dp 


da 


\a=au_  (p,  p,co) 


cpj  ( p )  dp. 


(8.4) 
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Problem.  Show  that  the  definition  is  correct  in  a  sense  that  if 
<P'  =  {<Pl  P,  co)},  {<pj  ( p ,  P,  to)}) 

and 

<P"  =  (J,  {cp-  (x,  p,  to)},  {cp-  ( p ,  p,  co)}) 

are  two  representatives  of  one  and  the  same  element  ip  6  L ^  then 
Km'  =  Km". 

Theorem  8.1.  Let  cp,  6  Lx  and  cp  =  ip.  Then 

Km  =  km>. 


Proof.  First  we  note  that  without  loss  of  generality  one  may 
consider  that  <p  and  Tp  belong  to  one  and  the  same  space  Let 

<P  =  (*^>  {%•(*,  P,  ®)}j£Ii,  {(Pj  (P,  P,  ®)}i£L). 

^  =  P,  ®)kii.  P,  ®)ki2)- 

Then 

{Km  —  Km]  (x,  p,  co)  =  iKi  (c p  —  ip)]  ( X ,  p,  co), 
where  cp  —  i|;  =  0.  Hence  it  is  necessary  to  show 

(t  =  0)  =#  (Km  =  0). 

Let 


cp  =  (J,  {cp j  ( z ,  p,  (o)}J€I1,  {cp j  ( p ,  p,  co)}je  t2),  cp  =  0. 

According  to  the  definition  of  the  relation  of  equivalency  =  consider 
the  following  two  functions 

cpH(a,  p,  co)  =  2  (Pj(*(a,  P,  “),  P,  co), 

j£I  l 


cp0(a,  p,  co)  =  2  <Pj(p(a,  P.  ®),  P,  <*>)• 

Then  there  exists  a  finite  set  A  of  the  pairs  (27,  U'),  where  U  is 
a  non-singular  patch  and  U'  is  a  singular  one,  both  belonging  to  the 
atlas  Jtoo  such  that  the  following  conditions  are  fulfilled: 

(a)  for  any  two  different  elements  (Ui,  U\)  and  (U2,  U'2)  of  the 
set  A  the  intersection  27j_  f]  27}  f)  27 2  f]  is  empty; 

(b)  cpn  (a,  p,  co)  =  2  hu,  w  (a,  P,  ®), 

(U,  C/')£A 

cps  (a,  P,  co)=  2  Vu,u'(a,  P,  ®), 

(C7,  £7')gA 
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where  v>  and  vUt  v-  are  infinitely  differentiable  functions  with 
support  contained  in  U  f ]  U 
(c)  for  any  pair  ( U ,  U')  6  A 

Pu,w  (%  (x,  P,  co),  p,  co)  + 

+  [Fy,  u’VUt  U'  ( aU '  (Pi  Pi  ®)«  P>  ®)1  (*)  P)  ©)  =  0- 


Let  y  (U)  be  the  index  of  the  chain  of  patches  starting  with  the 
patch  UjQ  and  finishing  with  the  patch  U ■  Then 

[Afcp]  ( x ,  p,  co)  =  2  |  (i  sgn  co)v(U)  ei<oS(a>  “>  x 

(u,  u’)e a 


X 


dx 

da 


l_ 

2 

V  (“,  P  ®)  |  a=«D(i,  p,  o>)  + 


+  (isgncof(£/')]/-|S7-  j 


gia(px  -  S( a,  f,  co))  ^ 


X 


dp 

da 


Vy. 


,  V  (a,  P,  ®)  |o6= a[7-(p,  p,  m)  dp}  . 


(8.5) 


According  to  the  method  of  stationary  phase  every  summand  in 
the  right-hand  member  of  (8.5)  is  of  the  following  form: 

l 


( i  sgn  co)7^  eiaS<-a’  I3’ 


dx 

2 

da 

|a=au(x,  p,  co) 

X{pc/.  v(pLu{x,  P,  CO),  P,  C0)  + 


X 


+  [F[7,  vyu,  U’  (a£7'  (Pi  P,  w),  P,  CO)]  (X,  P,  C0)}  + 

+  eicoS(at7(x,p,co),p,co)ri(X;  p>  a)+r2{x>  p,  (o), 


where  the  function  rx  ( x ,  P,  co)  is  supported  in  the  domain  of  the 
function  av  ( x ,  P,  co)  and  the  functions  rx  and  r2  satisfy  the  condi¬ 
tion 


co l+lrj(x,  p,  co)  £  38  hf . kn+2  (Rn+2), 


where  /  =  1,  2  for  any  kx,  .  .  .,  &n+2.  Hence  the  function 
co'“fti-  •••  ~hn+i  [eiaS(au(x’  0>  “)•  P-  ®>  rx  ( x ,  p,  co)  -f  r2  ( x ,  p,  co)] 

belongs  to  the  space  38  kl,  ...,  hn+2  (Rn+2),  i.e.,  it  is  equivalent 
to  zero. 

The  theorem  is  proved. 

From  this  theorem  it  follows  that  the  operator  Ki  induces  some 

operator  on  X  to  Shi . ,tn+2’ l.  This  operator  will  be  called 

a  canonical  operator  &C ;. 
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Now  let  Ax,  .  .  .,  An+  2  be  generators  of  degree  k1}  .  .  .,  kn+2, 
respectively,  acting  on  a  Banach  space  B  and  defined  on  a  dense 
linear  manifold  D.  The  operator 

l+i  -+>  •  ••>■+-!,  As,  •••,  An+l,  An+ 2/  n+2 

is  bounded  in  B  if  cp  ==0.  Let  Op  be  the  space  of  linear  operators 
in  B  defined  on  D  and  factorized  according  to  the  following  relation 
of  equivalence  A'  ~  A  "  if  and  only  if  the  operator  (A'  —  A")  X 
X  A^^-'-^n+i  is  bounded.  If  the  elements  <p'  and  ip"  of  Lz 
are  representatives  of  one  and  the  same  class  qp  £  X  then 


/  5  2 

S  —  1 

s+l  n+2  1  \ 

\  +  j  A2j  ■  ■ 

• ,  As_ J, 

As->  •  •  •  i  ^n+2/  — 

l  5 

2 

s-1  s+l  n+2  1  \ 

~  [Kt qp"]  [A i, 

•  •>  AS- 1,  As,  .  .  . ,  An+  2/ 

(8.6) 

We  shall  denote  the  class  of  equivalent  operators  on  Op  which  the 
left  and  right  members  of  (8.6)  belong  to  by 

/  s  2  s-1  s+2  n+2  1  \ 

\+>  A 2,  . .  .,  As_ i,  ASl  . .  .,  An+l}  An+2)  . 

Sec.  9.  The  Canonical  Operator  on  the  Family 
of  Closed  Curves 

1.  The  definition  of  the  canonical  operator  K+  on  Consider 
the  family  of  closed  curves  M 1  (P,  co)  in  the  phase  plane  ( x ,  p)  defi¬ 
ned  by  the  equations 

x  =  x(a,  P,  to),  p  =  p  (a,  p,  co), 

where  a  is  a  point  on  the  circle,  P  £  Rn,  co  belongs  to  the  extended 
numerical  axis  and  the  functions  x  (a,  p,  co)  and  p  (a,  P,  co)  are 
supposed  to  be  infinitely  differentiable,  for  co  =  oo  as  well. 

For  the  reader  who  is  unfamiliar  with  the  theory  of  manifolds 
we  shall  explain  some  topological  concepts  related  to  the  space 
of  parameters  a,  p  and  co  considered  in  this  section.  The  convergence 
of  a  sequence  of  points  on  the  circle  will  be  understood  as  the  con¬ 
vergence  of  this  sequence  on  the  plane  where  the  circle  is  lying. 
The  convergence  to  oo  of  the  sequence  of  points  of  an  extended 
numerical  axis  is  understood  in  the  obvious  way.  We  shall  say 
that  the  sequence  {( am ,  pm,  com)}  of  points  of  the  space  of  para¬ 
meters  converges  to  the  point  (a,  p,  co)  if 

limam  =  a,  limpm  =  p  and  limcom  =  co. 

m-+oo  m-*oo 


771 ->  CXI 
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Next,  the  concepts  of  a  closed  set  and  of  a  closure  of  a  set  in  the 
space  of  parameters  (a,  p,  to)  are  defined  in  the  same  way  as  in  Rn. 
A  compact  set  in  the  space  of  parameters  (a,  p,  co)  is  a  closed  set 
contained  in  some  set  of  the  form  |  P  |  <  const.  An  open  set  is  the 
complement  of  a  closed  set.  If  the  parameter  t  is  introduced  on  the 
circle  in  a  neighborhood  of  the  point  a0  then  in  the  neighborhood 
of  the  point  (a0,  P„,  co0)  of  the  space  of  parameters  every  function 
of  a,  p  and  co  may  be  considered  as  a  function  of  t ,  p  and  co.  This 
enables  us  to  introduce  the  concept  of  a  differentiable  function 
defined  on  the  space  of  parameters  a,  p  and  co.  Below  wo  shall  assu¬ 
me  that  the  points  where  co  =  0  are  excluded  from  the  space. 

As  before,  a  complete  canonical  atlas  A and  a  canonical  atlas  .A 
of  a  neighborhood  of  the  compact  set  are  introduced. 

Let  (a0,  p0,  co0)  be  a  fixed  point  in  the  space  of  parameters  and 
C  =  ( U i ,  .  .  .,  Um)  be  the  chain  of  patches,  where  (a0,  P„,  co0)  £ 
Consider  the  function  St  (a,  P,  co)  defined  in  the  patch  U1  by  the 
formulas 

dSi(a,  p,  co)  =p  (a,  p,  co)-^- (a,  p,  co)  da, 

Si  (aoi  Po,  a)o)==0- 

0 

In  order  to  interpret  the  symbols  ^  and  da  from  now  on  we  shall 

identify  a  moving  point  a  on  the  circle  with  the  polar  angle  of  this 
point. 

Let  (al5  pt,  cox)  £  Ui  f)  U 2.  In  the  patch  U2  define  a  function 
S 2  (a,  p,  co)  by  the  formulas 

dS 2  (a,  p,  co)  =  p  (a,  p,  co)  —  (a,  p,  co)  da, 

Sz( ai,  Pt,  coj)  =  iSj  (a1;  p4,  C0i). 

Continuing  this  procedure  we  shall  come  to  a  function  Sm  (a,  p,  co) 
in  Um,  which  will  be  denoted  by  Sc  (a,  p,  co).  Define  a  function 
Sc  (a,  P,  co)  by  the  formula 

Sc  (a,  p,  co)  =  —Sc  (a,  p,  co)  +  p  (a,  p,  co)  x  (a,  p,  co). 

Define  the  index  y c  of  the  chain  of  patches  C  as  before  in  Sec.  6. 
Besides,  introduce  F-objects  in  the  space  of  parameters  in  the  same 
way  as  in  the  previous  section. 

Bring  every  patch  Uj  of  the  atlas  A  in  correspondence  with  the 
chain  Cj  of  patches  of  this  atlas  starting  with  the  patch  Uj0  contai¬ 
ning  the  point  (a0,  po,  co0)  and  finishing  with  the  patch  Uj.  Denote 
yCj  =  y j,  Scj  =  Sj  and  Scj  =  Sj.  Define  on  L j,  the  canonical 
operator  Ki  in  the  following  way:  let 

cp  =  (.A,  {cp7-(x,  p,  co)}jeIl,  {cp j(p,  p,  co)}j£i2) ; 
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then 


def 


[Kfi p]  (x,  p,  co)  =  2  (i  sgn  a)Vj  e10)SJC“’  p’  m)  X 
i£h 

1 


X 


X 


Ox 

2 

da 

2  {i  ssn 

1 

dp 

“T- 

da 

a—ajj .( x ,  (5,  a) 


rPj  (-L  P,  ®)-f 


gito(2Ja:-Sj(a,  fS,  to)) 


a=avX p,  0,  to) 


<P;(P,  P,  01)#- 


2.  The  condition  of  quantization.  The  following  lemma  is  valid. 


Lemma  9.1.  Let  C  =  {Ux,  ■  .  .,  t/m),  where  Um  =  f/x  &e  the 
closed  chain  of  patches  of  the  atlas  Then  yc  is  even. 

Proof.  The  index  of  a  closed  path  in  the  space  of  parameters  is 
equal  to  the  index  of  the  circle 

P  =  const,  co  =  const, 

[x(a,  p,  co)  —  xu\z  [/)  (a,  P,  co)  —  p0]z  =  R2 

which  passes  on  the  phase  plane  integral  number  of  times  clockwise 
and  counterclockwise.  Calculate  the  index  of  the  circle,  it  is  equal 
to  2.  The  lemma  is  proved. 

Suppose  now,  for  simplicity,  that  p  is  a  one-dimehsional  parame¬ 
ter.  From  the  lemma  it  follows  that  the  function 

( x ,  P,  co) 

does  not  depend  on  the  choice  of  chains  of  patches  Cj  at  the  points 
satisfying  the  conditions 

co  ^  pdx  —  jt  =  0  (mod2jx).  (9-1) 

M1(P,  (B) 

Equation  (9.1)  correlates  the  variables  p  and  co  when  the  family 
{ M 1  (p,  co)}  is  given.  Equation  (9.1)  is  known  as  the  “condition 
of  quantization”. 

Example.  Let  the  curve  M1  (P,  co)  have  the  equation  x2  +  p2  =  p. 
Then  the  condition  of  quantization  is  of  the  form 

coup  —  n  ==  0  (mod  2jt).  (9.2); 

Let  e  be  an  arbitrary  real  number.  Set  p(co)  = 
where  [eco]  is  the  integral  part  of  eco. 
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If  P  =  P  (co)  is  substituted  in  (9.2)  then  this  condition  is  identically 
satisfied.  Note  that  p  (co)  is  a  bounded  function  with  discontinuities 
at  isolated  points.  This  situation  is  typical. 

Proceed  to  the  general  case.  Let  the  equation 

<^>  p  dx  =  a 
Afl(P,  (O) 


with  respect  to  unknown  p  have  a  unique  solution 
P  =  P  (a,  co), 

where  p  (0,  co)  is  an  infinitely  differentiable  function,  and  the 
derivatives  of  p  in  co  of  all  orders  are  hounded.  Set 


o(e,  co): 


2  [eco]  + 1 


where  [eco]  is  the  integral  part  of  the  number  eco  and  denote 
P  (e,  co)  =  p  (0  (e,  co),  co). 

Then  the  substitution  p  =  p  (e,  co)  turns  the  condition  of  quanti¬ 
zation  (9.1)  into  an  identity. 

The  operator  i£quan  defined  by  the  formula 

[Squan  <p]  («,  8,  ©)  =  [iSTpp]  (x,  P,(e,  CO),  Co) 

will  be  called  a  quantized  canonical  operator.  The  quantized  cano¬ 
nical  operator  does  not  depend  on  the  choice  of  chains  Cj. 

3.  The  regularization  of  the  canonical  operator.  The  function 
1  .Squaii  <p]  (^,  s,  co)  is  not  a  smooth  function.  For  this  reason  it  can 
be  used  for  the  construction  of  a  function  of  operators.  In  order 
to  avoid  this  difficulty  we  shall  regularize  the  canonical  operator. 
Let  r  be  an  integer.  We  shall  correlate  the  function  Krcg  cp  defined 
in  R3  with  the  element  cp  £  L%: 

oo 

[■SregtP]  (x,  e,  co)  =  co-r  f  p  (e  —  s')  [.£quan(p]  (*,  e',  co)  del,  (9.3) 

J 

—  oo 

where  p  ( s )  £  C o'  (R).  The  operator  Kieg  will  be  called  a  regularized 
canonical  operator. 

Lemma  9.2.  Let  r  ^  -J-  s3  -j-  1.  Then 

[•SregtP]  6  $8 si,  S2,  S3  (H3)- 
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Proof.  Denote  /(x,  e,  co)  =  [Z£quancp]  (x,  e,  co), 
fix,  8,  co)  =  [#regCp]  (*,  8,  CO)  = 


=  -^T  j  p(e  — «')/(*,  8',  <o)de\ 


The  function  /  ( x ,  e,  co)  is  of  tho  form 

f{x,  e,  CO )  =  h(x,  P,  OJ)  |p=|([e(o],M)l_  (9-4) 

where  7i  ( x ,  P,  co)  =  [e/fpp]  (x,  P,  co),  P  ([eco],  co)  ==  p  — ,  co) 

and  the  functions  h  and  p  satisfy  the  following  conditions: 

(a)  h  is  infinitely  differentiable; 

(b)  h  (x,  P,  co)  =0  for  sufficiently  large  IP  |  and  h  (x,  p,  co)  =  0 
for  sufficiently  small  |  co  |; 

(c)  for  any  function  e  (x)  £  C“  (R)  which  is  equal  to  unity  in 
a  sufficiently  largo  neighborhood  of  zero,  the  function  [1  —  e  (x)]  X 
X  h  (x,  P,  co)  belongs  to  any  Sobolev  space; 

(d)  for  any  function  e  (x)  6  Co  (R)  the  function 

Kd  \  r  /  d  \  r2  (  d  \  e  (x)  h  (x,  fi,  (0)  <^.  c 
df>  )  \  dx  )  \  da  j  ar  ""  ^  a1 +  \ 

for  r  ^  rx  +  r2  +  1  and  any  r3  (c  =  const  depending  only  on 
ri-  r2,  r 3,  r); 

(e)  the  function  p  (g,  <o)  is  infinitely  differentiable; 

(f)  p  ([eco],  co)  -a-  oo  for  e  — >•  oo  uniformly  in  co; 

(g)  the  derivatives  of  p  (g,  co)  in  co  of  all  orders  are  bounded  in 

any  set,  where  p  (£,  co)  is  bounded. 

In  (9.3)  we  shall  make  a  change  of  variables  g  =  e'co.  Then  we 
obtain 


g(x,  e,  ©)  =  -—-  j  p  (e— |-)  h(x,  P ([E],  co),  co )d&  (9.5) 


On  differentiating  the  right-hand  member  of  (9.5)  and  by  using 
the  properties  (a)-(g)  we  obtain  the  proof  of  the  lemma.  Note  that 
g  (x,  s,  co)  =  0  for  sufficiently  large  |  e  |. 

Consider  also  the  operator  K're g  defined  by  the  formula 


[ZregCp]  (X,  8,  CO)  = 


where  x  (E)  £  ^  (R). 


j  e-(E-e')20J2s  [#quancp]  (x,  e',  CO )d&', 


—  oo 

(9.6) 


Lemma  9.3.  Let  r  ^  sx  - f-  rss2  -f-  rss3  -f-  rs  —  s3  -(-  1  if  s  ^  1  and 
'■  >  h  +  S3  +  1  if  s  —  0. 
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Then 

[LregCp]  €  38  Si,  s2.  S3  (-K3)- 

Proof.  Make  a  change  of  variables  of  integration 
\  =  e'co 
Then  we  obtain 

[Kreg<p]  (X,  8,  CO)  =  -p^-  j  a  X 

—  OO 

xh(x,  P([|  CO],  co),  CO )dl,  (9.7) 

where  the  functions  h,  p  are  the  same  as  in  the  proof  of  the  previous 
lemma.  By  differentiating  the  right-hand  member  of  (9.7)  we  obtain 

iK'intfeW**  S*  (R3), 

l 

where  s\  >  st  +  -j,  i  =  1,  2,  3.  Hence  follows  the  proof  of  the 
lemma. 

Consider  in  the  space  88 S1,  S2,  s3  (R3)  the  following  relation  of 
equivalency: 

i 

(p  ( X ,  8,  CO)  ij)  (X,  8,  CO) 

if  and  only  if 

coi+1  [cp  (x,  8,  co)  —  oji  ( X ,  e,  co)]  6  38 S1,  S2, S3. 

Theorem  9.1 .  Lei  cp,  ij>  £  L2  and  cp  =  ij).  Lftera  for  r  ^  +  s3  - f-  1 

i 

LregCp  ~  K  regT J 

/or  r  ^  max  {%  +  s3  +  1,  +  rss2  +  rss3  +  rs  —  s3} 

i 

T^regCp  ^  7freg\|). 

Proof.  Following  the  proof  of  Theorem  8.1  it  suffices  to  show 

i  i 

that  if  cp  ==  0  then  LLegcp  0  and  L'reg  cp  «  0.  Let  cp  ==  0.  As  in 
the  previous  section  we  obtain 

oo 

[AregCp](£,  <»)  =  mr!;+2  J  P  (E - 1“)  &(*»  W (151,  ©), 

—  oo 

®p  /  J\2  2s  - 

[LregCp]  (x,  8,  CO)  =  j  e~  '6-7o/  “  A(x,  P((g],  co),  co)  dt, 

—  oo 

where  the  functions  h  and  P  satisfy  the  above  conditions  (a)-(g), 

Q.E.D. 
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Now  let  Ax,  A2,  A 3  be  a  generator  of  degree  s1,  s2,  s3  acting 
on  a  Banach  space  B  and  defined  on  a  linear  manifold  D  dense  every¬ 
where. 

In  the  space  Horn  ( B ,  B)  introduce  the  relation  of  equivalency 
A'  ~  A"  if  and  only  if  the  operator  (A'  —  A  ")  Al3+~  is  bounded. 

The  factor-space  Horn  ( B ,  B)  |  ^  will  be  denoted  by  Op  ( B ). 

From  Theorem  9.1  it  follows  that  if  the  elements  cp'  and  q>"  of 
Z/j:  are  representatives  of  the  same  class  <p  £  X  and  r  satisfies  the 
condition  of  Theorem  9.1,  then 


t^regfP  1 

/  3  2  1  \ 

V  Aj,  A2,  A3)  —  [AregCp  ] 

(3  2  !\ 

\Ai,  A2,  A3)  , 

(9.8) 

/  3  2  1  \ 

(3  2  1  \ 

[AregT  ] 

\Ajl,  Az,  A3 )  CH  [Areg(p  ] 

\Ai,  A2,  A3)  . 

(9.9) 

The  class  of  equivalent  operators  on  Op  ( B )  which  the  right  and 

/  3  2  1  \ 

left  members  of  (9.8)  belong  to  will  be  denoted  by  [&£iegq>]  4,  A2,A3J ; 
and  the  class  which  the  left  and  right  members  of  (9.9)  belong  to 
will  be  denoted  by 

(  3  2  1  \ 

[<5?rcgcp]  \A1(  A 2,  A3)  . 


In  the  same  way,  the  regularized  canonical  operators  correspon¬ 
ding  to  other  methods  of  ordering  the  triple  Ax,  A2  and  A3  such  as 


[a^i-egCp]  [Ai,  A2,  A3)  , 


[vi^regT]  (-Ai,  Az,  A3) 


are  defined,  where  cp  is  an  arbitrary  canonical  element. 


Sec.  10.  An  Example  of  Commutation  of  a  Canonical  Operator  with 
a  Hamiltonian 

In  this  section  we  shall  consider  the  simplest  case  of  a  curve 
Ml  (P,  00)  which  does  not  depend  on  parameters  p  and  to.  For  the 
convenience  of  notation  we  assume  that  co  —  1  lh.  In  order  to  illust¬ 
rate  general  situation  we  shall  first  consider  the  following  example. 

h2 

Example.  Find  a  “nearly”  exact  solution  of  the  equation  -^y"  + 

+  xy  =  0  for  h  ;>  0  in  the  region  |  x  |  <  a  to  an  accuracy  of  0  (h?), 
i.  e.  find  such  a  function  y  (x)  which  on  substitution  in  the  given 
equation  yields  a  residual  term  0  ( h 3). 

This  problem  is  trivial  because  after  the  -^--Fourier  transform 

we  arrive  at  the  equation  yy  —  =  0  which  is  a  linear  equation 

of  first  order.  Nevertheless  we  shall  construct  its  solution  by  means 

22* 
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of  the  canonical  operator  so  as  to  illustrate  the  general  situation. 
For  this  reason  we  shall  not  use  the  simplest  canonical  atlases. 
Seek  y  in  the  form  y  —  Kxc p,  where  K1  is  a  canonical  operator 

(mod  0  ( ft 2))  on  the  curve  A  =  {x  =  y ,  p  =  a}  associated  with 
A2  d 2  / 

the  Hamiltonian - 2  fc2 —  Xm  wn  canonfcaf  operator  we  make 

1  \ 

the  substitution  ©  =  . )  Consider  the  canonical  atlas  on  A  which 

consists  of  non-singular  patches  Ux  and  U2  and  a  singular  patch  U3t 
where  the  patch  Ux  corresponds  to  the  region  a>l,  U3  to  the 
region  a  <  — 1  and  U3  to  |  a  |  <  2.  The  situation  in  question 
is  essentially  general. 

The  canonical  element  cp  which  the  operator  K  acts  on  is  defined 
by  the  three  functions:  <p*  (a),  q>2  (a),  and  q>3  (a)  also  depending 
on  ft  with  support  contained  in  the  patches  Ux,  C/2,  Us,  respectively. 
These  functions  are  defined  correct  to  modulo  0  (ft2).  The  other  triple 
of  functions  ijq  (a),  ip2  (a)  and  ip3  (a)  defines  the  same  canonical 
element  cp  if  the  following  conditions  are  fulfilled  (modulo  0  (ft2)): 

q>x  (a)  =  ip!  (a)  for  a  >  2, 

q>2  (a)  =  ip2  (a)  for  a  <  —2, 

93  (a)  =  ip3  (a)  for  I  a  I  <  1 , 

91  (a)  +  VXi  3cp3  (a)  =  %  (a)  +  Vlt  3ip3  (a)  for  a  6  Ux  f]  U3 , 

92  (a)  +  ^2,393  («)  =  (a)  +  V2,  3^3  (a)  for  a  £  U2  f)  U 3, 

where  F1:  3  ( F2 , 3)  is  a  transition  operator  on  the  patch  U3  to  the 

patch  Ux  (U3).  In  the  case  in  question  according  to  (8.2)  it  is  of  the 
form: 

def 

Flt  3  =  F2,  3  =  F  = 

The  canonical  operator  is  of  the  form 
7T  Sl^x)  T 

K(P  —  ~Tr=rT  9i  (V% x)  +  i  ‘ — v  92  (  — V2g)  + 

V  y  1  (*)  V I  vi  (x)  I 

r - ~a -  ^  i  /  p3  \ 

+  ]/  ” zt^ju/T  J  eh  6  93  (P)  dp  =  ^  i9i  +  #292  +  #393. 

—  00 

where 

Si(x)  =  -£ <S2(*)  = - 

!/1(a;)  =  ]/'2a:,  j/2  (a:)  =  —  /2a:. 
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Denote  H—  — % — .  We  have 

2  dx2- 

HKX  =  -ih  K1P1,  HK2  =  -ih  K2P2,  HK3  =  -ih  K3P3, 


where 


J__d_  j _ 1  rf2  1 

a3  da  '  2a2  rfa2  /  ’ 


The  triple  of  operators  Plt  P2  and  P3  defines  an  operator  P  acting 
in  the  space  of  canonical  elements  since  the  following  conditions 
are  fulfilled 

VP3  =  PXF  mod  O  ( h 2),  VP3  =  P2F  mod  0  ( h 2). 

Thus,  there  exists  the  following  formula  of  commutation  of  a  cano¬ 
nical  operator  with  a  Hamiltonian 

HK  =  — ihKP. 


Therefore  the  equation  P( p  —  0  is  to  be  solved  in  a  neighborhood 
of  the  region  a2  <  2a,  i.e.,  it  is  necessary  to  find  such  a  canonical 
element  q)  that  the  element  ip  =  P q>  will  be  defined  by  the  functions 
%  (a),  ip2  (a)  and  ip3  (a),  where  ip£  (a)  —  0  for  |  a  |  =  ]^2a  +  e,  e 
being  an  arbitrary  positive  number.  The  element  cp  is  defined  by 
the  three  functions:  q>x  (a),  <p2  (a)  and  cp3  (a).  The  equation  Pip  =  0 
for  |  a  |  <C  2a  +  e  will  be  satisfied  if  the  functions  (p;  satisfy  the 
following  conditions: 


(a)  PiCpi  (oc)  =  0 

(b)  Pi<Pi  (a)  -f-  DP 3fp3  (a)  =  0 

(c)  P3cp3(a)  =  0 

(d)  P2(p2(a)  +  FP3cp3(a)  =  0 

(e)  P2cp2(a)  =  0 


for  2  <  a  <  y 2a  e, 

for  1  <  a  ■<  2, 

for  |  a  j  <  1, 

for  —  2  <  co  <  —  1 , 

for  — Y2a  —  8<a-<  —  2. 


Since  Px,  P2  and  P3  define  the  operator  P  conditions  (b)  and  (d) 
may  be  rewritten  in  the  form 

(b')  Px  (q>!  (a)  -f  Dq>3  (a))  =0  for  1  <  a  <  2, 

(d')  P2  (cp2  (oc)  +  Fcp3  (a))  =0  for  —2  <  a  <  —1. 


Start  with  equation  (c) 

<Ps  («)  =  0- 

The  solution  of  this  equation  (correct  within  an  arbitrary  constant 
factor)  is  as  follows 

q?a  («)  =  1  for  |  a  |  <  1. 
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Now  denote 

<Pi  (<*)  +  ^<P3  (a)  =  X  (a), 
The  equation  (b')  becomes 

-7,  r  5  Id. 


1  <  a  <2. 


/  5  _ 

1 

d 

.  1 

d2 

l  8a4 

a3 

da 

1  2a2 

da2 

}  X  (a) 


X(l)  =  yq,8(l)  =  l— 

Solve  this  equation  by  means  of  the  perturbation  theory 
X  =  X<0>  + 

—  0,  X°(a)  =  X°(l)  =  l, 
dX(1>  _  ,  ,  /  5 _ 1  d  ,  1  V(0W«\ 


-  +i  { 


5 

1  d 

+  1 

d2  -i 

8a4 

a3  da 

1  2a2 

da2  J 

x“>m- _ — 

da  ~  8a*  ’  ^  '  ~  24  ' 

Hence  we  obtain 

X(1>  (a)  =  24aT"  ’  X  (a)  =  1  • 

Let  e  (a)  ==  1  in  a  neighborhood  of  1  and  e  (a)  =  0  in  a  neighborhood 
of  2.  We  can  set 

Tips  (a)  =  e  (a)  x  (a),  <px  (a)  =  (1  —  e  (a))  x  («). 

1  <  a  <  2. 

Hence  we  find 

CP3  (a)  =  V~le  (a)  (l  )  = 

=  [1+^{™-2^^  +  2&-3}]e(«)(l-S)  = 

=  e(a)  +  ih[-A.e"(a)-~-e'(a)j,  l<a<2. 

At  a  =  2  we  obtain  the  following  initial  condition  for  (px  (a): 
Ti  (2)  ==  X  (2)  =  1  • 

Next  we  solve  a  Cauchy  problem: 

=  0,  <’(2)  =  1, 

d(Piv  -i  f  -A _ A L  4-  _J__AL-\  fD«>>(a) 

da  ~  \  8a*  a3  da  ^  2a*  da*  /  Fl  K  h 

<Pi1,(2)=-w,  2<a<l/2^  +  e. 
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We  obtain 

<>  (a)  =  1 ,  <p‘u  (a)  =  -  , 

<Pi  (a)  =  1  —-^3  for  2<a<K2a  +  e. 

In  the  same  way  we  find 

cp2(a)  +  F<p3(cc)  =  l-- gy  , 

<Ps  (a)  =  «(«)  +  &[  (a)] 

for  —  2  <  a  <  1 , 

where  e  (a)  =  1  in  a  neighborhood  of  1  and  e  (a)  =  0  in  a  neigh¬ 
borhood  of  —  2 , 

<P2  («)  =  (1 -«  («))  for  2  <  a<  1 

and 

fp2(a)  =  l--^3-  for  —  Y2a  —  e<a<  —  2. 

Now  it  is  easy  to  write  the  solution  and  find  out  how  it  is  related 
to  the  exact  solution  which  can  be  obtained  for  the  case  in  question. 

Now  let  M1  be  an  arbitrary  smooth  curve  in  the  phase  plane 
(x,  p)  and  K  be  a  canonical  operator  mod  0  ( hl+1 )  on  the  curve 
Ml  =  { x  (a),  p  (a)}.  The  operator  acts  on  canonical  elements. 
Let  A  =  {Uj}j£r  be  a  canonical  atlas  on  the  curve  Ml-  The  cano¬ 
nical  element  cp  is  given  by  the  family  of  functions  {cp;-  (a)} ; e  1, 
where  supp  q>j  £  Uj.  The  functions  cp;-  are  defined  by  mod  0  ( hl+1 ), 

<pj  e  c?  (Uj). 

Let  A'  =  {Uj}j£r'  be  anotner  canonical  atlas.  The  family  of 
functions  %  (a)  £  C«°  (U'i),  j  6  /'  defines  the  same  element  cp  as 
the  family  {<P;  (o.)};- c  j  if  the  following  conditions  are  met: 

(a)  in  a  sufficiently  small  neighborhood  of  any  non-local  point 
on  Ml  the  following  equality  is  valid: 

H  <M«)  +  2  Fcpi(a)  =  2  'M«)  +  S  Fty( a), 

jell  j£I[  )£I'2 

where 

/j.  is  the  set  of  numbers  of  non-singular  patches  of  the  atlas  A, 
I[  is  the  set  of  numbers  of  non-singular  patches  of  the  atlas  A' , 
1 2  is  the  set  of  numbers  of  singular  patches  of  the  atlas  A , 

I'„  is  the  set  of  numbers  of  singular  patches  of  the  atlas  A', 

V  is  a  transition  operator  from  singular  patches  to  non-singular 
ones  (it  is  defined  in  a  neighborhood  of  any  non-focal  point  and 
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has  the  form 

i 

7=1+  S  (ih)kLk  mod  0(hl+l), 

fc=i 


where  Lk  is  a  differential  operator  of  order  2 Zc); 

(b)  in  a  sufficiently  small  neighborhood  of  any  focal  point  on  M1 
the  following  equality  is  valid: 


S  9 ;(«)  =  2  'M'*)- 

ieh 


The  canonical  operator  acts  according  to  the  formula 

K<P  =  2  (a), 

J£i 

where 


Kj'Pj  («) 


for  j  £  i)  and 


/dx 
da 


9  i(«) 


|a=0Cj(x) 


(«) 


1 

]/"  —  2nih 


5 

—  o 


i 


(PK-SC a)) 

q)j(a) 


dp 


|a=a^(p) 


for  /  6  /2. 

Let  ^  be  a  Hamiltonian  or  a  pseudodifferential  operator  of  the 
form 


H  = 


2  }  \ 

a:,  P,  hi  , 


^  d  a 

where  p  =  — i/i  ^  (the  operator  &  commutes  with  a:  and  p,  hence 

it  is  not  important  in  which  order  it  acts).  Let  the  curve  M1  be 
associated  with  the  Hamiltonian  H,  i.e.. 


38  {x  (a),  p  (a),  0)  =  0, 


and  the  parameter  a  be  chosen  in  such  a  way  that  the  relations  are 
carried  out  on  Ml 


da  = 


dx 

Hp  {x,  p,  0) 


dp 

H X  (*£ i  Pi  0) 


Then  for  any  7+  /  we  have 

HKjffj  (a)  =  — ihKjPjipj  (a), 
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where  Pj  is  of  the  form 

i 

P.=  ^  (ih^Pf  ' mod  0(hl+l). 

k=0 

Here  are  differential  operators  and 

PT'=ir  +  H«), 

where  /  (a)  does  not  depend  on  /.  Hence  in  a  neighborhood  of  any 
point  on  M1  the  operator  Pj  depends  only  on  whether  Uj  is  non¬ 
singular  or  singular. 

The  family  of  operators  {Pj}  defines  some  operator  P  acting 
on  the  space  of  canonical  elements.  In  other  words,  if  Ujt  is  non¬ 
singular  and  Uj.,  is  singular,  then  for  any  function  %  6  |"|  U j2) 

the  following  equality  is  valid: 

PhVx  =  VPj2%. 

In  fact  we  have 
HKq>  =  — ihiUp, 

where  the  canonical  element  tp  is  defined  by  the  family  of  functions 
=  Pj(pj.  It  remains  to  be  shown  that  the  canonical  element  ip 
is  defined  uniquely  by  the  canonical  element  <p  or,  what  is  the  same, 
that  the  canonical  operator  is  monom orphic: 

(fftp  =  0)  =*  (T  =  0). 

Let  the  canonical  element  jp  be  non-zero;  prove  that  Kty  =/=  0.  For 
example,  let  ip  (a)  =#=  0.  Denote  x  —  x  (a)  and  consider  the  function 
fDp  in  a  sufficiently  small  neighborhood  of  the  point  x.  Choose 
on  M1  such  a  canonical  atlas  Ji  that  any  two  patches  of  the  atlas 
whose  projections  onto  the  axis  x  contain  the  point  x  have  non- 
intersecting  projections  onto  the  axis  p.  There  exists  a  canonical 
element  ¥  defined  by  the  family  of  functions  {ipy}  which  correspond 
to  the  atlas  A  such  that  the  following  conditions  are  fulfilled: 

(a)  i|;j  =  0  if  the  projection  of  the  patch  Uj  onto  the  axis  x  does 
not  contain  the  point  x , 

(b)  KW  =  if  ip  in  a  neighborhood  of  the  point  x.  It  suffices  to 

verify  that  KW  =j=  0.  Denote  (x)  =  (x).  In  a  sufficiently 

small  neighborhood  of  a  point  x  we  have 

(p  (p)  =  iyie  h  SU)  -  mod  O  ( h°° ), 

/  dp_ 

V  da  a —aj(p) 

where  Uj  is  a  patch  containing  the  point  a.  Thus  €>  ( p )  0,  Q.E.D 
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Consider  the  problem:  find  a  function  y  ( x )  such  that  the  equation 
Hy  =  0  is  satisfied  for  |  x  \  <fa  with  an  error  0  ( hl+ 2).  We  shall 
seek  y  in  the  form 

y  =  Ki p. 

For  a  canonical  element  9  we  obtain  the  condition 
supp  Pep  fl  Ma  =  0, 

where  Ma  is  an  image  of  the  segment  |  x  |  <  a  by  projection  of  M1 
onto  the  axis  x.  The  canonical  element  9  satisfying  this  condition 
can  be  constructed  by  means  of  the  perturbation  theory  in  the 
same  way  as  in  the  above  example. 


Sec.  11.  Commutation  of  a  Hamiltonian  with  a  Canonical  Operator 

Let  {px  (a),  p2  (a)}  be  a  weighted  partition  of  unity  on  Ml,  i.e. 
Pi,  p2€C°°,  let  supp  px  not  contain  points  which  do  not  belong  to 
any  non-singular  patch  of  the  complete  canonical  atlas  of  the 
curve  Ml,  and  let  supp  p2  be  contained  in  the  union  of  singular  patches 
of  the  atlas  «9<x>;  Pi  +  p2  =  1.  The  weighted  partition  of  unity 
{pi,  p2}  corresponds  to  the  operator  36  translating  the  function  9 
(defined  by  mod  0  (hl+1))  on  M 1  into  a  canonical  element  on  M1 
which  is  described  in  the  canonical  atlas  A  =  {Uj}j  by  the 
formulas 

9 j  («)  =  e,  (a)  Pi  (a)  9  (a)  +  Ve,  (a)  p2  (a)  9  (a), 
if  Uj  is  a  non-singular  patch  and 

9 1  («)  =  V-'ej  (a)  px  (a)  9  (a)  +  e;-  (a)  p2  (a)  9  (a), 

if  Uj  is  a  singular  patch.  Here  { ej }  is  the  partition  of  unity  cor¬ 
responding  to  the  atlas  A.  Denote 

S  =  KI. 

Lemma  11.1.  The  operator  S  is  invertible. 

The  proof  is  analogous  to  that  of  the  invertibility  of  the  canonical 
operator  K. 

Lemma  11.2.  Let  the  curve  M1  be  associated  with  the  Hamiltonian  //. 
Then  for  any  function  9  of  the  domain  of  the  operator  S  the  function 
HS  9  is  of  the  form  — ihS  9 ,  where  9  is  a  function  on  M1- 

Proof.  We  have  HS 9  =  HK  36  9  =  — ihKPl 69.  Let  in  the  atlas 
A  =  { Uj}j£  j  a  canonical  element  P 569  be  defined  by  the  family 
of  functions  (99-  (a)}.  It  suffices  to  show  that  for  any  j  £  I  there 
exists  such  a  function  %j  on  M1  that  the  element  36%j  is  defined 
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by  the  family  of  functions 
9ft  =  tyhbkj- 

Let  Uj  be  a  non-singular  patch.  Then  the  function  is  defined 
by  the  equation 

(Pi  +  ^Po)  Xi  =  9r  (11-1) 

The  operator  V  has  the  form 

V  =  i+  S  (ih)kLh. 

k=i 

For  this  reason  (11.1)  can  be  rewritten  in  the  form 
1+  S  (ih)kLk]lj  =  ^j. 

k=i  _i 

The  function  %j  can  now  be  determined  by  means  of  the  perturba¬ 
tion  theory.  In  the  case  when  Uj  is  a  singular  patch  the  functions 
1i  are  found  in  an  analogous  manner.  The  lemma  is  proved. 

Theorem  11.1.  Under  the  assumptions  of  Lemma  11.2  there  exists 
the  following  commutative  relation: 

HS  =  — ihSPq,,  (11.2) 

i 

p* = + r  («)  ■ +  s  ( ■ -  w p &  a  ■ 1  • -3) 

i=l 

where  r  (a)  is  a  function  and  are  differential  operators  on  M1- 

Proof.  According  to  Lemmas  11.1  and  11.2  there  exists  the  com¬ 
mutation  relation  (11.2)  with  an  operator  P®  acting  on  functions 
defined  on  M1  correct  to  modulo  0  ( k‘+1 ).  It  remains  to  be  shown 
that  P(!>  is  of  the  form  (11 .3).  For  this  it  suffices  to  consider  the  action 
of  this  operator  on  a  function  with  support  in  a  single  patch  of  the 
canonical  atlas.  For  example  let  <p  (a)  be  a  function  with  support 
in  a  non-singular  patch  Uj.  Then  the  canonical  element  deep  may  be 
determined  by  the  set  of  functions:  cpft  (a)  =  0  for  k  j  and 

9 i  (°)  =  Pi  (a)  9  («)  +  ^P29  («)• 

By  applying  the  operator  P  to  the  element  deep  we  obtain  the 
element  PXep  which  may  be  determined  by  the  following  family 
of  functions  (a)}: 

9ft  (a)  =  0  for  k  ^  j  and 

i 

'll  («)  =  +  r  (a)  9;  (a)  +  2  ( —  ihf  Pf)(fJ  (a)> 

n=i 
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where  r  (a)  is  a  function,  PW  are  differential  operators.  On  cal¬ 
culating  now  the  function  ij>  =  P<p<p  =  di^Pdhp  by  means  of  the 
perturbation  theory  in  a  manner  analogous  to  the  proof  of  Lemma  11.2 
we  obtain  formula  (11.3)  for  the  case  in  question. 

The  case  when  <p  (a)  is  a  function  with  support  in  a  singular 
patch  can  be  treated  in  a  similar  manner,  Q.E.D. 

Theorem  11.1  enables  us  to  reduce  the  equation  Hy  —  0  to  the 
equation  P®q>  =  0.  The  solution  of  the  latter  equation  can  easily 
be  obtained  by  means  of  the  perturbation  theory. 


Sec.  12.  The  General  Canonical  Transformation 
of  the  Pseudodifferential  Operator 

1  g  (2  1  \ 

Let  ©  =  ih—  and  T  =  [iDp]  \z,  ©/,  where  K  is  a  canonical 

operator  on  a  family  of  curves  depending  on  the  parameter  ©  and 
tp  is  a  real  function.  Consider  the  transformation  of  the  pseudodif- 

(21  3  \ 

ferential  operator  L  =  f  \x,  ©,  ©  /  by  the  formula 

L  -*•  T*LT.  (12.1) 

This  transformation  contains  the  canonical  transformations  of 
Sec.  1  as  particular  cases.  In  this  section  an  asymptotic  expansion 
correct  to  0  ( h 2)  of  the  transformation  (12.1)  will  be  obtained. 

Lemma  12.1.  Let  M1'  {x  —  x  (a),  p  =  p  (a)}  be  a  smooth  curve 
in  the  phase  plane  (x,p),  K  be  a  canonical  operator  ( correct  to  0  (©“*)) 
on  M1,  f  {x)  be  a  smooth  function.  Then  for  any  function  (a),  q>2  («)  6 
€  C  (M1)  the  following  equality  is  valid: 

(f{x)[K(fi ](x,  or),  [K<p2](x,  o)))L.,(x)  = 

=  (/  (*  (a))  <Pi  (“).  <P2  (a))M«)  +  0  (— )  • 

Proof.  Obviously  it  suffices  to  consider  the  case  when  the  support 
of  the  function  /  is  sufficiently  small.  Then  on  the  curve  Ml  such 
a  canonical  atlas  A  can  be  chosen  that  if  the  projections  of  two 
patches  Uj  and  f/fe,  f  =/=  k  of  the  atlas  Jb  onto  the  axis  x  intersect 
with  the  support  of  the  function  /,  then  the  projections  of  these 
patches  onto  the  axis  p  do  not  intersect.  Let  {Uj}j^jn  be  a  family 
of  patches  of  the  atlas  A  whose  projections  onto  the  axis  x  inter¬ 
sect  with  supp  /.  Denote  by  U]  the  set  it-1  [(supp  /)  f|  (it  Uj)],  where 
it  is  a  projection  onto  the  axis  x.  Then  correct  to  0  we  obtain 

Kt pj=  2  Ktyip  Kq>2=  S  K(p2j,  on  support  /, 
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where  supp  cp^  c:  Uj,  supp  cp2;-  cz  Uj  and  <p1;-  (a)  =  qp2  (a)  for 
a  £  Uj  and  cp27-  (a)  =  tp2  (a)  where  a  6  Uj.  If  /  #  k  then 
(/  (x  (a))  cPlj  (a),  cp2ft  (a))L2(a)  =  0.  Besides 

(/  ( x )  [Acp^]  ( x ,  to),  [Kyih\  ( x ,  to))  =  0  (co-1).  (12.2) 

In  fact,  denote 

(x)  =  [Acpu-]  (x,  co),  (a;)  = 

=  [Ac p2fe]  (a;,  co),  (x)  f  (x)  =  ¥xi  (a:) 

(the  functions  ip-Lj,  depend  on  co  as  on  a  parameter).  We  have 

?u(p) (p), 

where  the  functions  Xij  and  %2h  have  non-intersecting  supports. 
Denote  S  j  ( p )  =  5  (a;  (p)).  We  have 

i'u(p)-/(i^)«-“<w*«(p)- 

=  c-«/»V(Z.i+si(p))x,j(P)_ 

=  e_i“®/p)/  (Sj  (p))  X1;-  (p)  +  0  (co”*) 

so  that  the  function  (p)  is  equal  to  0  (co-1)  on  the  support  of 
the  function  i|)2fe. 

By  virtue  of  (12.1)  it  suffices  to  prove  the  lemma  in  the  case  when 
<Pi  (a)  =  <pu-  (a)  and  <p2  (a)  =  <p2J-  (a).  Then,  however,  the  proof  of 
the  lemma  directly  follows  from  the  definition  of  the  canonical 
operator. 

Lemma  12.2.  Let  M1-  {x  =  x  (a),  p  =  p  (a)}  be  a  smooth  curve 
on,  the  phase  plane  (x,  p),  K1  be  a  canonical  operator  on  A  {to  an  accu¬ 
racy  of  0  (co~2)),  /  (x)  be  a  smooth  function  and  H  be  the  operator 
translating  smooth  functions  on  M1  into  canonical  elements  in  the 
usual  way  and  corresponding  to  a  real  weighted  partition  of  unity. 
Then  for  any  real  function  <p  (a)  £  Cff  (M1)  the  following  equality  is 
valid: 

{f  (x)  [A^cp]  (x,  co),  /  (a:)  [A^cp]  (x,  (o))i2(x)  = 

=  (I  /  (x  (a))|2cp  (a),  cp  (a))L2(a)  +  0  (co“2).  (*) 

The  proof  of  the  lemma  is  analogous  to  that  of  Lemma  12.1. 
We  shall  note  only  a  few  additional  features  which  distinguish  the 
proof  of  Lemma  12.2  from  that  of  Lemma  12.1. 

(1)  Let  the  function  cp  have  support  in  a  non-singular  patch  U. 
Then  as  is  easily  verified  by  using  the  definition  of  operators  VU: 
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we  obtain 

_  i 

|£|  3  [  ( 1  +  ^L)  cp  (a)]a=a(x> , 

where  L  is  a  differential  operator  (of  second  order)  with  real  coef¬ 
ficients  and  |  c  |  =  1.  The  statement  of  the  lemma  is  valid  in  this 
case  because 

|  (1  +  4'L)  (P(«)|“=|(p(a)  p  +  0(«-2). 

(2)  An  analogous  formula  exists  for  the  ©-Fourier  transform  of 
the  function  p,  if  U  is  a  singular  patch. 

(3)  Let  U  be  a  singular  patch.  Denote  ( x )  =  [ApEcp]  ( x ,  ©), 

T(x)=/(a;)i|)(a;),  St(p)  =S(a(p)),  lL  =  Jl(p(  oc)). 

By  expanding  the  function 

f  (p)  =  C,e~mf  (±JL  +  S'1(p))\Ji(p)\-*x 

xK'+^O’wLJ  <12-3> 

in  powers  of  ©  we  obtain  that  in  equality  (12.3)  we  can  replace 
the  operator  /  ( P ))  correct  to  0  (©~2)  by  the  following 

operator: 

f(S[(p))  +  ^L2, 

where  A,  is  a  differential  operator  with  the  real  coefficients  in  the 
case  of  a  real  function  /  (the  latter  can  be  assumed  without  loss 
of  generality).  Consider  the  set  of  the  operators  depending  on  w  -*■  oo 
which  are  of  the  form 

A1  +  ^A2  +  0(©-2),  (12.4) 

where  At  and  A2  are  continuous  operators  acting  on  C “  and  trans¬ 
lating  real  functions  into  real  ones.  The  set  of  operators  of  the  type 
(12.4)  form  a  circle  x  relative  to  the  composition  of  operators 

^  Aj  -f  —  A2  +  0  (co-2)  j  ( ^3  +  —  +  0  (®“2) )  = 

=  AjAg  -|  ~  A$  0  (w  2). 

Consequently, 

_  1 

?  (p  (a))  =  qe-^a)  jj£.  |  2  (  /  (x  (a))  + -i-  L2)  cp  (a) 
which  leads  to  the  proof  of  the  lemma  in  the  case  in  question. 
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Note.  Lemma  12.2  remains  valid  if  in  the  left-hand  side  of  (*) 

/  2  j  1  \ 

/  ( x )  is  replaced  by  the  operator  /  I  x, - d/dx\,  and  in  the  right-hand 

side  of  (*)  /  ( x  (a))  is  replaced  by  /  ( x  (a),  p  (a)).  The  proof  is  com¬ 
pletely  analogous. 

Theorem  12.1.  Let  To,  =  {( x ,  p):  x  —  X  (a,  co),  p  =  P  (a,  co)} 
be  a  one-parameter  family  of  curves  in  the  phase  space  R"  X  Rp, 
where  D  ( X ,  P  -j-  co)/D  (a,  p)  —  1. 

Consider  a  canonical  operator  [/ftp]  (x,  to)  on  the  family  T(0  applied 
to  a  real  function  cp  (a,  co)  £  C”. 

Let  jT=[/ftp]  (cr,  co),  where  <o  =  — c7i-^.  Then  in  the  space  L2  (R) 

T*T  —  (p[x,  co)  cp  (ar,  co)  -\-h2R2  (h), 

where  the  operator  R2  is  bounded  in  L2  uniformly  in  h:  ||  R2  (h)  ||  ^ 
<  C. 

Proof.  From  the  definition  of  the  canonical  operator  it  follows 
that  [isTcp]  (x,  co)  has  compact  support  Q.  Let  Qa  be  a  projection  of 
Q  onto  the  axis  co  and 

Qi  —  {(£>  co',  ®):  (x>  ©)  6  Q  and  ®')  6  (?}• 

Consider  in  a  neighborhood  Qx  a  finite  partition  of  unity 
{/p  (x,  co',  co)}  cz  Co  in  which  the  supports  /p  are  sufficiently 
small.  Then 

x,  co,  coj  [/ftp]  (a:,  co)  [/ftp]  (a,  co), 
p 

where  the  line  means  complex  conjugation.  Prove  that 
x,  co,  co)  [iftcp]  u,  co)  [iftcp]  (a:,  co)  = 

-cp  (a,  cp(a,  ®)/p  (±(x(2x,  ©)  + 

+  X  (x,  ©)),©,©)  +0{h*).  (12.5) 

Summing  up  these  operators  with  respect  to  p  we  obtain  the 
proof  of  the  theorem. 

Let  ji  (ji)  be  a  projection  of  the  curve  rw  onto  the  axis  x  (or  p). 
Take  into  account  that  the  support  is  arbitrarily  small.  Then 
if  the  projections  jt~1  (supp  ( x ,  co,  co'))  for  co,  co'  £  Qa  intersect 

X 

with  the  patches  U^,  .  .  .,  Ui  of  the  canonical  atlas  rffi  then  we 


352 


OPERATIONAL  METHODS 


may  consider  that 
et  (nr1  (p  +  co 


o',  co),  co)  ej  (jt  1  ( p ,  to"),  co")  =0 


for  i^=j  and  co,  co',  co"  £<?&»  where  { et  (a,  co)}  is  the  partition  of  unity 
corresponding  to  the  canonical  atlas.  (If  this  condition  is  not  ful¬ 
filled,  then,  for  a  given  we  may  choose  another  canonical  atlas 
and  use  the  invariance  property  of  the  canonical  operator  when 
changing  the  atlas.) 

On  the  support  the  canonical  operator  is  of  the  form 

i 

[/Op]  (x,  C0)=  2  \K  (fpe;)l  (^)  ®) 
j= 1 

and 


/  2  1  3  \  /  2  i  \  _  1 2  3  \ 

/nl x,  CO,  co)  [ZTcp]  \x,  co/  [/Cep]  (x,  co)  = 


*  _  /  2  3 

=  2  [ZC  (epe*)]  [x,  co 
i,  j=l 

Prove  that 


)  [K  (epe^)]  {x,  co)  /tt  (x,  co,  co).  (12.6) 


(2  3  \  /  2  1  \  /  2  1  3  \ 

X,  coj  [^(cp^)]  \x,  co  //n\x,  co,  co)  =  hzRz  (/i),  (12.7) 
for  i  #:  /, 

where  ][  i?2  (fe)  j|^c.  Indeed  we  have 

Fx-+P  [K(yei)\  (x,  co)  =e  h  Si(P’  (p,  co),  (12.8) 

F*-P  [ K  (ye,)]  (x,  co')  =  e  h  Sj(P'  “  }  ^  (p,  co'), 
where 

'I'j  (p,  ®)  ’I1;  (p  +  o)  —  co',  co')  =  0  for  co,  co'  6  Qa.  (12.9) 

Since  the  supports  ij; f ,  tyj  do  not  intersect  we  can  assume  that  in 

(12.8) 

Si  (P,  ®)  =  S  (p,  co),  Sj  (p,  co)  =  S  (p,  co), 
where  S  (p,  co)  is  a  smooth  real  function.  Then 


_  /  2  3)  { 2  1 )  l 2  1  3 ) 

[K  (epee)]  \  x,  co)  [K  (cpe7)]  \x,  co )/(i\x,  ®,  ®)  = 

=  [/T(<pei)]  (x,  co)  [  eT PX  (i/i ,  co,  co)  x 
X  e~  h  &  (  p,  co)  dp  =  7^.2^, 


(12.10) 
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where 

def  f  [px-s(p,  co)]  /  1  3\ 

Te  —  j  eh  g\p,  ©,  co/  dp, 

Xj(p,  co',  co )=U(ihjj;  +  ^(P’  ©').  “)  %(P>  «')• 


Expanding  the  operator  in  the  right-hand  side  of  the  equality 
in  powers  of  h  we  obtain 

fi  =  fu  ©')>  co'>  ©')  + 

m-  1 

+  2  <o')  +  (-ife)’»(?J,B)(p,  co',  co), 

IV—  1 

where  F(1),  .  .  F(H!-1)  are  known  differential  operators,  and 

Q/mi  6  Wl  (R3)  for  all  r. 

By  virtue  of  (12.9) 

-  dh 

©)— rl)/(p  +  co  — co',  co')  =  0  (i  ^f=  j) . 

Consequently,  according  to  the  results  of  Sec.  1  we  have 

1  TXj  =  ( — ih)mT$.TQ<.m->(i  ^  j). 

Therefore,  by  virtue  of  (12.10)  to  obtain  the  proof  of  (12.7)  we 
must  estimate  in  J?0  (R3)  the  norm  of  the  symbol  of  the  operator 
T%T Q<m,,  i.e.,  the  norm  of  the  function 


-»!  (cc,  co',  co)  =  (  —  ih)m  j  j  dp  dp'  {eh  ^  P)X  X 

w  4-[S(P,<o)-S(p',a’)]— - r  r,(m)  ,  ,  ,  .  \ 

xeh  c »)Q)  >(p  ,  co',  co)/. 


We  have 


>1  j  j  dp  dp'  X 

X  |  eTIS,p' %  (/..  oi)  pS”>  ip\  <o) 

X-MP.  “K'I’V,  «>)|L 
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This  completes  the  proof  of  (12.7).  Then  from  (12. G)  it  follows 

/,  (x,  to,  to)  [Aep]  (x,  to)  [Acp]  ( x ,  co)  = 

'  /  2  3  \  /  2  1  \  / 2  1  3  \ 

=  Zj  [K  (fpej)]  U,  ©/  l K  (cpe,-)]  lx,  co/  \x,  co,  co /  -f 

+  6>  (/t2). 

According  to  the  theorems  of  Sec.  1  this  operator  is  transformed 
in  the  following  manner: 

2  (<p e})  {x,  co)  (cpe;)  {x,  co)  X 
;=i 

X  fn  (y-Y  (•<•  ©)+|xU,  co),  o),  0))  +  0(/i2).  (12.11) 

Next  we  have 

(cpe*)  (x,  co)  (cpe;)  (x,  to')  =  0  for  i  j  and  co,  co'  6  <?«, 

because  we  have  assumed,  in  particular,  that 

supp  et  (x,  co)  f|  supp  ej  (x,  co')  =  0 

X  X 

for  i=f=j;  co,  co' 

The  expression  (12.11)  then  coincides  with  the  right-hand  member 
of  (12.5)  which  completes  the  proof  of  (12.5),  Q.E.D. 

Corollary.  Let  f  £  C^R*  X  R^'  X  Rm)  and 

<P  =  cp0  (x,  co)  +  (— ih)  <px  (x,  co)  +  h2ip2  (x,  co,  h), 

where  <pc,  cpx  are  real  functions,  cp0,  cpx,  cp2  6  sup  ||  <p2||irmu-  x  r„) 

0:gfc£l 

^  cr  for  sufficiently  large  r. 

Then  if  the  conditions  of  the  theorem  are  fulfilled  the  following 
equality  is  valid: 

[[AcpI  (x,  co)]/(x,  co,  co)  [[Acp]  (x,  co)]  = 

=  cp„(x,  co/  cp0  (x,  co)  /  (y  {x  (x,  co)  + 

-]-a(x,  co)  ),  co,  coj  -(- /c2R2  (/?), 
where  ||  R2  (h)  |[  ^  c. 


IV.  GEN EEALIZED  HAMILTON -JACOBI 
EQUATIONS 


Notation.  Let  g  (x,  y),  x6Rn,  y  €  Rm,  be  a  C°°  function.  Then, 

(Q2g  \ 

QX.dy.)‘ 

Let  y  ( x )  be  a  C°°  function  with  values  in  Rm,  defined  on  an  open 
subset  of  Rn.  Then  we  shall  use  the  notation  dyldx  =  yx  for  the 

Jacobi  matrix:  If  m  —  n,  then  DyIDx  denotes  the 

Jacobian  del  (dyldx). 

Let  u  =  (w1?  .  .  un)  and  v  =  (14,  .  .  vn)  be  two  ordered 
re-tuples  and  let  /  and  K  be  two  disjoint  subsets  of  (1,  2,  .  .  re}. 
Then  {ui,  v K)  will  denote  the  following  subsequence  {«h};e  juk 
of  the  finite  sequence  (re1(  14,  u2,  14,  .  .  .,  un,  vn ): 

{re,  for  i  6  I 
Vi  for  i  g  K. 


For  instance,  if  I  —  {3,  1}  and  K  —  {2},  then  {uIt  vK}_  — 
=  (ult  v2,  u3).  We  shall  mostly  deal  with  K  —  /,  where  I  = 
=  {1,  .  .  n)\I,  or  K  —  0.  In  the  latter  case  we  shall  write 

Wi,  %}  =  Uj. 

One  should  bear  in  mind  (see  Introduction)  that 


,  def 

(u,  v)=  2j  UiVi. 


Let  a  be  a  multi-index,  say  a  —  (alt  .  .  .,  ah).  Then 
.  def  , 

a!  —  ad  ...  a^!. 


For  two  multi-indices  a  =  (a*,  .  .  .,  ah)  and  P  =  (P1?  .  .  .,  pfe), 
we  write  a  ^  P  if  at  ^  Pi,  i  =  1,  .  .  .,  k.  If  x  —  (xlt  .  .  xh ) 
and  a  is  a  multi-index,  then  we  set 

xa  =  xati  x“2  ... 
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Now  let  |  ( x )  and  cp  (x),  x  £  R",  be  two  smooth  complex  functions, 
the  matrix  C  =  d\!dx  being  non-degenerate.  Then  we  define  the 
formal  derivative  <5<p/d|  as  follows: 

dcp  _  tr-t  dcp 
dx 


Second-order  formal  derivatives  are  given  by 


j*P.  —  tr-i 
In  particular, 


d2<p 
dx 2 


m—  1 


/y-i 

dx2- 


52<p  _  d2(p 

JhWj  =  dliWi 


for  every  smooth  function  <p. 


Sec.  i.  Hamilton- Jacobi  Equations  with  Dissipation 

The  examples  of  the  wave  equation,  the  crystal  oscillation  equa¬ 
tion  and  the  Schrodinger  equation  for  an  oscillator  (see  Sec.  8  of 
Introduction)  show  that  the  problem  of  finding  asymptotic  solutions 
of  these  equations  leads  in  “zero  approximation”  to  a  first-order 
partial  differential  equation  called  the  characteristic  equation  or 
the  Hamilton- Jacobi  equation.  The  latter  equation  does  not  involve 
the  parameter  in  which  the  asymptotics  for  the  initial  problem 
is  to  be  found.  Its  solution  S  (x,  t)  is  real.  In  case  of  the  Schro¬ 
dinger  equation,  for  example,  this  function  determines  the  phase 
of  oscillations  and  the  solution  can  be  expanded,  after  factoring 

out  exp  j-b-S  (x,  i)j,  into  an  asymptotic  power  series  in  the  small 

parameter  h.  For  a  number  of  examples  (involving  the  “absorption” 
phenomenon),  however,  the  analogous  function  is  complex,  so 

that  expj^-b-N  (x,  /)j  tends  rapidly  to  zero  in  the  domain 


S2  =  lmS{x,  t)>  0 

when  h  ->  0.  If  the  initial  problem  is  to  be  solved  modulo  0  ( hN ), 
then  it  is  clear  that  the  value  of  Sx  =  Re  S  (x,  t)  in  the  domain 
S2  (x,  t)  >  0  is  inessential.  Therefore,  the  asymptotic  solutions  of 
this  kind  lead  to  the  more  complicated  statement  of  the  problem 
for  a  first-order  equation  than  those  we  dealt  with  in  the  above 
examples. 

Now  state  the  problem. 
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Definition  1.1.  Let  f  (x),  x  6  Rn,  be  a  non-negative  function  and 
g  ( x )  be  a  smooth  function.  We  shall  write  g  —  Of  (ha)  if 


d 1 1  'g  (x) 
dxl 


-fix) 


for  a — 0,  h->-  0,  0 -estimate  being  locally  uniform  in  x. 
Similarly  we  define  o(ha). 

Problem  1.1.  Let  /  ^  0,  a  >  0.  Then  the  inequalities 

|g|exp  ( — t^^Zcha  and  \g\^c1fa,  where  cx  —  a~aeac,  are  equiva¬ 
lent.  Now  let  two  real  smooth  functions  f(p,  p,  x,  t)  and  /  ( p ,  p,  x,  t) 
satisfy  the  conditions 

fp =  /p>  ip  =  /p>  ipp~  ipp'  ipp^  ipp’  (1-^) 

0  for  p  —  o. 


The  problem  is  to  find  such  two  real  smooth  functions  Sx  (x,  t) 
and  S2  ( x ,  t)  that 


+/( 

dSx 
dx  ’ 

dS  2 
dx  ’ 

x,  t')=os2(h), 

+n 

dS  \ 
dx  ’ 

dS2 
dx  ’ 

x,  =  os2  (h), 

t  €  (0,  T). 

We  shall  call  (1.2)  a  dissipative  Hamilton- Jacobi  system. 
Note  that  if 


(1.2) 


J=(p,  Hp),  f=—(p,Hpllp)  +  H, 


where  H  —  H  (p,  x,  t)  is  a  real  function,  then  the  system  (1.2) 
with  the  initial  condition  S2  (x,  t)  —  0  reduces  to  the  Hamilton- 
Jacobi  equation 


dSt 

dt 


The  Hamilton- Jacobi  equation  is  characterized  by  the  Hamilton 
function  H  (p,  x,  t).  We  shall  transform  the  dissipative  Hamilton- 
Jacobi  system  to  such  a  form  which  will  be  also  characterized  by 
a  single  function  $8{p,  x,  t),  this  function  being  complex. 

First  we  prove  two  lemmas,  which  will  be  used  frequently  in  the 
treatise. 


Lemma  1.1.  (The  Garding  inequality.)  Let  F  (x)  £  C2  ( Rn)  be 
a  non-negative  function ,  then 


OF 

dx 


(■ x ) 


^  cF  (x)  ■  sup  |  Fx 

h,  x 


k^k 


(x)  |,  c  =  const. 
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Proof.  We  have 

0 F  (Xj,  ■  •  •  ,  ^k— 1)  ^ h  ~\~  L  ^h+li  *  •  *  >  %n) 

A  (^1?  •  •  m  £n)  “I"  tFx^  (Xj,  •  •  •  j  Xn)  “f" 

+  TSU/I  FVk\- 

Since  the  non-negativity  condition  for  a  quadratic  trinomial 
consists  in  the  non-positivity  of  its  discriminant,  we  obtain 

which  proves  the  lemma. 

Corollary  1.1.  Let  F  E  C°°(Rn)  be  a  non-negative  function  and  let 
PN  be  a  homogeneous  polynomial  of  degree  N  in  dFidx  with  coefficients 
smoothly  dependent  on  x.  Then  P N  —  0F  (hN/2). 

Proof.  In  view  of  locality  of  (^-estimates  we  may  assume  without 
loss  of  generality  that  F  E  C™  (Rn).  Then,  by  Lemma  1.1  we  have 

|  Fx  |  ^  const  -F1/2. 

Hence,  for  |  l  |  <  N, 

d\i\  ,N~. ! 1 1 

-—j-  PN  ( x )  ^ const  [F  (x)]  2 

According  to  the  result  of  Problem  1.1  this  proves  the  required 
assertion. 

Lemma  1.2.  (A  representation  of  the  remainder  term  in  Taylor’s 
formula.)  If  f  £  C°°(Rn),  then 

n 

f  (“*')  =  /  (0)  “H  (X,  fx  (0))  -f"  ~2  (•£,  f xx  (0)  3T)  “t”  2  ^'i^'j^'hSijk  (%)> 

i,  j,  k=l 

where  gijh  E  C°°(Rn). 

The  proof  of  this  lemma  follows  from  the  identity 
f  (x)  =  /  (0)  +  j  djP  dt  =  /  (0)  +  ^  x,  j  ^  dt.  (1 .3) 

0  i=l  0 

Note.  There  is  a  similar  representation  of  the  remainder  term 
in  Taylor’s  formula  containing  any  number  of  terms. 

Now  we  shall  turn  directly  to  transforming  the  system  (1.2). 
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Set 

r(p,  p,  x.  t)  =  f(p,  p,  x,  t)  —  f(p,  0,  x,  t)  — 

—  (p,  fP{p,  0,  x,  0>— -j(p*  /pp(P>  °-  0p)» 

r{p,  p,  x,  t)  =  T{p,  p,  x,  t)—J(p,  0,  x,  t)  — 

—  (P»  fp  (P>  0’  xi  0)  "2 '  (P»  /pp  (P>  x,  l)p). 


Lemma  1.2  and  Corollary  1.1  imply  that 
Z'‘)=Os,(h‘\ 


Therefore  (1.2)  is  equivalent  to  the  following  system: 

TT +>(%■•  °'  *■  ')+<?&■  *•  0>  + 

+4<^'te(^>0'  •».  0  =“*<*>■ 

■+/(^.o,  x,  ()+<^-fp(^'0' «  d>+ 


dS?, 

dt 


Set 


H  (p,  x,  t)  =  /  (p,  0,  x,  t),  H  (p,  x,t)=f  (p,  0,  x,  if), 
c 98  (p,  x,  t)  —  H  (p,  x,  t)  +  iH  (p,  x,  <). 


(1.4) 


Now  we  multiply  the  second  equation  of  the  system  by  i  and  add 
it  to  the  first  one.  Making  use  of  (1.1)  we  arrive  at 

f«i^,+i^i=  HS,J;‘Sd  +«» (^-.  x,  q  + 

+i(‘Wj(^1’ x-  ')•  ■§■)- 

-T<Tr-  *Mir-  *•  (1-5) 

It  is  easily  seen  that  each  pair  of  functions  satisfying  (1.5)  satis¬ 
fies  (1.4)  as  well. 

The  relation  (1.5)  will  be  called  the  Hamilton- Jacobi  equation 
with  dissipation  associated  with  the  Hamilton  function  a$(p,  q,  t). 
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Sec.  2.  The  Lagrangean  Manifold  with  a  Complex  Germ 

In  this  section  we  shall  develop  a  geometric  theory  which  will 
be  used  for  solving  Hamilton- Jacobi  equations  with  dissipation. 

Consider  the  2rc-dimensional  Euclidean  space  Rn  X  R”  with 
coordinates  px,  .  .  .,  pn,  qu  .  .  .,  qn.  This  space  will  be  called 
the  phase  space. 


Definition  2.1.  An  n-dimensional  submanifold  An  of  the  phase 
space  is  called  a  Lagrangean  manifold  if  it  satisfies  the  conditions 


dq  \  /dp  dq  \  _  q 

dah  /  \  dak  ’  da j  / 


j,  /«=  1,  . .  .,  n, 

(2.1) 


where  a  =  (a1(  .  .  .,  an)  are  local  coordinates  on  A"  and  q  —  q  (a), 
p  =  p  (a)  are  local  equations  of  An.  The  expressions  \p,  q)ij  are 
called  the  Lagrange  brackets  for  the  vector  functions  p  (a)  and,  q  (a). 
(2.1)  implies  that  the  form  pdq  on  An  is  locally  the  differential  of 

a  function.  Therefore  J p  dq,  where  l  is  any  path  on  A™,  does  not 

i 

change  under  continuous  deformation  of  l  with  fixed  initial  and 
final  points.  If  it  is  additionally  assumed  that  §>pdq  =  0  for  each 

J 

closed  path  on  A",  then  there  will  be  a  function  s  on  A"  satisfying 
the  equation  ds  =  p  dq.  We  shall  call  such  a  function  an  s-action 
on  A". 

Let  D  (a)  be  a  given  non-negative  C°°  function  on  An,  called  the 
dissipation.  We  shall  denote  by  T  the  set  of  all  its  zeroes. 


Definition  2.2.  A  pair  rn  =  (co  (a),  z  (a))  of  smooth  n-dimensional 
complex  vector  functions  on  A"  is  called  a  complex  germ,  if  the  following 
conditions  (the  complex  germ  axioms)  are  satisfied : 

g  1)  z (a)  =  0D  (h1/2),  c o(a)  =  0D(hi/2) 

S  2) 

d  ( P  +  w ) 
da 

d(g  +  z) 
da 


g  3)  there  exists  a  smooth  function  E  (a)  =  0D  (h)  on  A",  called 
a  potential,  such  that 


dE  =  (w,  dq)  —  (z,  dp)  -j 


(w,  dz)  —  (z,  dw) 


+  (/,  da), 


where  f  =  0D  (h). 


2 


CH.  IV.  GENERALIZED  HAMILTON-JACOBI  EQUATIONS 


361 


Note  2.1.  We  shall  consider  a  Lagrangean  manifold  with  a  com¬ 
plex  germ  (or  simply  germ)  to  be  given  if  all  the  four  objects:  A”, 
rn,  D  and  E  are  given. 

Note  2.2.  If  there  is  an  s-action  on  A™,  then  the  existence  of  a  po¬ 
tential  on  A”  is  equivalent  to  that  of  a  function  Wia)  on  An,  satis¬ 
fying  the  condition 

dW  =  {p  +  w,  d  [q  +  z)>  +0D  ( h ). 

This  function  will  be  called  an  enthalpy  of  the  complex  germ.  The 
potential  and  the  enthalpy  of  the  same  complex  germ  are  related 
by  the  formula 

W  =  E  s  +  p -| +  0D  ( h3/ 2)  -f- const. 

Let  H  (p,  q,  t)  6  C°°(R2n+1)  be  a  real  function.  Denote  by  p  (a,  t), 
q  (a,  t)  the  solution  of  the  Hamiltonian  system 

t =  -■»?.  ■§="*>•  <2-2> 

satisfying  the  initial  condition  p  (a,  0)  =  p  (a),  q  (a,  0 )  =  q  (a), 
where  (p  (a),  q  (a))  £  An.  The  equations 

P  =  P  («,  t),  q  =  q  (a,  t) 

determine  for  a  fixed  t  a  Lagrangean  manifold  which  we  shall  denote 
by  At. 

Problem  2.1.  Verify  that  (2.1)  is  satisfied  on  A ". 

Let  p  (p0,  q0,  t),  q  (p0,  q0,  t)  be  the  solution  of  the  system  (2.2) 
with  the  initial  condition  p  ( p0 ,  q0,  0)  =  p„,  q  ( p0 ,  g0)  0)  =  q0.  The 
mapping 

(Po,  q0)  (p  (Po,  q0,  0.  q  (po,  q<>,  0)  =  sh  (p0»  q0) 

will  be  called  the  canonical  transformation  of  the  phase  space  asso¬ 
ciated  with  the  Hamiltonian  function  H- 
There  is  an  ( n  -j-  l)-dimensional  submanifold  (with  a  border) 
M2n+ 1  c=  R2n  x  R1  naturally  associated  with  the  family  {At}. 
As  a  rule  we  shall  identify  this  family  with  Mn+1. 

Let  a  be  local  coordinates  in  AJ,  then  (a,  t)  are  local  coordinates 
in  Mn+1.  It  is  these  ones  that  will  be  used  constantly.  We  shall 
denote  by  (a,  t)  the  corresponding  point  of  Mn+1  as  well,  and  we 
hope  there  will  be  no  confusion  in  using  the  same  symbols. 

Problem  2.2.  Suppose  that  there  is  an  s-action  on  the  Lagrangean 
manifold 

Ao:  {P  =  P  («)»  Q  =  Q  («)} 
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and  let  A?  =  gjjA„  be  given  by  p  —  p  (a,  t),  q  =  q  (a,  t).  Then 
the  function  s  (a,  t)  defined  by 

t 

s(a,  t)  =  s0(a)+  \  [(p( a,  x),  Hp(p( a,  t),  q( a,  t),  t))  — 
o 

—  H(p(a,  t),  q( a,  t),  x)]dr  (2.3) 

is  an  s-action  on  A". 

Note  that  s-action  on  a  Lagrangean  manifold  is  not  unique  but 
defined  only  up  to  an  additive  constant.  When  dealing  with  the 
family  A?=  gH^  of  Lagrangean  manifods  we  always  assume  the 
s-actions  on  these  manifolds  to  be  co-ordinated  by  (2.3). 

Let  H  (p,  q,  t)  and  H  (p,  q,  t)  be  real  C°°  functions  and  ffi  = 
=  H  +  HI.  We  shall  correlate  with  tfS  the  following  ^-dependent 
transformation  of  R2'1  X  C2n: 


(P o»  ?o.  ^o»  zo)  ( P ,  q,  w,  z), 

where  (p,  q)  =  gu  ( p0 ,  q0)  and  the  functions  w  =  w  (p0h  q0,  w0,z0,  t) 
and  z  =  z  ( p0 ,  q0,  u-0,  z0,  t)  satisfy  the  system 
dw 


—  iH q  -  qqZ  G&qpWi 

-fa-  —  iHp  -f-  pqZ  -j-  S8 ppio 


(2.4) 


with  the  initial  condition  w  |(=0  =  w0,  z  |(=0  =  z0.  Denote  by 
dgH+ili  the  mapping  ( p0 ,  q0,  w0,  z0)  ( w ,  z);  allowing  for  a  slight 

inaccuracy,  we  shall  write  ( w ,  z)  =  dgH+iH  (w0,  z0). 

Definition  2.3.  The  transformation  (g\j,  dg\i+iTj)  will  he  called  the 
complex  canonical  transformation  associated  with  the  complex  Hamil¬ 
tonian  function  =  H  +  iH.  This  transformation  will  be  said  to  be 
dissipative  if  the  condition  H  ^  0  is  satisfied. 

In  what  follows  all  the  canonical  transformations  under  conside¬ 
ration  are  assumed  to  be  dissipative. 

Note  2.3.  Let  H  —  0.  Then  dglI+  {u  —  dgn  is  the  differential  of 
the  mapping  gH,  (2.3)  being  the  variation  system  for  (2.2). 

Let 

(P  («.  t),  q  (a,  t))  =  gn  ( p0  (a),  q0  (a)), 

(w  (a,  t),  z  (a,  t ))  =  dgh+iTi  ( w0  (a),  z0  (a)), 
and  let  F  (p,  q,  w,  z,  t)  be  a  function.  The  integral 

t 

\  F  (p  (a,  t),  q( a,  x),  w(a,  x),  x)dx 

o 
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will  be  called  an  integral  along  the  d#-trajectory  starting  from . 

(a,  i)  t 

a,  J  Fdt  or  j  Fdt  in  symbol. 

(a,  0)  0 

We  shall  use  also  the  notation  dFIdt  or  F  for  the  derivative  of  the 
composite  function 

F  ( p  (a,  t),  q  (a,  t),  w  (a,  t),  z  (a,  t),  t) 


with  respect  to  t. 

Theorem  2.1.  Let  (A",  r'f)  be  a  Lagrangean  manifold  with  a  complex 
germ  and  let  D0  and  E0  be  the  dissipation  and  the  potential  of  this 
germ.  Let  us  define  a  dissipation  D  (a,  t)  on  At  —  gJjA"  by 

t 

D  (a,  t)  —  D0(a)  —  j  H  dt. 

o 

Then 

rn(a,  t)  =  dgig+(Si*( a) 
is  a  complex  germ  on  A"  and 

E  (a,  t)  =  E0(a)-ij  (ff+  p  -^ - -)  dt 

o 

is  a  potential  on  A?. 

In  order  to  prove  this  theorem  we  need  the  following  three  lemmas. 


Lemma  2.1.  Let  u  (y),  0  ^  y  ^  a,  be  an  m-dimensional  real  vector 
^-function,  and  let  u  satisfy  the  following  inequality. 

I  u'  (y)  I  <  c  1/  (y)  +  I  u  (y)  |], 

where  j  is  a  continuous  non-negative  function  and  c  —  const.  Then 

y 


\u{y)\^cl 


\u(0)\+]f(l)dl 


where  c±  =  cx  (c,  a)  is  smooth  in  c  and  a. 
Proof.  We  have 

y 

l«(y)l<l«(0)|+c  j  [/(i)  +  |u©|]di. 

o 


Hence 
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where 

v 

c0  =  l  +  c,  F(y)  =  \u(0)\+  j  f(l)dl. 

o 

Let  I  be  the  operator  defined  by 

v 

if  (y)  =  j  /  (I)  <%. 

0 

Then  we  have 

|  u  |  ^  c0  (F  +  I  |  u  |)  ^  c0  (F  +  c0IF  +  c0I2  |  u  |). 

It  follows  by  induction  that 

cvi~1f\  +</n|u|. 

The  identity 

y 

inf(y)=-^ lyrj  {y-ir^iDdi 
0 

implies  the  inequality 

\Inf(y)\^  max  |/(g)|<-£  max  |/(E)|. 

The  function  F  being  monotonic,  we  obtain  the  inequality 

IV 

I » (2/)  1^  S  fi=j)T  ^  (»)  +  -%f-  “  I “  (I)  I- 

n=l 

Passing  to  the  limit  for  N  oo  finally  gives 
I  «  (y)  I  <  c0ec«r‘  F  (y), 
which  proves  the  lemma. 

Lemma  2.2.  Lei  p  (a,  £),  g  (a,  t),  w  (a,  t),  z  (a,  t)  be  a  solution 
of  the  system,  (2.2),  (2.4)  smoothly  dependent  on  a  parameter  a  £  R2U, 

and  let  J  =  q  1  ^  _  Then 

Da 

|f  =  <<P>  w;)  +  (9-  *>, 

where  cp  =  rp  (a,  i)  and  »p  =  ip  (a,  £)  are  smooth  vector  functions. 
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Proof.  We  have 


IqqZ,  | 


(2.5) 


PJTIV=  —  SBq  —  SBqpW  —  SBqqZ, 

q  -(-  z  =  SB  p  S  SB  ppW  -f-  SB  pqZ. 

Differentiation  of  these  equations  with  respect  to  a  shows  that 
( p  4"  w)a  =  —  SB  qq  (qa  +  —  SB  qp  ( Pa  +  Wa)  + 

+  2  (zjA(l>  +  WjB(j),  (2.6) 

i=i 

(q  +  z)a  =  SBpq  ( qaJrza )  +  SB pp  ( Pa  +  Wa)  + 

+  2  (zjC^  +  wjD^), 

;'=i 

where  A(i),  B(1),  C,j)  and  D';)  are  smooth  matrix  functions  of  a 
and  t. 

By  the  rule  of  differentiation  of  a  determinant 

2  n 

dJ 

ot 


:  2  A. 

h=l 


where  /ft  is  the  determinant  obtained  by  differentiating  the  Arth 
row  of  /.  It  follows  from  (2.6)  that 


-JSBqhpk  +  (4fc>  z)  +  (cPfe5  w )>  k^.n 

JSBphqh  + {%,  Z)  +  (( pft,  M7),  &>«, 


/„  = 


where  tpft,  i|)ft  are  smooth  functions  of  a  and  t.  Thus, 

2  n 

;  2  Z>  +  ((Pft>  »)), 

fc=l 


which  proves  the  lemma. 

As  a  corollary  of  Lemma  2.2  we  obtain  the  following  classical 
result: 


Theorem  (Liouville).  Let  gu  be  the  canonical  transformation  of  the 
phase  space  associated  with  a  Hamiltonian  function  H  and  let  Q0  be  a 
measurable  subset  of  the  phase  space.  Set  Qt  =  gH& o-  Then 

j  dql  . . .  dqn  dpY  . . .  dpn  =  j  dqt  . . .  dqn  dpx  .  . .  dpn. 

To  prove  this  theorem  it  suffices  to  put  H=  0,  w  =  0,  z  —  0, 
a  —  (p  (0),  q  (0))  in  Lemma  2.2. 


366 


OPERATIONAL  METHODS 


Lemma  2.3.  Let 

A„ra:{p  =  Po(a)>  3  =  ?o(«)}. 

Yo  :  {ip  =  «j0(a),  z  =  z0  (a)} 

be  a  Lagrangean  manifold  with  a  complex  germ,  let  p  (a,  t),  q  (a,  t), 
w  (a,  t),  z  (a,  t)  be  the  solution  of  the  system  (2.2),  (2.4)  satisfying 
the  initial  condition  p  (a,  0)  =  p0  (a),  q  (a,  0)  =  q0  (a),  w  (a,  0)  = 
=  w0  (a),  z  (a,  0)  =  z0  (a)  and  let  a0  £  A".  If 

'd(p0+w0)\ 


rank 


da 

d  (?o  +  zo) 
da 


a=«o 


and  w  (a0,  t)  —  z  (a0,  t)  =  0  for  0  ^  t  ^  T,  then 

j  d(p  +  w) 
da 

rank  „ ,  .  .  I  =  n. 


da 


a=ao 

t=T 


07 


(2.7) 


Proof.  Let  p  £  Rn.  In  a  neighbourhood  of  the  point  a  =  a 
P  =  0  in  R2n  we  set 

Po  («.  P)  =  Po  («).  ?o  (a>  P)  =  ?o  («)» 
w0  (a,  p)  =  w0  (a)  +  Ap, 
z0  (a,  P)  =  Zq  (a)  +  JSp, 

where  A  and  B  are  n  x  n  matrices.  Obviously,  we  can  choose  A 
and  B  so  that  the  matrix 

d  (Po  Lw(h  Qo~\~  zo) 


d  (a,  P) 

is  non-singular  at  (a0,  0). 

Let  p  (a,  P,  t),  q  (a,  P,  t ),  w  (a,  P,  t),  z  (a,  p,  t)  be  the  solution 
of  (2.2),  (2.4)  satisfying  the  initial  condition  (2.7).  By  applying 
Lemma  2.2  with  a  =  (a,  P),  we  have 


D(p  +  w,  q  +  z)  \ 
D( a,  P) 


D(Po  +  <J>o,  9o  +  zo) 


a=czo 

|5=0 


a=ao 

|J=0 


0 


D  («.  P) 

IP=u 

for  0  ^  t  sc;  T,  which  proves  the  lemma. 

Proof  of  Theorem  2.1.  I.  We  first  verify  the  validity  of  g  1).  By 
Lemma  2.1, 

|  w  (a,  t)  |  + 1  z  (a,  t)  |  ^ 


(a,  t)  (|  z0  (a)  |  + 1  w0  (a)  |  +  j  (|  Hp  |  -j- 1  Hq 


dt 


where  c  6  C°°. 
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Applying  Lemma  1.1  now  and  the  Schwartz  inequality  we  have 

t  t 

(|  Hp\  +  \  Hq  |)  dt^Cl  (a,  t)^Y\H\ dt<^ 

o 

<cj(a,  t)Vt  (  j  |/7|^)1/2,  Cl£C°°; 

it  follows  that  there  exists  such  a  smooth  function  c2  (a,  t)  that 

m+m<c2 

'  0 

/  l  \  1/2  _ 

<|/2 c2  Id0—  \  fidt]  =1/2  c2D1/2. 

'  0  ' 

II.  To  verify  the  validity  of  g  3)  we  consider  the  following  func¬ 
tion: 

1  1 

fj(a,  t)  =  Ea.  —  (w,  qaj  —  jiz,  Wa.)  +  y (w,  Za.}. 

It  follows  from  the  systems  (2.2),  (2.4),  the  equation 
w)--^(Hq,  z ) 

and  the  expressions  of  qa,  pa,  wa,  za,  Ea  being  obtained  by  differen¬ 
tiating  these  equations  with  respect  to  a  that 

fj(a,  t)  =  (w,  a(^w)  +  (w,  4%)  +  (z, 

where  ai]  2, 3  are  smooth  matrix  functions  of  t  and  a.  Thus, 

t  t 

(  }j  (a,  t )dx  <c(a,  t)  j  (|m(a,  x)|2-f|z(a,  x)  |2)  dx, 

0  0 

4  .  t 

j  dflfa  ^  dx  ^c(a’  0  [  (M«,  t)|  +  |z(a,  x)|)dx, 

0  0 

where  c  (a,  £)  is  a  smooth  function.  Since  D  (a,  t )  is  monotonic 
in  t  and 

z  =  0D  (i h w  =  0D  (/i1/2), 
we  have 

t 

fj(a,  x)  dx=  0D  (h). 

J 
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It  remains  to  note  that 
fi  (a,  0)  =  0Do  ( h ), 

for  E0  is  a  potential  on  A„  and  it  follows  from 
D0  (a)  ^  D  (a,  t) 


that 

t 

ij{a,  t)  =  fj( a,  0)+  j  fj  (a,  t)  dx  =  0D  (h). 
o 

The  reader  is  offered  to  verify  that  E  =  0D(h)  holds. 

III.  If  D  (a0,  t)  =  0,  then  D  (a0,  t)  =  0  for  0  ^  t  t,  and 
therefore  z  (a0,  t)  =  w  (a0,  x)  =  0  for  0  ^  x  ^  t.  Thus  g  2)  is 
valid  by  Lemma  2.3.  The  theorem  is  proved. 

In  what  follows  we  shall  always  suppose  that  if  a  family  of  Lag- 
rangean  manifolds  A?  with  complex  germs  r'i  is  obtained  from  (A,'1,  r") 
by  a  complex  canonical  transformation,  then  the  dissipation!)  (a,  t) 
and  the  potential  E  (a,  t)  on  A?  are  correlated  with  D 0  (a)  and  E0  (a) 
by  the  formulas  of  Theorem  2.1. 

Example  2.1.  Let  Hi  =  y  ( p!  +  gl)  and  let  (A",  y0n)  be 

given  by 

P  =  Po  (<*)>  q  =  1o  (a), 
w  —  w0  (a),  z  =  z0  (a). 

Then  (A?,  r?)  is  given  by 


Pi  (a,  t)  =  Pio  (a),  pi  (a,  t)  =  plo  (a)  cos  t  —  qT()  (a)  sin  t, 
?j(a.  t)  =  qI0(a),  qf( a,  t)  =  qJo  (a)  cos  t  +  pIo  (a)  sin  t, 

Wj  (a,  t)  =  wI0  (a),  iv j(a,  £)  =  u;y0  (a)  cos  t  —  ZyQ  (a)  sin  f, 

Zj  (a,  t)  =  Zj0  (a),  Zy  (a,  *)  =  z7o  (a)  cos*  +  u’y0  (a) sin  L 
D  (a,  t)  =  D0(a), 

E  (a,  t)  =  E0(a), 

s{a,  0  =  «o(a)  + —  g|o]sin2<  +  l(gy0,  pTo)  (cos 2< - 1), 


where  £)0  (a),  A1,,  (a)  and  s0  (a)  are  the  dissipation,  the  potential 
and  the  s-action  on  A",  respectively. 
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In  particular,  we  obtain  for  t  =  dhn/2: 
A?IiL  :  &  =  Pio  («),  Pi  =  ±97o  («)> 


Qi  —  Qio  (a)t 

q1=±pJo(a)}, 

rn+JL  :  {w,  =  wt o  (a),  Wj  =  zpzJo  (a), 

2/  =  Z/ o  (a), 

Zl=±wJo{  a)}. 

Note  that 

<p(a,  ±f), 

q  (a,  ±y))  =  (Pi 0(a),  Vio  («)) 

1 

S' 

o 

?ro(a))  =  ^o(«).  ?o(«)>/ 

which  makes  the  notation  ( u ,  v)j  reasonable. 


Definition  2.4.  Let  I  be  a  subset  of  {1,  .  .  .,  n)  and  let  A”: 
{P  —  P  (a),  Q  —  Q  (a)}>  r"  =  (w  (a),  z  (a))  be  a  Lagrangean  mani¬ 
fold  with  a  complex  germ.  The  subset  of  A™  defined  by 

del  D{qI  +  zI,  Pj  +  W-} 

Ji  = - n  - (2-8) 


will  be  called  the  I th  zone  of  (An,  rn),  Qz  in  symbol.  The  zone  Q/o 
with  I0  =  {1,  2,  .  .  .,  re}  wiZf  he  called  non-singular.  By  dealing 
with  the  non-singular  zone  we  omit  the  index  I0:  for  example,  we 
write  Q  in  place  of  QZo,  E  in  place  of  EIo  and  so  on. 

It  is  obvious  that  Qz  is  an  open  subset  of  A".  We  shall  show  that 
the  axioms  g2)  and  g3)  imply  that  the  family  of  zones  {Qz}  with  I 
running  through  all  subsets  of  {1,  2,  .  .  .,  n }  covers  I\ 


Lemma  2.4.  Let  u  (a)  and  v  (a)  be  smooth  Cn-valued  functions 
defined  in  a  neighborhood  of  a  point  a0  £  R",  and  let  the  following 
conditions  be  satisfied  for  a  =  a0: 


(i)  [u,  v]u  =  0,  i,  /  =  1,  •  •  .,  n; 

du 
da 


(ii)  rank 


du 

da 


=  n. 


Then  there  exists  an  I  a  {1,  .  .  .,  n)  such  that  the  matrix 

"I} 

da 

is  non-degenerate  at  a  =  a0. 


24—01225 
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Proof.  Denote  by  A  the  matrix  —  (a0)  and  let  rank  A  —  k.  If 

k  =  n,  then  the  statement  of  the  lemma  is  valid.  Let  k  We 
may  assume  without  loss  of  generality  that  the  first  k  rows  of  A 
are  linearly  independent.  Let  C  be  the  matrix  composed  of  the 

first  k  rows  of  A  and  the  last  n  —  k  rows  of  the  matrix  B  =  (a0). 

We  shall  show  that  rank  C  =  n,  which  means  that  the  lemma  is 
true.  Suppose  that  this  were  not  the  case,  i.e.,  rank  C  —  m  <re. 

Then  rank  ^  ^  j  =  m.  Let  (5  £  Cn  and  a  =  M$,  where  M  is  a  com¬ 
plex  non-degenerate  matrix.  Set 


y  m ■■ 

dfii  ~  Zj  Mn 


i=  i 


da  j  ’ 


. ,  du  ,  , 


and  let  C'  be  the  matrix  composed  of  the  first  k  rows  of  A'  and  the 
last  n  —  k  rows  of  B' .  It  is  obvious  that  rank  (  )  =n  and  rank 

(  j  =m.  Now  me  choose  M  so  that  the  last  n  —  m  columns  of  the 

matrix  )  vanish  and  det  (A'a)^  j=\  does  not  vanish.  The  condi¬ 
tion  [u,  v\ij  =  0  implies  that 


/  du  dv  \  /  du  du  \ 

W’  "W/- 


dur  dvr 


0. 


r=  1 


Since  det  .  .  ^^=0,  it  follows  that  the  last  column  of  |  ) 

vanishes,  contradicting  the  condition  rank  (  B>  )  =  n-  The  lemma 
is  proved. 


Corollary.  T  £  U  Q*. 

iC{l,2 . n } 


In  fact,  set  u  =  q  -f-  z,  v  =  p  +  w  and  let  a  6  T.  Then  the  con¬ 
dition  (ii)  of  the  lemma  is  identical  with  the  axiom  g  2)  of  the  com¬ 
plex  germ,  and  the  condition  (i)  follows  from  the  axiom  g  3). 

In  what  follows  we  shall  consider  only  a  little  neighborhood  of 
T  in  A”,  therefore  we  can  always  suppose  that  the  set  of  all  zones 
covers  L. 

Definition  2.5.  The  function 
\ 
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where 

<e  nr-  i  n  d(p  +  w)  ^  d(q  +  z) 

®  =  5 6  ’  -B==-“95 — >  C=- — 

will  be  called  the  p-action  in  the  non-singular  zone.  The  phase  CD  of 
germ  in  the  non-singular  zone  will  be  defined  by 

(D(a)  =  — y  (w(a),  z  (a))  +  p  (a)  +  s  (a ) +  £’(«). 

Note  that 
<p  d(p  +  w) 

6  d(q  +  z)  ’ 

where  did  (q  +  z)  is  the  operator  of  formal  differentiation  with 
respect  to  q  +  z.  Since  an  enthalpy  W  (see  Note  2.2)  satisfies  the 
condition 

P  +  w--TG+i)'  +  °D(K)’ 

we  must  have 

4?  |  fl  (hlt2\ 

®“  SV+W+  d{  ’■ 

An  immediate  consequence  is  that  the  matrix  %  is  “almost  sym¬ 
metric”: 

n-%=oD(hil2). 

Now  we  introduce  the  s-action,  the  p-action  and  the  phase  in  the 
zone  Qj.  To  this  end,  consider  the  canonical  transformation 
(gHj,  dgu2)  associated  with  the  Hamiltonian  function  Hi  introdu¬ 
ced  in  Example  2.1.  Note  that  the  image  of  the  zone  Q j  under  g^2 
lies  in  the  non-singular  zone  of  gfi2  A”  because 


Hqi(a),  pf(a)} 
da 


¥= 0 


for  a gQj. 


Definition  2.6.  We  define  the  s-action,  the  p-action  and  the  phase 
in  the  zone  Qj  by  the  formulas 

Si  (a)  =  s  (  a,  , 

ff/  (a)  =P  (a,  ~y)  » 

<D,(a)  =  ®  (a,  -5-)  , 


24* 
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where  $  (a>  an d  ®  (a>  -y)  are  th e  s-action,  the 

p-action  and  the  phase  in  the  non-singular  zone  of  g*J2 An,  respecti¬ 
vely. 

The  result  of  Example  2.1  leads  to  the  explicit  formulas 

si  (a)  ==«(«)  —  (Pj  (a),  9r(o)), 

1_ 

2 
1 


=  w’l},  &i{zT,  «7}}, 

<Dj  ==  — g-  (m,  z)j  +  +  si  +  -^ t 

where 

n  =  BjC?,  B; 


9{Pi+Wl ,  —  Qj~  Zjl 


da 


Cj: 


5{7i  +  Zj,  Pj+W-j} 
da 


Note  that  any  s-action  s(a,  t)  on  a  family  of  Lagrangean  mani¬ 
folds  A"  =  gfjA”  satisfies  the  equation 


dsi  =  (Pi,  dqi)  —  (qj,  dp7)  —  Hdt, 


which  is  transformed  into  the  Hamilton-Jacobi  equation 


dS  I  TJ  t  dH  y 


es_ 

dxj 


es 

dh  ’ 


under  the  change  of  variables 


(a,  t)-+(xi,  |T,  t), 

xi  =  Qi  (ai  Of  ?7  =  Pj(a’  Of  ► 

5  (xj,  |j,  0  =  si  (a*  0- 


(2.9) 


We  shall  see  below  that  if  Im  Oj  ^  0,  then  Oj  (a,  t)  satisfies  an 
equation  which  becomes  a  Hamilton-Jacobi  equation  with  dissipa¬ 
tion  under  the  change  (2.9). 


Sec.  3.  y  -Atlases  and  the  Dissipativity  Inequality 

In  this  section  we  introduce  a  special  sort  of  atlases  of  An  which 
makes  it  possible  to  formulate  a  condition  for  a  complex  germ, 
called  the  dissipativity  condition,  essential  in  solving  Hamilton- 
Jacobi  equations  with  dissipation. 

Lemma  3.1.  Let  a0  £  Qj.  Then  there  exists  a  real  n-dimensional  ve¬ 
ctor  function  y  (a)  such  that  each  component  of  it  is  one  of  that  of  the 
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(2n-\-l)-dimensional  vector 

(0,  Rezj(a),  Imz,  (a),  Reiuj(a),  Imn>j(a)), 

and 


0(9i  +  Yi.  Pj  +  Yj) 
Da. 


¥=  0 

a=ao 


The  foRowing  fact  of  linear  algebra  will  be  needed  to  prove  this 
lemma. 


Lemma  3.2.  Let  uu  .  .  .,  um,  vlt  .  .  .,  vm  be  elements  of  a  real 
vector  space  V.  Then 

Mi  +  iv  1;  .  .  um  -)-  ivm 

are  linearly  independent  in  the  complexification  CV  of  V  if  and  only  if 

Mi  0  Mi,  .  .  ■,  Mm  0  Vm,  (  Mi)  ©  Mi,  .  .  .,  (  Mm)  0  Mm 

are  linearly  independent  in  V  ©  V. 

Proof.  Let  aj,  bj  be  real  numbers.  Then 

(«>  =  bj  =  0,  all  /)  <=>  (2  (aj  +  ibj)  (uj  +  iv})  =  0)  <=> 

7 

<=>  ( H  (ajui  —  bjVj)  =  2  (a-jVj  +  hjVj)  =  0) 

i  i 

<=>  (2  ai  (uj  ©  Vi)  +  Hbi  ((  —  »j)  ©  uj)  —  o). 

j  i 

Proof  of  Lemma  3.1.  Considering  the  canonical  transformation 
gif*  of  Example  2.1  shows  that  Qr  may  be  assumed  without  loss 
of  generality  to  be  non-singular.  Under  this  assumption  we  have 
det  C  (a0)  =4=  0.  Fix  a  =  a0.  Let  rank  ( dqlda )  =  k;  we  may,  of 
course,  assume  that  it  is  the  first  k  rows  of  dqlda  which  are  linearly 
independent.  Consider  the  matrix 

/  d(<7  +  Rez)  • 

I  da  \ 

M=\ 

1  i?  Imz  I 

\  da  / 


By  Lemma  3.2  non-degeneracy  of  C  implies  that 


det 


/  d(g+ Rez) 
I  da 
I  dim  z 
'  da 


dlmz 

da 

d  (q-\-  Re  z) 
da 


¥=  0, 


hence  rank  M  =  n.  Choose  lh+i,  ■  ■  ln  so  that  the  matrix  Mu 
obtained  from  dqlda  by  replacing  its  last  n  —  k  rows  by  those  of  M, 
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is  non-degenerate.  Set 


0  for 

Re  zt.  for  j  >  k,  Ij^n, 
Imz(j  for  ]  >  k,  lj  >  n, 


then  d(q-\-y)/d a  is  non-degenerate.  In  fact, 


d  (g  +  V) 
da 


M 


i> 


where  A  is  an  (n  —  k)  X  k  matrix.  The  lemma  is  proved. 

Corollary.  There  exists  such  a  neighbourhood  u,,  9  a0  that  the  res¬ 
triction  of  the  mapping 

a  ->  { qj  (a)  +  7,  (a),  p-j  (a)  +  y7  (a)} 

to  Uj  is  a  diffeomorphism  into  Rn. 

Definition  3.1 .  We  say  that  uv  is  a  y -domain,  it*  is  a  y-diffeomorphism 
and  (uv,  nv)  is  a  y-patch  of  A”.  Sometimes  we  shall  use  the  term 
“7-patch”  as  a  synonym  of  “7-domain”. 

Any  set  of  y-patches  covering  A”  will  be  called  a  y-atlas  of  A”. 
If  7  (a)  =  Fv  (a),  where  F  is  a  matrix  and 

v  =  (Re  zr,  Im  zIt  Re  wj,  Im  w j), 

then  the  corresponding  y-patch  of  the  zone  Qx  is  said  to  be  of  type  (/,  F). 
A  patch  of  type  (I,  0)  is  said  to  be  non-singular. 

Lemma  3.3.  Let  ( u n^)  and  (u=,  n=)  be  y-patches  of  the  zone  Qt. 
Then  a  =  has  the  following  asymptotic  expansion : 

0  (a)  ==  a-f  a(1)  (a)  +  0<2>  (a)  -\-0D  ( h3/ 2), 


where 

o<l>{a  )  =  A-1  (7  —  7), 

o,2>  (a)  =  -1-A-1  2 

i,  i 

d{qi  +  7/,  Pj  +  Yj} 


d2{?l  +  Y/>  Py  +  Yf} 
_ 1  1 


da  i  da  j 


0i '0 V 


Pa 


Proof.  Assume  for  simplicity  (which  does  not  affect  the  genera¬ 
lity)  that  £2/  is  the  non-singular  zone.  Then  0  (a)  satisfies  the  equa- 
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tion 

q  (a  (a))  +  7  (0  (a))  =  q  (a)  +  y  (a).  (3.1) 

Set 

a  (a)  —  a  +  o(1)  (a)  +  o(2)  (a)  +  y  (a). 

Substitution  of  the  expansion  of  q  (a  (a))  +  7(0  (a))  in  powers  of 
0(1)  _j_  0(2)  _j_  r  jnto  (3.1)  leads  to 

(<h  +  Ta)(<t(1,  +  o(2,  +  r)=-|-  2  (g(1)  +  g(2)  +  r);  (o(1)  + 

i,  3 

+  a<2>  4-  ,•) .  4-  f3  (o(1)  +  ol2>  +  r)  =  7  (a)  —  7  (a), 

where  F3  is  a  cubic  form  smoothly  depending  on  a.  Since  0(1) 
and  o(2>  satisfy  the  equations 

(</«  +  7a)  o'1*  (cc)  —  y(a)  —  7  (a), 

(?«  +  7«)  o<2>  (a)  +  2  "Sfff  ’ 

i,  i 

and 

o(1)  =  <7d  (h1/2)  a^  =  0D(k),  r|r  =  0, 
one  has 

^ir  =  OD(h3/2) 

with  ^41|r  =  ^Lr,  so  det  Al  =4=0  in  a  neighborhood  of  each  a0£T. 
This  proves  the  lemma. 

Corollary.  Overestimate  is  equivalent  to  0D(0(a))-es£im.afe. 

Proof.  Set  D  (a)  =  D  (0  (a)) .  Since  a  (a)  —  a  =  0D(h1/2),  the 
expansion 

D  (a)  =  D  (a)  4-  (Da,  (0  (a)  —  a))  4-  <0  (a)  —  a,  /  (a)  (0  (a)  —  a)), 

where  /  (a)  is  a  smooth  vector  function,  implies  that  D  —  0D(h). 
The  same  argument  with  0  replaced  by  0_1  shows  that  D  =  0^(h). 

Definition  3.2.  The  junction 

®1  =  ®i  +  ({Pi,  —  giJ  +  h1,  7)  +  4"  (Y>  8i7>» 

where 

—  zj}— gf{z/,  u?/}, 
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defined,  in  a  given  y-patch  of  the  zone  Qr,  will  be  called  the.  y-phase 
of  the  complex  germ  in  this  y-patch. 

Lemma  3.4.  Let  (uv,  jt*)  and  (u-,  nl)  be  two  y-patches  of  the 
zone  Qr.  Then 

<D?  =  ®lo(nl)-l°n±  +  0D(h3/2) 
whenever  (jx*)-1  o  nl  is  defined. 

Note  3.1.  is  obviously  defined  in  a  neighbourhood  of 

uv  n  u-  n  r. 

Note  3.2.  Lemma  3.4  shows  that  if  the  system 

9/  (°  (“))  =  9r  («)  +  yi  («)» 
p7(o(a))  =  pT(  a)  +  vj(o) 

has  a  solution  a  (a),  then  modulo  0D  (h3t2),  the  y-phase  ®7  (a)  is 
obtained  from  the  phase  Oj  (a)  by  a  change  of  variables:  O?  (a)  ~ 
~  <Df  (cr  (a)).  Note,  however,  that  Definition  3.2  defines  d>jr  on 
Uy  whether  a  (a)  exists  or  not. 

Proof  of  Lemma  3.4.  We  may  assume  without  loss  of  generality 
that  Qj  is  non-singular.  Set  o  =  Expanding  d>7  (o  (a)) 

in  powers  of  (a  (a)  —  a)  and  using  Lemma  3.3  we  get 

def  -  - 

R  (a)  =  <DV  (a  (a))  —  (I)7  (a)  =  (D7  (a)  —  CD7  (a)  +  a(1)  (a)  -f 

+  o<2>(a))  +  -i((I)7aa<1>(a),  a<»(a)>  +  0B(fe3/2).  (3.2) 

To  calculate  the  derivatives  d<D7/da  and  d2d )7/<9ct2  it  is  convenient 
to  express  ®7  in  terms  of  an  enthalpy  of  the  complex  germ: 

(X) v  =  W-(p+w-±  g  (z_T),  z-y y  +  oD(h3'2). 

By  the  definition  of  an  enthalpy 

"asr=  CT (q+zj  -  c(P+w)  +  0D(h ), 
so 

(p  +  w)  —  lB  (z— y)  +  4'<(z— y)  — 

—  *(*  —  y)a  (p  +  w—  —  y))  +  0D  (h)  — 

=  ‘A  ( p+w )  —  td  (z  —  y)  +  t(z  —  y).J.  g(z  —  y)  + 

+  0D(h)  =  tA[p+w  —  ${z  —  y)]+0D  (h), 


(3.3) 
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where  A  =  d  (q  +  y)/da.  Differentiating  once  again  and  using  the 
identity 

1  —  C~l  ( z  —  y)a  =  1  —  C-1  ( q  +  z)a  +  C~l  (Q  +  Y)a  =  C~XA 
we  obtain 

•^  =  S  ,  p)  +  ‘A  (B  -  8  (*  ■ -  tW+0,  <*'«)  - 

i,  i 

=s<4?sf^>‘/lg-4+0'>('‘''!)'  (3'4> 

i*  3 

Substitution  of  (3.3),  (3.4)  and  the  formulas  of  Lemma  3.3  for  a(1) 
and  o<21  into  (3.2)  shows  that  R  =  0D  (h3/2),  which  proves  the 
lemma. 

Definition  3.3.  Let  uv  be  a  y-domain  of  the  zone  Qj  of  a  complex 
germ.  We  say  that  the  germ  is  dissipative  in  uv,  if  there  exist  smooth 
functions  e  (a)  >  0  and  c  (a)  ^  0  satisfying  the  condition 

Im  CD } cDs/2^eD,  oc£uy, 

which  will  be  called  the  dissipativity  inequality. 

Note  3.3.  The  condition  of  dissipativity  for  uy  is  equivalent 
to  the  following  one:  each  a  6  uy  has  a  neighbourhood  in  which 
a  dissipativity  inequality  holds.  This  statement  is  a  consequence 
of  the  following  fact: 

Lemma  3.5.  Let  A  be  a  submanifold  of  Rm,  let  {up}  be  an  open 
covering  of  A  (up  cz  A),  and  let  {cp}  be  a  family  of  real  numbers.  Set 

f  (a)  =  inf  cp. 

“p3<* 

Then  there  exists  such  a  C°°  function  cp  on  A  that  <p  ^  /. 

Proof.  Any  submanifold  of  Rm  is  a  locally  compact  space  with 
a  countable  base  of  open  sets.  Therefore,  there  exists  a  sequence 
{An}  of  compact  subsets  of  An  such  that 

Kn  <=  Kn+l]  U  Kn  =  An 

n 

(the  sign  °  means  the  interior  of  a  set).  Since  Kn  is  compact,  it  can 
be  covered  *by  a  finite  subfamily  of  {up},  which  implies  that  there 

o 

exists  such  a  dn  ^  0  that  /  (a)  ^  dn  for  a  6  Kn.  Let  An  =  Kn\Kn_v 
An  is  compact  and 

^ n  K-n  +  h  An  f)  2  ~  0  ■ 
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It  follows  that  there  exists  such  a  smooth  function  cpn  on  A  that 
o  <  <  dn  and 

f  4  if  a £An, 

<Pn  («)  < 

l  0  if  a$KnTl  or  a£Kn_2. 

oo 

The  function  q>  (a)  =  ^  Tn  (a)  is  easily  seen  to  satisfy  the  require- 

71=1 

ment  of  the  lemma. 

Note  3.4.  We  can  choose  e  and  c  in  the  dissipativity  inequality 
so  that  c  (a)  =  0  in  a  neighbourhood  of  the  set  T  f]  uy. 

Definition  3.2.  A  complex  germ  yn  on  a  Lagrangean  manifold  A" 
with  a  fixed  y-atlas  is  called  dissipative  if  it  is  dissipative  in  each  y-do- 
main. 

Note  3.5.  Since  Sj  (a)  is  real  and  the  dissipativity  condition 
does  not  involve  the  real  part  of  the  phase  the  concept  of  dissipa¬ 
tivity  of  a  germ  can  be  used  also  even  if  there  exists  no  s-action 
on  A". 

Theorem  3.1.  The  property  of  a  complex  germ  to  be  dissipative  is 
independent  of  the  choice  of  a  y-atlas  on  A". 

The  result  of  this  theorem  may  be  interpreted  to  mean  that  if  the 
inequality  (3.4)  holds  in  a  neighbourhood  u  cz  u\  f|  Uy  of  a  point 
a0  6  T,  where  u\  is  a  y-domain  of  Qj  and  uy  is  a  y’-domain  of 
Q k,  then  there  exist  a  non-negative  function  cx  and  a  positive  func¬ 
tion  such  that 

For  /  ==  K,  this  result  follows  immediately  from  Lemma  3.4  and 
the  corollary  to  Lemma  3.3.  In  the  general  case,  the  theorem  will 
be  proved  in  Sec.  5. 

From  now  on  the  complex  germ  will  be  assumed  to  be  dissipative, 
the  word  “dissipative”  being  omitted. 

Sec.  4.  Solution  of  the  Hamilton-Jacobi  Equation  with  Dissipation 

In  this  section  we  shall  express  the  solution  of  the  Iiamilton- 
Jacobi  equation  with  dissipation  in  terms  of  that  of  the  Hamilto¬ 
nian  system  (2.2)  and  the  system  (2.4). 

Let 

A h  {p  =  p  (a,  t),  q  =  q  (a,  7)},  0  <  t  T, 

be  the  family  of  Lagrangean  manifolds  with  complex  germs 
r":  {ii;  =  w  (a,  t),  z  =  z  (a,  t)}, 
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obtained  from  (A”,  r o)  by  the  complex  canonical  transformation 
associated  with  a  Hamiltonian  function^  =  H  +  iH.  Let  Mn+l  be 
the  manifold  associated  with  the  family  {A”}.  We  define  a  y-atlas 
on  Mn+1  as  follows.  Let  Uv  be  an  open  subset  of  Mn+1  such  that 
its  intersection  with  any  plane  t  =  const  is  a  y-domain  on  A” 
(whenever  it  is  non-empty),  the  type  of  this  y-domain  being  inde¬ 
pendent  of  t.  Define  a  diffeomorphism 

Ilf:  (a,  t)  ->  ( x ,  t) 

of  Uv  into  Rn+1  by  the  formulas 

xi  =  qi  (a,  t)  +  y/  (a,  t),  Xj  =  p-T  (a,  t)  +  y7  (a,  t). 

The  pair  (Uv,  n(,)  will  be  called  a  y-patch  of  type  (I,  F)  of  the 
manifold  Mn+1. 

Definition  4.1.  We  say  that  a  family  {A”,  r"}  is  dissipative  if  for 
each  y-patch  (Uv,  Ilf,)  there  exist  smooth  functions  e  >  0  and  c  ^  0 
such  that 

e(a,  t)D( a,  f)^Imd)I(a,  f)  +  c( a,  t)[D( a,  t)]s/2,  (a,  t)£Uv. 
The  last  relation  will  he  called  a  dissipativity  inequality  in  the  patch 

(Uv,  Hf). 

Theorem  4.1.  If  a  complex  germ  r”  on  a  Lagrangean  manifold  A" 
is  dissipative,  then  the  family  {A?,  rf),  where 
A'/^A”,  rt  =  (dgn+iTi)  r", 
is  dissipative. 

In  particular,  the  property  of  a  germ  to  be  dissipative  is  invariant 
under  complex  canonical  transformations. 

The  proof  of  this  theorem  will  be  given  in  Sec.  5. 

Theorem  4.2.  Let  Mn+1  be  the  manifold  associated  with  the  family 
(A"},  and  suppose  that  there  is  a  y-atlas  of  Mn+l  which  consists  of 
a  single  y-patch  ( Uy ,  IIV).  Then  the  function 

+  icDi'2)oW/\ 

where  <DV  is  the  y -phase  of  the  germ  and  c  is  the  same  as  in  the  dissi¬ 
pativity  inequality,  satisfies  the  relation  (1.5). 

The  following  lemma  will  be  needed  to  prove  this  theorem. 

Lemma  4.1.  There  is  a  smooth  function  g  (a,  t)  such  that 

t  max  |  tl  (p  (cl,  t),  q{  a,  t),  x)|<g(a,  t)[D(a,  f)]2/3. 
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Proof.  Omitting  the  argument  a,  set 
/  (t)  =  —H  ( p  (a,  t),  q  (a,  t),  t). 


Set 

a  —  a(t)=  max  /  (t),  a  =  /  (t0),  t0  =  t0  (t). 

o 

By  the  Garding  inequality, 

I/'  VTWi- 

Set  yj  =  h,  then  |h'|^gi/2.  It  follows  that 

h  —  -y-lT  —  T°l’ 

which  implies 

y  a 


h(x)>-¥r-  ior  \t  —  Tul 


Si 


that  is, 


/(*)>- J-  for  I  t  — 

Consider  the  following  two  cases: 
(1)  if  y a/g^t/2,  then 


D(a,  — 


a 


3/2 


SO 


gi  i 

2/3 


t  max  /(TXt(4g,)  [22  (a,  «)] 


2/3. 


(2)  if  ya/gl>t/2,  then  D( a,  t)^>-g-ta,  so 


t  max  f  (%)^8D  (a,  t)^c(a,  i)[Z2(a,  i)]2/3. 

OsgxsSt 

The  lemma  is  proved. 

Proof  of  Theorem  4.2.  I.  Here  we  shall  calculate  <DV.  To  do  this 
rewrite  ®v  in  the  form 

cpv  =  -l-(2  — y,  $(z  —  y))  +  {p+w,  y) — |-(m,  z)  +  s  +  E. 

We  have 


—  y,  %{z  —  y))  +  (z  —  y,  %(z—y))  + 

+  CP  +  «\  y)  +  (p+w,  y) — *r(w>  z>  — 


(w,  z)+s  +  E+(z  —  y,  0D(h)). 


(4.1) 
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First  we  calculate 

i  =  BC~l-BC-iCC-1. 

It  follows  from  (2.6)  that 

B=-3eqqc-mqpB+oD  (h1/2), 

c = mvqc + sevvB + oD  (h1'2), 

therefore 

k=-S8qq-fflqpn-%$epq-%$8PP%+oD{h>i*) 

Now  recall  that 

E=  -iH-\[{w,  Hp)  +  (z,  Hq)  1, 
s  =  —  H  +  (p,  Hp) 

by  the  definitions  of  a  potential  and  an  s-action  on  A".  Set  £  = 
—  w  —  %  (z  —  y).  Substituting  the  above  expressions  of  %,  s,  E 

and  those  of  p ,  w  and  z  (see  (2.2),  (2.4))  into  (4.1)  and,  using  the 
fact  that  %  is  “almost  symmetric”,  we  obtain 

67=-|-(z-y,  -seqq(z-y)-i mqp%(z-y)- 

—  %36pp%  (z  — y))  +  (g  (z  —  y),  iHj,  +  36vqz  +  36ppw)  + 

+  (y,  p  +  l)  —  (Y>  36  q  +  36  qqw  +  36  qqz)  + 

■T  —  (z,  iH  q  + 36  qqz  + 38  qpw) — 

— Y  (wi  v  36 p<iz  H~  38  ppw )  —  38  -T  {p,  Hp)  — 

- 2"  Kl<;)  Hp)  +  {z,  -^g)]  +  (i#p  +  Y>  ^flW)  +  ^fl(^^)  = 

—  i  (Hp,  |)  (y,  d%?g)  ^"(Y’  36 qq y)  — 

—  {36 pq y,  I) — 2*^>  g&?pp?)  +  (P> 

+  (Y)  P  +  ?)  +  (^p  +  Y>  0D(h))  +  0D(h3/2). 

A  simple  calculation  which  uses  Taylor’s  expansions  of  36  (p,  g  + 
+  Y,  0,  36p(p,  q  +  y,  t)  and  36pp(p,  q-\-  y,  t)  in  a  neighbourhood 
of  ( p ,  q,  t)  and  the  relation  l  =  0D(hi/2)  yields 

6V=—  36  (p,  q  +  y,  t)  —  (36p(p,  q  +  y,  t),  £}  — 

- 2"(?>  36  PP  {p,  q+y,  t)%)  +  (H  p(p,  q,  t)  +  y,  p  +  Z)  + 

+  {iHp  +  y,  0D(h))  +  0D  (h3/2). 
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Since 

Rez  — 0D(fo1/2),  lmz  =  Hp+0D(hil2) 

by  (2.4),  it  follows  from  the  definition  of  y  (a,  t)  that 

<Y,  0D  (h))  =  (Hp,  0D  (h))  +  0D  ( h 3/2).  (4.2) 

Thus, 

d)T=  —se  (p,  q  +  y,  t)-{Sep{p,  q  +  y,  t),  £}  — 

— 2  (1>  pp  (P>  Q  +  Yi  t)  |)  + 

Jr{Hp{p,  q ,  t)  -)- y,  p-\-’Q-\-(Hp ,  0D(h))-{-0D(h3/2).  (4.3) 

II.  Given  a  smooth  function  (p  on  Mn+1,  we  shall  denote  by  cp 
the  composite  function  cpoIl-71.  Set  also 

d>T  =  Re(Dv,  <t»9  =  Ini  <DV,  E,  =  Re  t,  l2  =  Im  E, 
f  =  ®l  —  p— f,  /j  =  Re  /,  /2  =  Im  /,  r  =  d93/2, 
where  c  is  the  same  as  in  the  dissipativity  inequality.  We  have: 

_ o 

rx  =  Ofi{h)  by  the  Garding  inequality, 

=  0»(h1/2)  by  (3.3). 

Therefore, 

F^IS  (x,  01  =  ~T  i-rt  +  SS  (OL,  x,  t )  -f- 

4~  *  {S8 -p  (Cblx,  X,  t ),  — 

-4- ^  (®T«,  *,  t)  OL) + os  (h3/2). 

Expand  <$?,  &BP  and  S6PP  in  this  formula  in  powers  of  E  +  /iJ 
since 

f=oS(hi/2),  «L=r2+72 

and  f  =  Ofi(h)  by  (3.3),  we  obtain 

(x,  t)]  =  $J  +  irt+  (p,  x,  t)  +(<^p(p,  x,  f),fl+/i)  + 
+  4-  (ot?pp  (p,  x,  t)  fi,  fi)  +  i  <c$?p  (p,  a:,  <),  12  +  /2  +  'V)  + 

+  i  {SB pP  (p,  x ,  f)l„  f2) — i-(l2,  3SPV(p,  x ,  f)i2>  + 

+  %(h3/2)=Ol  +  ^(P,  *,  *)  + 

+  (<K$’p(p,  x,  f),  ^  +  /)+-2-(S>  ®^pp  (P)  a;,  *)  1)  4 
+  i(h  +  ((^p(P.  *),  7x))4-%(fe3/2). 
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To  calculate  <DV,  we  use  (4.3),  (4.2)  and  (3.3): 

<57  =  —  (0)7,  y  +  Hv  (p,  q,  t))  = 

=  —  SS  (p,  x,  t)  —  {$sv(p,  X,  t),  t>  — 

—  Y  (I,  c MPV  (p,  x,  t)f)  +  (Hp  (p,  q,  t)  —  y,  p+  |)  — 

~(®l  y  +  Hp(p,  q,  t))  +  (Hp(~P,  1  t),  Oz(h))  +  Oz(h3/2)  = 
=  —  c ffl  (p,  x ,  t)  —  (Mp  (p,  x,  if),  %)  — 

- j(I,  $#pp(p,  x,  t)l)  —  (Hp(p,  q,  t),  /)  + 

+  {Hp(~P,  1  t),  03(h))+Oz(h3/2). 

ATow  we  note  that 

rt  +  (<fflp(p,  x,  t),  rx)  =  7t  +  (Hp  (p,  q,  t),  rx)  + 

+  (Bv  (p,  q,  t) ,  03  (h))  +  %  (hS/Z)  =  r  —  (rx,  y)  + 

+  (Hp  (p,  l  t ) ,  03  (h))  +  0Tj  (h3/2)  = 

=  r  +  (Hp(p,  q,  t),  03(h))  +  03(h3/2). 

The  last  three  formulas  give 

Fffp  [5  (x,  0]  =  ir  +  (HP  (p,  q,  t),  03  (h))  +  Os  (h3/2).  (4.4) 

For  t  >  0,  the  right-hand  member  of  (4.4)  is  o3  (h).  In  fact,  it 
follows  from  Lemma  4.1  that 


r=  ~y cD1/2H(p i  x,  t)  +  cD3/2  =  Os(hV6), 

I  Bp(p,  g,  £)|<Cj(x,  t)V  —  H(p,  q,  «)<c2(x,  t)Di/3- 


It  should  be  noted  that  (^-estimate  implies  C^-estimate  because 
the  germ  is  dissipative.  The  theorem  is  proved. 

Now  we  turn  to  the  Cauchy  problem  for  the  Hamilton- Jacobi 
equation  with  dissipation.  Let  a  compact  set  K0  a  Rn  be  given, 
and  let  S0  =  S10  +  iS20  be  a  smooth  function  with  the  non-nega¬ 
tive  imaginary  part  S20,  defined  in  a  neighbourhood  of  K0.  Let 
(A”,  r”)  be  the  Lagrangean  manifold  with  the  complex  germ  defined 
by  the  formulas 


9  =  a, 


SS 10  (a) 
da 


Z  —  0, 


w  —  i 


dS 2o  (a) 
da 


D  (a)  =  S20  (a),  E  (a)  =  iSz0  (a) 
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(it  is  easy  to  verify  that  all  the  axioms  of  a  complex  germ  are  satis¬ 
fied).  The  whole  of  this  manifold  lies  in  the  non-singular  zone  and 
has  a  y-atlas  consisting  of  a  single  non-singular  patch.  Let  5T0  denote 
the  inverse  image  of  K0  under  n0: 

=  ^  Ao, 

and  let  Kt  be  the  image  of 

def 

Wt  =  g*Hm 0  C  A” 

under  the  canonical  projection  of  the  phase  space  onto  the  plane 

P  =  o. 

Our  explication  of  the  Cauchy  problem  consists  in  finding  a  smooth 
function  S  ( x ,  t)  which  satisfies  (1.5)  in  a  neighbourhood  of  the  set 

K  =  {(a:,  t)  |  0  Ct  <  T,  x  6  Kt } 

and  the  initial  condition  S  ( x ,  0)  =  S0  ( x )  in  a  neighbourhood 
of  K0.  The  pair  ( K0 ,  S0)  will  be  called  Cauchy  data  for  the  Hamil- 
ton-Jacobi  equation  with  dissipation. 

Proposition  4.1.  Given  a  complex  Hamiltonian  function,  suppose 
that  the  germ  (A",  r")  generated  by  Cauchy  data  (K0,  S0)  for  Hamilton- 
Jacobi  equation  with  dissipation  is  such  that  the  whole  of  t  lies  in  the 
non-singular  zone  of  A ”  for  0  ^  t  ^  T. 

Let  {Uj,  IIV.},  7  =  1,  •  •  .,  N,  be  a  y-atlas  of  a  neighbourhood  of 
the  set 

S/C  =  {(a,  t)  |  0  <  t  <  T,  a  e  Wt)  cz  Mn+1. 

Set  V j  =  Uy.  (U j)  and  extend  the  family  ( Vj }  to  an  open  covering 
of  K  by  adding  a  set  Fjv+i  which  does  not  intersect  the  image  of  the 
set  of  all  zeroes  of  the  dissipation  under  the  canonical  projection  onto 
the  plane  p  =  0.  Let  {ej}  be  a  partition  of  unity  in  K  such  that 
supp  Cj  cz  V j,  let  S0)  be  the  solution  of  the  Hamilton- Jacobi  equation 
with  dissipation  given  by  Theorem  4.2  with  ({/,-,  11Y)  replaced  by 

(Uj,  nv  )  and  let  S{N+i)  be  any  smooth  function  with  the  positive 
imaginary  part. 

N+  1 

Then  5=2  ejS'J)  satisfies  the  Cauchy  problem  for  the  equation  (1 .5) 

3=1 

with  the  Cauchy  data  ( K0 ,  S0). 

This  proposition  is  a  direct  consequence  of  the  following  lemma. 

Lemma  4.2.  Let  5(1)  ( x ,  t),  S{2>  (x,  t),  .  .  .,  5<JV)  (x,  t)  satisfy  the 
relations  F <^.[5(',,]  =  oD(h),  where  D  is  a  smooth  non-negative  func- 
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lion,  the  relations 

S‘j>  -£<*>  =  0D  ( h3,z ) ,  Im  =  0D  ( h 1/2) 

being  also  satisfied,  and  let  elf  e2,  .  .  .,  eN  be  smooth  non-negative 
junctions  such  that  ex  +  •  •  •  +  eN  =  1.  Then 

F&e  IS  e}S<*>]=oD(h). 

3=1 

Proof  is  accomplished  by  induction  on  N.  Let  N  =  2.  Set  %  = 
=  S <2)  -  Sa\  so  %  =  0D  (ft3/2).  We  have 

4r  M'11  +  ^<2’)  =  S?>  +  e2Xt  +  ( h31 2), 

—  (eiSa>  +  e2SlZ>)  =  +  e2Xx  +  (h3/2). 

Set 

5W)  =  Re5‘J>,  Xj  =  Re  X, 

1S,  =  e11S,<‘)  +  e25(2),  St  =  ReS. 

The  expansion  of  al8(Slx,  x,  t ),  d%?p  (iSlx,  if)  and  dft?pp  (N^,  x,  t) 
in  powers  of  Slx  —  *S"ix  gives,  by  virtue  of  the  relation  f^lN11']  = 

-  On  (h), 

F [■S'l  =  %ie2  +  {38  p  (S\xi  x,  t),  %x?2)  +  0D  (h). 

On  the  other  hand,  the  expansion  of  38  (Sfx,  x ,  t),  38  (S(ix,  x,  t) 
and  38pp(Sfx,  x,  t)  in  powers  of  Ml- — ‘S’i*  =  %i*  leads,  by  using 
the  relation  F^[Sa)]  =  0D(h),  to 

Xt  +  (38p  (S\ll,  x,  t),  Xx)  =  0D(h), 

which  implies  that  F g$  [5]  =  0D  (h). 

Now  suppose  that  the  assertion  of  the  lemma  is  true  for  N  =  N0 

del 

and  prove  it  for  N  =  N0  +  1.  We  may  assume  that  e'  —  ex  -)-  .  .  . 
.  .  .  +  eNu  3=  0  (since  the  statement  of  the  lemma  is  of  local  cha¬ 
racter).  We  have: 

fiiVo+l  +  e'  —  1> 

iVo+l  No 

2  ejS{i)  =  eiV„+i<S'(No+1)  +  e'  2  -7-^. 

3= 1  j= 1 


25-01225 
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No 

Since  2  ej/e' =  1,  it  follows  from  the  induction  hypothesis  that 

3= 1 

No 

i=l 

To  complete  the  proof  use  the  result  for  N  =  2. 

Using  the  canonical  transformation  associated  with  the  Hamil¬ 
tonian  Hi  (see  Example  2.1),  we  obtain  the  following  generaliza¬ 
tion  of  Theorem  4.2. 

Theorem  4.3.  Let  Mn+1  be  the  manifold  associated  with  the  family 
{A?},  and  suppose  that  there  is  a  y-atlas  of  Mn+1  which  consists  of 
a  single  y-patch  (Uv,  11*) .  Then  the  function 

S  =  m  +  icD3l2)o(UIy)-\ 

where  <PV  is  the  y-phase  of  the  germ  in  the  zone  Qf  and  c  is  the  same 
as  in  the  dissipativity  inequality ,  satisfies  the  following  Hamilton- 
Jacobi  equation  with  dissipation: 


Sec.  5.  Preservation  of  the  Dissipativity  Inequality.  Bypassing 
Focuses  Operation 

In  this  section  we  shall  prove  Theorems  3.1  and  4.1. 

Lemma  5.1.  Theorem  4.1  is  valid  under  the  conditions  of  Theo¬ 
rem  4.2. 

Proof.  Let  the  germ  (Ao,  ro)  he  dissipative,  that  is 
e0  (a)  D  (a,  0)  <  Im  <pv  (a,  0)  +  c0  (a)  [D  (a,  0)]3/2, 
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where  e0  >»  0  and  c0  are  smooth  functions.  We  wish  to  show  that 
there  exist  such  smooth  functions  e  (a,  t)  >■  0  and  c  (a,  t)  that 

e  (a,  t)  D  (a,  t)  ^  Im  <D7  (a,  t)  —  c  (a,  t )  [D  (a,  t)]5'* 

for  0  ^  t  ^  T. 

Set  as  above 

ii  =  Re  (w  —  %  (z  —  y)), 
h  =  Im  {w  —  %  (z  —  y)), 

ov  =  ol  +  ml 

By  virtue  of  (3.3),  we  have 

^  =  [1(|±J).]|i  +  0dW>  <5.1, 

SO 

l2=A^L+o„m  with 

Taking  the  imaginary  part  of  (4.3)  we  obtain 
4>I  =  —H(p,  5  +  y,  t)  —  (Hp  (p,  q  +  y,  t)  |2)- 

—  {Hp(p,  q  +  y,  t),  gj>  —  <|i,  Hvv  (p,  q  +  y,  t)%2)  — 

2"(ii*  HPV{p,  q  +  y,  t)  ii)4“2"(?2!  Hpp{P,  g  +  y, 

+  {Hp  (p,  q,  t)  -f-  y|2)  +  (Hp,  0D(h)) +  0D  (h3^2).  (5.2) 

It  follows  from  (5.1)  and  (5.2)  that  CPl  satisfies  the  following  dif¬ 
ferential  equation: 

6l  =  G  +  (‘^OL,  g+y),  (5.3) 

where 

G^-Hip  +  tt  +  f,  q  +  y,  t)  +  0D(h3'2), 
f  =  0D(h), 

g  —  Hp{Pi  gi  ty~Hp(P,  q  +  Ti  t ) —  Hpp(p,  g-j-y,  Oil  — 

2 f^pp(P>  ?+y»  t)  lz  =  0D  (hi/2). 

Here  we  have  used  (4.2). 

Denote  by  d/dl  the  vector  field 

4-+(^(£+y).  -|t)- 

25  * 
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With  this  notation  we  can  rewrite  (5.3)  in  the  form 

dd>1  n 
dl  (x' 

Set 

Gi  =  —  H  (p  +  ii  +  /,  q  +  7,  t), 
and  let  if)  be  the  solution  of  the  following  Cauchy  problem: 

=  G ,,  if)  (a,  0)  =  e0  (a)  D  (a,  0). 

Thus,  if  is  defined  on  each  trajectory  of  the  vector  field  d/dl  starting 
from  the  initial  manifold  A§.  Note  that  dt/dl  —  1,  so  if  is  non-nega¬ 
tive  for  t  ^  0.  Furthermore,  if  does  not  decrease  along  every  trajec¬ 
tory  of  the  field  d/dl.  We  shall  see  that  if  may  be  regarded  as  a  “new 
dissipation”,  so  the  following  estimates  are  valid: 

if  (l,  t)  ^  cx  (a,  t)  D  (a,  if),  (5.4) 

D  (a,  t)  ^  c2  (a,  t )  if  (a,  t). 

Here  we  encounter,  however,  some  difficulty,  because,  in  general, 
if  is  not  defined  everywhere  (the  trajectories  of  the  field  d/dl  need 
not  be  continuable).  Therefore,  we  localize  the  situation  as  follows: 
by  Note  3.3  it  is  sufficient  to  prove  the  dissipativity  inequality  in 
a  neighbourhood  of  an  arbitrary  point  (a„,  t0).  Moreover,  only  the 
case  D  (a0,  t0)  =  0  is  to  be  considered,  as  otherwise  the  dissipati¬ 
vity  inequality  holds  obviously. 

The  trajectory  of  the  field  d/dl,  starting  from  a  point  (cc0,  t0) 
with  D  (a0,  t0)  =  0  coincides  for  0  ^  t  ^  t0  with  that  of  the  field 
d/dt.  Furthermore,  we  note  that  each  point  of  a  sufficiently  small 
neighbourhood  u  of  (a0,  t0)  lies  on  a  trajectory  of  the  field  d/dl 

starting  from  A3.  In  fact,  let  a  =  a  ( t )  be  the  trajectory  of  d/dl 
passing  through  the  point  (%,  £x),  let  a  —  a  ( t )  be  the  trajectory 
of  d/dl  starting  from  (a0,  0),  and  let  S0  be  a  positive  number  such 
that  a  ( t )  is  defined  for  0  ^  ^  t0  +  S0  (note  that  a  ( t )  =  a0  for 

JO  ^  t  ^  t0).  Denote  by  V  the  closed  domain 

0  t  t0  80,  |  a  —  a  (l)  |  ^  6, 

and  let 

c  =  max  |  Fa  (a,  t)  |,  where  F  (a,  t)  =  ~ . 

Since  dt/dl  —  1 ,  we  have 

-^  =  F(a(t),t),  ^  =  F{a(t)ft), 
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SO 

(t))  <c|a(i)-a(<)| 
for  t  with  (a  ( t ),  t)  6  V.  It  follows  that 
|  a  (t)  —  a(t)  |^|  a4  — a  (fj)  |  edi-ui. 

This  estimate  implies  that  the  trajectory  a  =  a  (t)  does  not  meet 
the  boundary  of  V  for  0  <  t  <  t0  +  8  if  u  is  sufficiently  small. 
The  same  argument  shows  that  all  segments  of  trajectories  of  dldt 
(that  is,  the  lines  a  =  const)  starting  from  Ag  and  finishing  at  u 
lie  in  the  range  of  definition  of  iji. 

Now  we  prove  that  (5.4)  holds  in  U.  We  have 

—  H  ( p ,  q,  t)=SCGi  +  |<#p(p  +  ii  +  /,  ?  +  Y>  t),  £j)  |  + 

+  \{Stq(p+h+f,  ?+r.  *)»  y>I+c3z)< 

<G1  +  C4|fi?(p  +  |1  +  /,S-f-Y,  t)  |1/2  ( I  li  1  +  I  Y  I  )  + 
c3D  ^.cs(Gl-\- D),  (5-5) 


where  c3,  c4,  c5  are  smooth  functions  of  a  and  t.  Since 
g  =  0D(hi/2),  °£-  =  0D(hi/2), 

y  =  MBp  +  0D(hW), 

where  M  is  a  smooth  matrix  function,  and 

it  follows  that 


As  is  seen  from  Lemma  2.1, 

^i)^c9(aii  L)  (^(a>  0)  +  j 

L(ai,  tp 

<c10(a,  f)(e0(ai)£)(a,,  0)+  J  Gidt)  =cu  (ait  tt)  if  (a4,  tt), 

L(ai,  ti) 


where  L  (alt  4)  is  the  segment  of  a  trajectory  of  d/dl  starting  from 
A"  and  finishing  with  (ax,  1 4).  This  proves  the  second  estimate 
in  (5.4). 
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On  the  other  hand, 


<Gt  +  clzr/2  (DU2  + 1 H  |  1/2)<c13  (G,  +  xp  +  D). 
The  calculation  similar  to  that  in  (5.5)  shows  that 
G1=  -H(p+ll  +  f,  q  +  yi  t)<Cii(-H  +  D). 

By  Lemma  2.1  we  obtain  from  (5.6)  and  (5.7): 

t 

ij)(a,  0<c15  (D(a,  0)  —  J  R  dt)  =  cl5D(a,  t), 

o 


(5.6) 

(5.7) 


and  (5.4)  is  proved. 

Now  we  are  able  to  obtain  the  required  inequalities  for  <D$. 
We  have 


dW-cpf) 

dl 


=  0D(h*!*), 


’H«i,  *i)  —  <I>I(ai,  iiXl'Kai,  0)  — (oc„  0)|  + 

4-  M  i  («i,  f4)  j  Z)3/2d*<|e0(a)Z)(a1,0)— 0>I  (o^,  0)|  + 

L(a,  t) 

-\-M2(autf)  j  \| )3/2df^ 

L(a,  <) 

<|e0(ai)G(a1>  0)  —  ^(aj,  0)  H-M3(aj,  t{)  x 
X[f  («„  «i)]<c0(a1)  P(«i,  0)J3/2  + 

+  Mk  (olt  ZO  [£>  (a„  Z4)]3/2<c  («i,  tj)  [D  (a,, 

Thus, 

—  D<ii)<(Dl  +  cD3/2. 

c2 


The  lemma  is  proved. 

Note  5.1.  In  the  same  way  it  can  be  proved  that  Theorem  4.1 
is  valid  under  the  condition  of  Theorem  4.3. 


Corollary.  Theorem  4.1  is  valid  if  At  cz  for  any  t  (with  I  being 
independent  of  t). 

Proof.  Let  L  :  {a  =  a„,  0  ^  t  ^  T)  be  a  segment  of  the  tra¬ 
jectory  of  dldt  starting  with  oe0  6  Aft.  Then  there  exist  such  numbers 
t0,  tx,  .  .  .,  tN  with  0  =  t0  <  t±  <  t2  <  ...  <  tN  =  T  that  the 
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segment  Lj  of  L  corresponding  to  [ tj^,  tj ]  lies  in  Uj,  where  (Uj,  11^) 
is  a  7-patch  of  Mn+1,  ITy,  (a,  tf  —  ( q  (a,  t)  -f-  7 j  (a,  t),  t).  By 
Note  5.1  we  can  choose  smooth  functions  ex>0  and  cx  in  such  a  way 
that  the  dissipativity  inequality 

&XD  <  +  Clo3/2 

holds  in  a  neighbourhood  of  Lx  in  ATl+1. 

Since  the  property  of  a  germ  to  be  dissipative  does  not  depend 
on  the  choice  of  a  7-atlas  (we  have  proved  this  in  the  case  of  a  7-atlas 
consisting  of  patches  of  the  same  zone),  we  conclude  that  the  dissi¬ 
pativity  inequality 

e'Z><Og+C;  Dm 

with  some  e'  and  c\  holds  in  a  neighbourhood  of  (a0,  t x).  It  follows 
from  Note  5.1  that  there  exist  smooth  functions  s2  >  0  and  c2 
such  that 

e2D^O)Jl+c2D3'2 

in  a  neighbourhood  of  L2  in  Mn+1,  and  so  on. 

Now  let  us  return  to  Theorem  3.1.  Suppose,  for  the  sake  of  simpli¬ 
city,  that  a0  6  T  belongs  to  the  intersection  of  a  non-singular  patch 
of  the  non-singular  zone  with  a  non-singular  patch  of  Qj,  and  let 
the  dissipativity  inequality  for  the  non-singular  zone 

&D  <  ®2  +  cD3'2 

with  some  e  and  c  hold  in  a  neighbourhood  of  a„.  We  have  to  show 
that  the  dissipativity  inequality  for  the  zone  Q/ 

e'T><(Di2  +  c'D3/2  (5.8) 

with  some  e'  and  c'  holds  in  a  neighbourhood  of  a0. 

Let  gnI  be  the  canonical  transformation  considered  in  Exam¬ 
ple  2.1,  and  let  O  (a,  t)  be  the  phase  on  An.  Then  O/ (a)  = 
=  <X>  (a,  n/2).  If  the  matrix  d  ( q  (a,  if)  +  z  (a,  t))/da  is  non-dege¬ 
nerate  for  a  =  a0  and  0  ^  f  ,  then  the  validity  of  (5.1)  fol¬ 
lows  from  the  corollary  to  Lemma  5.1. 

If,  however,  for  t  6  (0,  n/2)  the  image  of  a0  by  the  canonical 
transformation  gHI  is  a  zero  of  the  Jacobian  D  (q  +  z)lDa  (such 
a  point  (a0,  t)  is  said  to  be  focal),  then  the  above  argument  fails. 
Note  that  even  if  the  transformation  g^2  (which  is  the  rotation 
through  90°  of  some  axes  in  the  phase  space)  were  embedded  in  the 
family  of  canonical  transformations  gn  associated  with  another 
Hamiltonian  function  H,  then,  nevertheless,  the  trajectory  of  the 
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Hamiltonian  vector  field  d/dt  starting  with  a0  would  be  sure  to  have 
focal  points. 

It  turns  out  that  this  difficulty  can  be  avoided  by  using  some 
other  rotations  of  axes.  This  method  will  be  called  “bypassing 
focuses  operation”. 

Definition  5.1.  Let  a0  f  T  c  A"  belong  to  the  intersection  of  a  non¬ 
singular  patch  of  the  zone  QK  with  a  non-singular  patch  of  the  zone  Q;. 
A  real  Hamiltonian  function  H  will  be  called  a  bypassing  focuses 
Hamiltonian  associated  with  the  point  a0  and  the  pair  (K,  I)  if  the 
following  conditions  are  satisfied: 

(i)  det  CK  (a,  t)  =f=  0  for  0  ^  t  ^  -2- , 

(Jl  \ 

a,  ~yj  =  d>/  (a)  in  a  neighborhood 

of  a0,  where  CK( a,  t),  and  0K(a,  t)  are  the  matrix  introduced  in  the 
definition  of  p-action  and  the  phase  in  the  zone  Qj  of  g'nA”,  respecti¬ 
vely. 

Theorem  5.1.  Let  a0  6  F  belong  to  the  intersection  of  a  non-singular 
patch  of  the  non-singular  zone  with  a  non-singular  patch  of  the  zone 
Qj,  and  let  O  satisfy  a  dissipativity  inequality  in  a  neighborhood  of 
a0.  Then  there  exist  an  orthogonal  matrix  u  =  {ulj)i  and  a  dia¬ 
gonal  matrix  s  =  (eij)i  with  e;i  s,  =  ±1  such  that  the 
function 

H  =  y{(Pj,  u~l£uPj)  +  (9j,  u~ieuqj)}  (5.9) 

is  a  bypassing  focuses  Hamiltonian  associated  with  a0  and  (d>,  I),  the 
image  of  a0  by  gn  belonging  to  a  non-singular  patch  of  the  non-singu¬ 
lar  zone  of  gn An  for  t  6  ^0,  . 

Proof.  To  simplify  the  notation  we  shall  renumber  the  coordinates 
in  the  phase  space  so  that  I  should  be  equal  to  {1,  .  .  .,  k).  Set 

A  (a)  =  paq~al  =  pq, 

then  A  (a)  is  symmetric.  Denote  by  A<h)  the  left  upper  block  of  A. 
Choose  an  orthogonal  matrix  u  so  that  the  matrix  uA^u-1  is  dia¬ 
gonal,  and  a  diagonal  matrix  with  su  =  ±1  so  that  the  condition 

suA  {h)u  -1  ^  0 

is  satisfied.  Define  the  n  X  n  matrices  u  and  s  by 
■  u  0\  „  / s  0\ 

W=  (o  1/  ’  8  =  \0  1/  ' 
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Let  us  consider  the  canonical  transformation  g  generated  by  the 
orthogonal  operator  u  in  R£.  This  transformation  is  given  by 

p'  (a)  =  up(a),  q'  (a)  =  uq  (a), 

w'  (a)  —  uw(a),  z'  (a)  —  uz  (a), 

D'(a)  =  D(a),  E'{a)  =  E(a) 

(we  mark  off  functions  on  gAn  by  ').  We  have: 

cl>' (a)  =  <P(a),  C'i—uCj,  Bx  —  uBx,  ex  =  usxu~1, 

in  particular,  the  image  of  a0  by  g  belongs  to  Q  f|  Qj.  It  is  obvious 
that  the  function  (5.9)  is  a  bypassing  focuses  Hamiltonian  associated 
with  a0  and  (Q,  Qx)  if  and  only  if  the  function 

II'  =y  (<jPi>  &Pi)  +  <?i<  e?7»  (5-10) 

is  a  bypassing  Hamiltonian  associated  with  ga0  and  (H,  Qj).  There¬ 
fore,  we  shall  omit  strokes,  assuming  from  the  outset  that  Ah  is 
diagonal  and  putting  u  =  1  in  (5.9). 

On  solving  the  Hamilton-J acobi  system  and  the  system  (2.4) 
correspoding  to  the  Hamiltonian  function  (5.10)  we  obtain 

Pj  (a,  t)  —  Pj{ a)  cos  t  —  zqj  (a)  sin  t ,  px  (a,  t)  =  px  (a) , 

qj  (a,  t)  =  qj  (a)  cos  t  +  epj  (a)  sin  t,  qx  (a,  t)  —  qx  (a), 

Wj  (a,  t)  =  wj(a)  cost  —  ezj(a)sinf,  wx  (a,  t)  =  ivx(a ), 

Zj  (a,  t)  =  Zj  (a)  cos  t  +  (a)  sin  t,  zT  (a,  t)  —  zx  (a). 

It  follows  that 

Pj  (a,  n/2)  =  —  eqj  (a) ,  (a,  n/2)  =  —  ez3  (a) , 

g,  (a,  n/2)  =  epT  (a),  Zj  (a,  n/2)  =  swj  (a), 

(w  (a,  n/2),  z(a,  n/2))  =  (  — ezj(a),  eu7j(a))  +  (zaj(a),  zx(cc)}  = 
=  — (zj(a),  zaj(a))  +  (iz;J(a),  zx  (a))  =  (m (a),  z  (a)),.  (5.11) 
Set  P  —  p-j-zzz,  (?  =  g  +  z-  Then 
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In  the  same  way  we  obtain 
B  (a,  n/2)  =  eBr  (a). 
Therefore 

g  (a,  jt/2)  =  egj  (a)  e. 

By  noting  that  s2=l,  we  obtain 


h  (a,  n/2)  =  y  (z  (a,  jt/2),  g  (a,  n/2)  z  (a,  jt/2))  = 


l  /-  K(a)\ 

=  2\8  U(«)j’ 


iaji 


“7  («) 


,  8r(«) 


W1  (a)\\ 
T(«)  // 


2  \  Ur  (a) 

We  also  have 

Jt/2 

s(a,  n/2)=«(a)  +  y  J  {{pj(a,  t),  epj  (a,  x))  — 


hr  (a). 


(5.12) 


—  t),  e(/j(a,  t))}c/t  = 

Jt/2 

=  s(a)  +  y  ^  {(Pj(a)  — gj(a),  e(/>j( a)  — ?j(a)))cos2x- 
o 

—  2(pj(a),  qj(ai)  sin  2x)}  dt  = 

=  «(«)  — <Pr(«).  gj(«))  =  «r(a). 


Since  the  potential  is  independent  of  the  first  assertion  of  the 
proposition  is  proved. 

Now  it  is  easily  seen  that 

(h  0  \ 

C(a,  t)  =  I  1  ^  l(Ccost+ eC/sin  it), 

V  siru-j-cost  1  / 


where  ly  is  the  identity  k  X  k  matrix  and  lr  is  the  identity  (re  —  ft)  X 

X  ( n  —  k )  matrix.  Hence  for  any  -?r]  ,  the  matrix  C  (a,  t) 

is  non-degenerate  if  and  only  if  C  (a)  cos  t  +  eCi  (a)  sin  t  is  non¬ 
degenerate. 

We  are  thus  led  to  the  criterion:  H  is  a  bypassing  focused  Hamil¬ 
tonian  if  and  only  if  the  matrix  eCj  (a0)  C~l  (a0)  has  no  negative 
eigenvalue. 
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We  have 

(dj± 

zCfi-1  =  I  dQJ  J  .  (5.13) 

\  0  1  / 

Denote  by  %''h)  the  upper  left  h  x  k  block  of  %  (a0): 

OP- 

By  (5.13),  it  is  sufficient  for  non-existence  of  negative  eigenvalues 
of  eCjC  1  |a=ao  that  sS<h>  have  no  negative  eigenvalue  because 
the  spectrum  of  the  latter  matrix  contains  that  of  sCI(a0)C]1  (cx0). 
In  fact,  let  x  be  the  left  eigenvector  of  eCj  ( a0 )  C-1  (a0)  belonging 
to  an  eigenvalue  X,  then 

XjE&h>  =  XXj, 

dp- 

XIE  ~dQ^  («0)  XI  = 

Note  that  Xj^=  0,  for  otherwise  the  latter  equation  implies  that 
Zi  =  0,  so  x  =  0.  Thus,  Xi  is  the  left  eigenvector  of  belon¬ 
ging  to  the  eigenvalue  X. 

Similarly,  for  the  matrix  qa  (a,  t)  to  be  non-degenerate  when 
t  6  [o,  -^-J ,  it  suffices  for  the  matrix  EAih)  to  have  no  negative  eigen¬ 
value.  The  last  is  ensured  by  the  choice  of  e.  We  shall  show  that 
the  same  choice  of  e  ensures  that  E§<h)  has  no  negative  eigenvalue 
either. 

Let  us  accept  the  following  agreement:  for  the  rest  of  the  proof 
all  differentials  in  question  are  taken  at  a0.  Let  E 0  be  the  subspace 
of  R”  consisting  of  all  vectors  annihilating  d?D.  Then  the  relations 
z  —  0D  (h1/2)  and  w  —  0D  (h1/2)  imply  that  dz  |e0  =  0  and  dw  |e0  = 
=  0.  In  fact,  let  f  —  0D  (h1/2)  be  a  real  function,  then 

d*f2  (u)  =  2  [df  (u)]2 

for  each  u.  Since  /2  ^  cD  and  /2  —  cD  has  a  maximum  at  a0  it 
follows  that 

d2/2  —  cdH)  <  0, 
hence 

[df  (u)]2  ^  const  d2D  (a), 
which  implies  immediately  that 
(u  £  E0)  =>  (df  ( u )  =  0). 
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Now  suppose  that  eg<ft>  has  a  negative  eigenvalue: 

sg<ft)  {u  +  iv)  =  —  X  (u  +  iv),  (5.14) 

where  X  0.  Rewrite  (5.14)  in  the  form  of  a  system  of  two  equa¬ 
tions: 

%<ii)v  +  g(it)U=  -XevJ 

where  g(ih)  and  &P  are  the  real  symmetric  matrices  defined  by 
jg(2!).  Multiplying  the  first  equation  by  v  and 
subtracting  it  from  the  second  one  multiplied  by  u  we  obtain 

u)  +  )v,  V)  =  0.  (5.15) 

Let  us  choose  q  as  local  coordinates  at  a0.  Then  d2<J>2  (u)  =  (g2u,  u )• 
By  the  dissipativity  inequality, 

d2< D2  >  cd2D  >  0, 

where  c  is  a  positive  number.  If  u '  £  R”  and  v’  £  Rn  are  defined  by 
it-)  =  u,  v'j  —  v,  u’j  =  0,  v'i  =  0, 

then 

(g (2ft)u,  m)  =  d2 <Da  («')  >  cd2£>  («')  >  0, 

(g(2°y,  y)  =  d20>2  (y')  >  cd2D  (y')  >  0. 

Hence  (5.15)  implies  that 

<g(2°u,  U)  =  (g(2ft)y,  y)  =  0,  (5.16) 

w'  6  E0,  v'  £  E0. 

Since  g(2ft)  ^  0,  it  follows  from  (5.16)  that  g =  g(2ft)y  =  0; 
hence  u  +  iv  is  an  eigenvector  of  the  real  matrix  eg(ft)  belonging 
to  the  eigenvalue  —X.  At  least  one  of  the  two  real  vectors  u  and  v 
must  be  non-zero.  Let,  for  example,  u  0.  Then 

g(ft)u  =  -eXu,  u  £  E0.  (5.17) 

Let  us  show  that 
g<&>  u  =  A(h)u. 

We  have 

C  (a0)  u'  =  [1  +  zq  (a0)l  u'  —  u'  +  dz  (u')  =  u', 
hence  C-1  (a0)  u'  =  u' .  Next, 

g  (a0)  u'  —  B  (a0)  C_1  (a0)  u'  =  B  (a0)  n'  = 

=  (a0)  w'  4-  dw  (u')  =  pq  (a0)  it'. 
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Since  uj  =  0,  we  obtain 
f.P?  K)  u'h  =  A(h)u 

and 

[g  («<,)«'  ]j=  %^u. 

It  follows  from  (5.17)  and  (5.18)  that 
A,h)u  =  — ehu, 

contrary  to  the  condition  sA(h)  ^  0.  The  theorem  is  proved. 

Corollary.  Let  a0  (  T  belong  to  the  intersection  of  a  non-singular 
patch  of  Q,k  with  that  of  the  phase  d>K  satisfying  at  a0  the  dissipa- 
tivity  inequality 

eD  ^  Im  CD#  +  cDs,“. 

Then  there  exist  smooth  functions  ex  >  0  and  cx  such  that  the  dissi- 
pativity  inequality 

<  Im  (Dz  +  cj)3'2  (5.19) 

holds  in  a  neighborhood  of  a0. 

In  fact,  in  the  case  with  K  =  0  this  statement  is  a  direct  corol¬ 
lary  of  Lemma  5.1  because  a  bypassing  focuses  Hamiltonian  exists. 
The  general  case  can  be  reduced  to  that  with  K  —  0  by  applying 
the  canonical  transformation  where  ffK  is  the  same  as  in  Exam¬ 
ple  2.1. 

Now  let  us  turn  to  the  singular  patches  case.  Our  treatment  de¬ 
pends  on  the  following  observation:  the  image  of  a0  £  A”  by  an 
appropriate  “small”  canonical  transformation  is  in  a  non-singular 
patch  of  the  zone  Qj  for  every  I.  To  state  this  result  more  precisely 
we  introduce  the  following  definition. 

Definition  5.2.  A  point  a0  of  a  Lagrangean  manifold 

A"  =  {q  =  q  (a),  P  =  P  (a)} 

is  said  to  be  non-singular  with  respect  to  the  canonical  projection  onto 
the  coordinate  plane  pi  =  0,  q-j  =  0  of  the  phase  space  if 

D  Lu,  Pi)  _^0, 

Da  a— at) 

i.e.,  if  the  mapping 

a-+(qi(a),  pi  (a)) 

is  a  diffeomorphism  of  a  neighborhood  of  a0. 
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Proposition  5.1.  Let  A.  be  a  Lagrangean  manifold.  Then  for  any 
a„  6  A  and  sufficiently  small  positive  t,  the  point 

SlHao  6  glHA,  where  #  =  |-(P2  +  92)> 

is  non-singular  with  respect  to  the  canonical  projection  onto  the  coor¬ 
dinate  plane  qj  =  0,  pi  =  0  of  th-  phase  space. 


Note  5.2.  Proposition  5.1  remains  valid  if  II  is  any  Hamil- 
tonian  function  with  —g^_~dpi '  (P  (ao)>  9  (ao))  i>  0. 

This  result  is  essentially  the  same  as  the  known  lemma  of  M. 
Morse  which  states  that  focal  points  of  a  submanifold  of  a  Rieman- 
nian  space  corresponding  to  a  geodesical  are  isolated  in  R. 


Proof  of  Proposition  5.1.  It  suffices  to  check  the  result  for  I  —  0. 
In  fact  we  have  the  following  commutative  diagram 


A 


n/2 
811 1 


A' 


4r 


At 


n/2 


t 

Sh 

V 


■> 


where  Hi  is  the  Hamiltonian  function  introduced  in  Example  2.1. 
Since  gfj2  sends  (p,  q)  £  R2*  into  (p\  q')  with  p'  =  ( pu  —qj), 

q'  =  (gj,  pj),  the  point  g^a0  6  glHA  is  non-singular  with  respect 
to  the  canonical  projection  onto  the  plane  pi  —  0,  qj  =  0  if,  and 
only  if,  the  point  (g^°g§/2)  a0  €  A\  is  non-singular  with  respect 

to  the  canonical  projection  onto  the  plane  p  —  0. 

So  let  7  =  0  and  let  At  be  given  by  p  —  p  (a,  t),  q  —  q  (a,  t). 
We  have  to  show  that  the  matrix  dq  (a,  t)/d a  is  non-degenerate  for 
a  —  a0  and  sufficiently  small  positive  t.  We  have 


Set 


dq  (a,  t)  dq  (a) 

cos  t  -j- 

.dpja\  sin  t  =  cos  t  ( 

'  dq  (a)  . 

d  a 

da 

da  \ 

i  da 

dq  (a) 

dp{a) 

■  1  =B, 

da 

a=ao 

da 

|a=ao 

tan  t  = 

Unt^-) 

da  / 


Thus,  what  we  have  to  show  is  reduced  to 
det  (C  +  MB)  ¥=  0 
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for  small  positive  X.  Let  rank  C  —  k.  We  may  assume  without  loss 
of  generality  that  the  first  k  rows  of  C  are  linearly  independent. 
Then  the  matrix 

Idqi/d  a  \ 

W5a  /  a=ao 

with  I  =  {1,  2,  .  .  k}  is  non-degenerate  (cf.  the  proof  of  Lem¬ 
ma  2.4).  Choose  q j,  pj  as  local  coordinates  in  A  at  a0.  Then  we  can 
express  B  and  C  in  the  form 


(  dpi 

I  dll 

\o 


0 

0 


(for  the  rest  of  the  proof  the  argument  a0  will  be  omitted  everywhere), 
so  non-degeneracy  of  C  +  XB  is  equivalent  to  that  of 


M(K)  = 


Since  M  (A,)  is  continuous  at  0,  it  is  sufficient  to  check  that  M  (0) 
is  non-degenerate.  Let  Sj  (q:,  pj)  be  a  generating  function  of  the 
Lagrangean  manifold  A  (an  s-action): 


<1-1  =  - 

dsT 
dPj  ’ 

ii 

Then 

dPi  _ 

dql 

d2sr 

dPj 

<J<h  dPj  ’ 

dqj 

dPj  dqi 

so  to  complete  the  proof,  it  suffices  to  apply  the  following  result: 


Lemma  5.2.  Let  A  be  an  m  X  n  matrix.  Then  the  matrix 


1  A\ 
—  lA  l) 


is  non-degenerate. 


Proof.  Suppose  that  this  is  not  the  case  and  let  u  be  a  non-zero 
vector  such  that  Au  —  0.  Write  u  in  the  form 
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with  £  R",  u2  6  Rm.  Then 

+  Au2  —  0,  — tAu1  +  u2  —  0, 
which  implies  that 

(Ux,  U2)  =  — (yl^Wx,  Ml)  =  — CAUl,  tAu1). 

Thus  zix  =  0,  contradicting  the  assumption  u  =£  0. 

Proof  of  Theorem  3.1.  We  can  now  give  the  promised  proof  of 
Theorem  3.1.  We  have  to  show  that  if  a„£r  is  in  the  intersection 
of  two  patches  (uy,  ny)  and  (uy,  ny)  of  types  ( K ,  F)  and  (I,  F'), 
respectively,  <J>j£  satisfying  a  dissipativity  inequality  in  a  neigh¬ 
borhood  of  a0,  then  there  are  e  >>  0  and  a  such  that 

eD  <  Im  Of  +  cD3/2 

near  a0. 

Let 

s0  (a)  D  (a)  <  Im  Ok  (a)  +  c0  (a)  [ D  (a)]3/2 

l 

in  a  neighborhood  of  a0.  Set  H  —  -y  (p2  +  q2)  and  consider  the 

canonical  transformation  gn,  where  t  is  so  small  that  the  image  of 
a0  under  gn  is  in  the  intersection  of  a  non-singular  patch  of  Q/c 
with  that  of  Qj  (such  a  t  exists  by  Proposition  5.1),  being  yet  in  the 
intersection  of  a  patch  of  type  ( K ,  F)  with  that  of  (/,  F').  Then  for  a 
near  a0  we  have 

e1  (a,  t)  D  (a)  ^  Im  0\  (a,  t)  -f  cx  (a,  t)  ID  (a)]3/2 
by  Lemma  5.1; 

e2  (a,  t)  D  (a)  ^  Im  0K(a,  t)  -f  c2  (a,  t)  [D  (a)]3/2 
by  Lemma  3.4; 

e3  (a,  t)  D  (a)  Im  Oj  (a,  t)  +  c3  (a,  t)  ID  (a)]3/2 
by  the  corollary  to  Theorem  5.1; 

e4  (a,  t)  D  (a)  ^  Im  O]  (a,  t)  +  c4  (a,  t)  ID  (a)]3/2 
again  by  Lemma  3.4;  and  finally, 

8  (a)  D  (a)  ^  Im  Oj  (a)  -f  c  (a)  ID  (a)]3/2 

by  Lemma  5.1  with  gn  replaced  by  gtH  which  coincides  with  gjj. 
Theorem  3.1  is  proved. 

Proof  of  Theorem  4.1  is  similar  to  that  of  the  corollary  to  Lem¬ 
ma  5.1,  we  need  only  replace  Proposition  5.1  used  there  by  this 
corollary,  Lemma  3.4  by  Theorem  3.1  and  consider  zones  instead 
of  patches.  Details  may  be  left  to  the  reader. 


CH.  IV.  GENERALIZED  HAMILTON- JACOBI  EQUATIONS 


401 


Sec.  6.  Solution  of  Transfer  Equation  with  Dissipation 

We  have  before  by  numerous  examples  illustrated  the  role  that 
Jacobians  and  transfer  equations  play  in  asymptotic  expansions 
and  geometric  constructions.  Here  we  shall  solve  the  transfer  equa¬ 
tion  in  the  general  situation  corresponding  to  a  Lagrangean  mani¬ 
fold  with  a  complex  germ. 

First  of  all  we  introduce  the  notation  g  =  Of  (ha)  for  functions 
dependent  on  the  parameter  h. 

Definition  6.1.  Let  f  ( x )  be  a  smooth  non-negative  function  and  lei 

)0 

g{x,  h)=  2  gj(x)h3/2. 

3=0 

Then  we  write  g  =  Of  (hv)  if  g}  —  Of  (hv~j/2)  for  j  2v. 

1 1  is  clear  that 

Of  (/A1)  Of  (hv*)  =  Of(hVi+v>), 

Of  (/ivi)  +  Of  (hVi)  =  Of  (hminlvu  V2}) 

1  /2 

and  that  any  polynomial  g  in  h  with  coefficients  smoothly  depen¬ 
dent  on  x  is  at  least  Of  ( ha ). 

Definition  6.2.  We  write  g  =  Of  (hv)  if 
g  =  h-k/20D(hv+ ~) 

for  a  non-negative  integer  k.  This  notation  makes  sense  even  if  v  is 
negative. 

Let 

s  ( x ,  t)  =  Sj  (x,  t)  -f-  is2  ( x ,  t) 

be  the  solution  of  the  Hamilton-Jacobi  equation  with  dissipation 
given  in  Theorem  4.2.  Thus  we  consider  the  following  object  to  be 
given:  a  family  {A?,  r”}  of  Lagrangean  manifolds  with  complex 
germ  and  the  corresponding  to  this  family  diffeomorphism 

IL,  :  (a,  t)  ->  ( x ,  t) 

which  allows  us  to  regard  x,  t  as  coordinates  in  the  (n  +  l)-dimen- 
sional  manifold  {A"}.  As  before,  differentiation  with  respect  to  t 
with  fixed  a  will  be  denoted  by  ~  or  by  the  point  over  the  symbol 

of  a  function,  while  that  with  fixed  x  will  be  denoted  by  or  by 
the  subscript  t. 
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Now  we  introduce  a  class  &  of  differential  operators  which  will 
be  regarded  as  “perturbations”. 

Definition  6.3.  We  say  that  a  differential  operator 

io 

=  2  ai  (a>  t'  [~daf ) 

li|=o 

dependent  on  the  parameter  h  belongs  to  the  class  II  if 

aj  —  0D  (h  1;12~1  )  +  ( Sp(p(a ,  t),  q( a,  t ),  t),  Od  [h  + 

+  h1/20D  [h  2  )  for  |;|>1 

and 

a0  =  GD(h1/2)  +  {Hp,  &D(h°)). 

t 

Set  j  /  (a,  t)  dx  —  If  (a,  t).  The  following  shows  why  it  is  natural 

o 

to  regard  operators  belonging  to  II  as  “perturbations”. 

Lemma  6.1.  For  any  Jb  £  H  there  exists  an  integer-valued  junction 
n  (r,  s)  of  two  non-negative  integer  variables  such  that  the  following 
conditions  are  satisfied'. 

(i)  A(IAY^^-  =  GD(h^L)  ; 

(ii)  lim  n(r,  s)=  -f  o o. 

T-rOO 

Proof.  Let  A  £11.  Then  there  is  an  0  such  that 
AOD  ( hs/ 2)  =  h~l/20D  (h~^~ ) 

and  the  operator  I A  can  be  represented  as  A  +  B,  where 

/  S+H-  1  \ 

A0D(hs/2)-^h~l/20D  [h  2  ), 

BOn(k"2)~\h''Z°^h~^  tM  S>1 
[  h1,20D(h°)  for  s  =  0. 

This  partition  of  I A  corresponds  to  the  natural  partition  of  ap 

aj  —  ai  +  ai  i 

/  ^  \ 

aJ  =  0DU  2  )+(&„,  &D(hw% 

t  i£b±\ 

a-  =  hi,20D\h  2  /, 
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the  estimate  of  A  being  obtained  by  noting  that 

J  i 

(Sp,  % )dt  <c(a,  t)[D(a,  *)]v  j  \Hp\dt^ 


l 

(a,  t)[D(a,  t)[D(a,  *)]  + 


holds  for  each  vector-function  %  (a,  t)  =  0D  ( hv ). 

Consider  the  operator  (A  +  B)r .  We  have 

J7  P(l)  P(k)  p(h+ 1)  P(r)def 

(A  +  B)  =  22  B  ...  B  A  „J=SCM, 

k—0  p£G  h,  p 

where  G  is  the  group  of  all  permutations  of  {1,  .  .  r}.  It  is  easily 

seen  that 


I  (1  +lXr-h)+s-h 

,  max  — — -  ,  0 

h  2 


>). 


It  follows  that 


C  <W/2)  Q  ( 

Lh’P — ^71 - n  Ud\ 

for  ’  r->s’  and 


(l+i)(r-ft)+8-h 


)  =0D  (  ^2(1+2)) 


^  0D(h°/2)  u- 

p— ^72 —  ~n 


l(r-k)+s-k 


2  oD(h°)=e 


3D(hW+v) 


for  ,  r.>s.  At  last  for  r^s,  we  have 

l  “J-  Ct 

Ck,P^p-=^OD(h0). 

Thus,  one  may  put 

0  for  r^s, 

n(r, 


",  s)  =  | 


[t+t  ]  for  r>s’  Q-E-D- 


Definition  6.4.  Any  function  jx  (r,  s)  satisfying  the  conditions  (i) 
and  (ii)  of  Lemma  6.1  will  be  called  a  & -function  of  Jb.  The  small¬ 
est  non-negative  integer  l  with  the  property 

JOD  ( hs/ 2)  =  h~l/20D  { h ^ ) 
will  be  called  the  type  of  Jb. 
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Problem  6.1.  Let 


A=  %  }ri°D 
li|=o 


U  2  )  (■ 


T+s  w„w »  )  (-k)1- 

Ul=2 


Then 

Mr'  S)  {  2r  s  — 4  [—3—  ]  for 


is  a  # -function  of  A ;  here  lx]  denotes  the  greatest  integer  not  excee¬ 
ding  x,  and  {a;}  —  x  —  [as].  In  particular,  n  ( r ,  0)  ^  1. 

Given  a  Hamiltonian  function  3$  ( p ,  q,  t),  a  solution  s  (x,  t)  of 
the  Hamilton-Jacobi  equation  with  dissipation  corresponding  to  <Sf8, 
a  smooth  function  g  (p,  q ,  t)  and  an  operator  A  6  the  following 
relation  will  be  called  the  transfer  equation  with  dissipation  in  the 

order  approximation: 

9 t  ~h  (<$$ p  (S tx>  x 1  t)  4-  iSS pp  {S IX,  x,  t)  S2x,  9*)  4" 

4"  |  "g-  tr  [SSpp  (•S'jk,  x,  t)  Sxx]  g  (Slx,  x,  t)  4-  A  |  cp  = 

=  0S2(hN/2).  (6.1) 


We  shall  consider  only  those  solutions  of  the  transfer  equation  with 
dissipation  which  have  the  form  cp  =  h~m/2Os.i,  ( hm/ 2),  where  m 
is  a  non-negative  integer. 

The  relation  (6.1)  with  the  right-hand  side  replaced  by 

0fit(ft1/2)+{Os1W)  Hr  (Six,  x,  t)) 

will  be  called  the  transfer  equation  with  dissipation  in  the  zero 
approximation.  Recall  that 

Hp  (Slx,  x,  t)  =  0s2  ( hi,s ) 
for  t  >■  0. 

For  convenience  we  shall  identify  cp  (a,  t,  h)  by  the  diffeomor- 
phism  Uy  with  a  function  (dependent  on  the  parameter  h)  on  the 
(n  +  l)-dimensional  manifold  (A”}.  Since 

9<  =  <P  —  (9  +  V.  9*>  =  9  —  ((?a  4-  Ya)_1  (HP  +  y),  9a) 
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and 

Sx  =  p  4  w  —  %  (z  —  y)  4  ul7 

S  xX  ~  ^  “P  ^2» 

3SV  (Slx,  x,  t)  =  SEV  ( p ,  q,  t)  +  S8PP  (p,  q,  t)  X 
X  (co  —  e  (z  —  7))  4-  SSpq  ( p ,  q,  t)  y  +  u3, 

(Six,  X,  t)  =  $#pp  ( P ,  q,  t)  +  u4, 
g  (Slx,  x,  t)  =  g  (p,  q,  t)  4-  u5, 
where. 

Ui  =  0D  ( h ),  «2  =  0D  {h1! 2),  w3  =  Ox,  (h), 

u4  =  0D  (h1/2),  Ufi  =  0D  (h1/2), 

then  the  transfer  equation  with  dissipation  can  be  rewritten  in  the 
coordinates  a,  f  as  follows: 

<P 4-  <9a,  (qa  4  Ta)_1  [iHp  —  y  +  <&#PP(w—$(z  —  y))  +  SSpqy])  4 
+  {  -f  tr  {Wpv%)  +  g(p,  q,  t)  +  ®}< p  =  Gd  ( hN/ 2),  (6.2) 

where  £  *4  is  related  to  Pi  by  the  formula 

—  A-  4  4  7«)  1  iu3  4  iiiiSzx  4  PP  Id1  ui]  ,  ~g~y  4 

4 ~2  tr  ($$ PPU 2  4  uiSxx)  4  u5- 
Define  the  transfer  operator  Pv  by 

f,4+('4>.  <6-3) 

where 

/  =  (?a 4 7“)~‘  [iHp  —  y  +  3tpp(w  —  z(z  —  y))+&8vqy]. 

We  begin  by  solving  the  transfer  equation  with  dissipation  in 
the  zero  approximation  which  has  the  form 

P\  4  [-1  tr  (Mppe)  +  g  4  ^  j  <P  ~  0,  (6.4) 

where  the  sign  ~  means  equality  modulo 
6D(hi/2)  +  (0D(h°),  Hp). 

By  analogy  with  the  real  Hamiltonian  function  case,  we  introduce 
a  new  function  if>  to  be  found,  related  with  cp  by 

q>(a,  t,  h)  =  -~==-\ |3(a,  t,  h), 

V  J  (a.  *) 
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where  /  (a,  t)  —  det  C  (a,  t).  In  order  to  rewrite  (6.4)  in  terms 
of  ij),  we  shall  use  the  following  result. 

Lemma  6.2.  The  Jacobian  J  satisfies  the  relation 

J  =  J  tr  [fflpp g  +  S8P q\  +  0D  (h1'2).  (6.5) 

Proof.  By  the  rule  of  differentiation  of  a  determinant  we  have 


J  =  det 


(  d(q1  +  zi) 

I  9at 

dccn  \ 

\  S(qn  +  zn) 

d(ln+Zn)  1 

\  ftai 

<9«n.  / 

+ 


d(gl  +  Zl) 
d<x< 


d{Qi  +  H) 


+  det 

In  virtue  of  (2.6) 
d(q+z)  fu 


d{qn  +  zn) 
da.  i 


(6.6) 


to - -dWpqC  +  $SppB  +  0D(h1/z)  = 

=  ($?pg  +  c WPP%)C+0D(hl/z). 


Thus, 


d(%  +  Zb) 
drx; 


:2  i^PQ^r^PP^lh 
h=  1 


d  (nit  +  zfc) 
3a } 


oD(hl/2), 


so  the  Z-th  determinant  in  the  right-hand  side  of  (6.6)  equals 
(S8pq  +  S8ppn )uJ  +  0D  ( h1' 2), 
and  it  follows  that  (6.5)  holds. 

Corollary. 


dt 


y  j  2  y  j 


=•  tr  ($$  r>P%  4"  S8 pq)  -f- 


(6.7) 


where  %  =  0D  (h1/2). 

It  follows  by  noting  the  corollary  that  Tp  must  satisfy  the  relation 
(Py  +  G(p,  q,  t)  +  #')1p~0  (6.8) 

with 

G=g-\wMpq  &' =y  j  (a? +%)$&. 
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Note  that  in  spite  of  Py  being  equal  to  +  (j,  with  /  ~  0, 

we  may  not  ignore  the  term  (j,  if  we  wish  to  find  a  solution 

m 

of  (6.8)  of  the  form  ty  —  h  2  0D  (hm/2)  with  m  0. 

The  idea  of  our  method  of  solving  (6.8)  is  as  follows.  If  we  could 

transform  Py  into  by  an  invertible  operator  L\ 


then  the  problem  would  be  trivial.  In  general  it  is  impossible; 
nevertheless,  it  turns  out  that  there  is  an  “almost  invertible”  operator 
“almost  satisfying”  (6.9). 

Namely,  let 


rV  dCt  Xi  IP  (a<  OP  /  9  V 

Ljv  =  2j  j !  [da]  ' 

1  3  1=0 

(6.10) 

where 

| l=-C-i(z-y). 

Lemma  6.3.  Ljj  satisfies  the  relation 

(6.11) 

m=a4+.-+  2  (-srf 

|ft|=N+l 

with  iP  and 

gh  =  0D(h^)  +  (oD  (hT )  Hp)  . 

Proof.  We  have 

P’Lh-LT,  2  -f-Bk, 

1*1=0 

where 

(6.12) 

(6.13) 

Let  1  j  denote  the  multi-index  ...,  8jn),  where 
f  1  if  k  =  ] 
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Then 

Bh==  2  kfih~lj  ~izr))  (isr)  + 

j=  1 

+p,s//(^ri-  <«•«> 

J=  1 

Substitution  of  (6.14)  into  (6.12)  gives 

«  T  =  S  (  s'  1  P‘-  ■'  (^ + P,)l  (i-)  ‘ + 

i=i  |ft|=o 

+  2  u  (^n  ■ 

\H=N 

Since  $  =  0D  (h1/2)  and  fj  =  0D(h1/“)Jr(a ,  Hp),  where  a  is  a 
smooth  function  of  a  and  t,  it  suffices  only  to  check  that 

Pv  (*j  +  h)  =  0D(h)  +  {0D(hi't),  Hp >  (6.15) 

to  complete  the  proof  of  the  lemma. 

We  have 

(ai+Pj)=/^ +Pj+ (j,  -£r)=Ai- 

Let  A  denote  the  vector  {Au  An),  then 

,4  =  p  +  (l  +  pa)/.  (6.16) 

Using  the  formula 

C  =  <$8pqC  +  &8PVB  +  Ol){h112), 
we  obtain 

P  =  C~l  {<$8  rqC  +  mppB)  C~l  (z  —  y)  —  C~l  (z  ~y)  +  0D  (h)  = 

=  C-1  [W  „q  (z-y)  +  SiPP%{z- Y)  -  iffp  - 
—$8ppw—&8pqz  +  y\  +  0D{h)  = 

=  —  \MPP  (w  —  %  (z—y))  +  iHp  +  <&8vg  ?  — Tl  +  0D  (h)  = 

=  -C-l(qa  +  yu)f  +  0D(h).  (6.17) 

Further, 

1  "U  Pa  =  1  —  C  1  ( Za  —  Ya)  +  0D  (II  )  = 

=  C  1  {<la-{-ya)J^0D(hi,2). 


(6.18) 
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Equations  (6.17)  and  (6.18)  imply  that 
A  =  0D(h)  +  0D(hi/2)Hp, 

Q.E.D. 

The  following  two  lemmas  give  the  construction  of  an  “almost- 
inverse”  of  Ljr- 


Lemma  6.4.  Let  p  (a,  t)  be  a  smooth  vector  function  with 
det  (1  +  Pa)  #  0.  Then  there  exist  two  sequences  (p)}  and,  {Qh  (p)} 
of  homogeneous  polynomials  in  p  with  vector  coefficients  smoothly 
dependent  on  a  and  t,  Shh  and  Qk  being  of  degree  k,  such  that 

R-l  .  R-l 

p+  s  ff(i^r2^(p)==<Mp)  (6.i9> 

I  j  1=0  h=  1 

holds  for  every  R  >  1. 

Proof.  We  shall  construct  {e?\}  and  {<?fe}  by  induction.  Set 

(P)  =  -(1  +  Pa)’1  P- 

Then 

_  ,  ^  pi  tf’&iip) 

p+  2j  71  ~~dai  _ 

I  j  l=o 

=  P  —  (1  +  Pa)"1  P  —  (1  +  Pa)"1  PaP  +  <?2  (p)  =  <?2  (p), 


so  (6.19)  holds  for  R  —  2. 

Suppose  we  have  constructed  aPlt  .  .  .,  Shm  and  Q%,  .  .  .,  Qm+i 
so  that  (6.19)  holds  for  7?  =  2,  .  .  .,  m  +  1,  and  let  be  any 

homogeneous  polynomial  in  p  of  degree  m  +  1  with  vector  coefficients 
smoothly  dependent  on  a  and  t.  Then 


m+ 1  m+1 

p+  2  ■£ 

|  j  |=0  h=  1 


m+1 

V  P1 
^  ;l 

I  i  1=0 


<?'  i  (p) 
dai 


+Qm+i{p)+  2  it  ay  h^h(p)=Qm+i(p)+ 

|  i  \=m+l  h—  1 

m+ 1  .  ... 

I  VI  P3  d  3° m+i  (p) 

,-,n/!  dai 
1 1  |=0 


(6.20)' 


where  Qm+x  (p)  is  a  homogeneous  polynomial  of  degree  m  +  1 
with  smooth  coefficient  which  does  not  depend  on  the  choice  of 
&m+l.  Since 


(p) 

dai 


( *9“  Up  )  <^m+1  (P)  +  m+2-j  (p), 
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where  Qj,m+2-j  (p)  is  a  homogeneous  polynomial  of  degree  m  -f-  2  —  / 
with  smooth  coefficients,  (6.20)  implies  that  if  satisfies  the 

equation 

m+ 1 

2  IT  (W^)>7»+i(P)=-^m+i(P)J  (6.21) 

1 3  i=o 

then  there  is  a  Qm+2  such  that  (6.19)  is  satisfied  for  R  =  m  -f-  2. 
Thus,  the  lemma  will  be  proved  if  we  show  that  (6.21)  has  a  solution 
of  the  form 

^m+l(p)=  2  bjp1, 

|  j  \—m+ 1 


where  bj  is  a  smooth  vector  function  of  a  and  t.  Let 

Qm+l  (p)  =  —  2  ajp3. 

]  j  i =m+ 1 

Then  & m+1  satisfies  (6.21)  if  b1, 


2 

L  ftsSi 


k\  [j  —  k)\ 


'(‘Pa)' 


satisfies  the  equations 
7  =  1,  •  •  •  ,  n.  (6.22) 


So  it  suffices  to  show  that  for  any  j  the  matrix 


aj —  2j  k\a-k)\  '  p“') 

ftsSi 

is  non-degenerate.  But  note  that 

k<:j 

hence 

det  Aj  =  det  1(1  +  ‘pj1  j ']  =  [det  (1  +  pa)]' 0 
■as  required. 

Lemma  6.5.  Let  {c?\}  be  the  sequence  of  Lemma  6.4,  and  let 

Pv  =  2  ^k(P). 

ft=i 


*  This  follows  from  the  generalized  binomial  formula 

{x  +  y)1  =  2  kl  {j—k)l  : 

h<:i 

here  /  and  k  are  multi-indices  of  length  n,  and  x  —  (xx,  .  .  xn),  y  —  (yx,  .  , 
.  ’Jn)- 
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Then  the  operator 


N 


2  7tM4)' 

1  i  1=0 

(6.23) 

satisfies  the  conditions 

LWn  =  l  +  elt 

(6.24) 

(6.25) 

where 

2N 

«*=  2  m«.  *> (4-)"’ 

I  r  |=1 
2 IV 


2  l)r  (“>  l)  (ita)  > 

I  r  1=1 

/  N+1 \  t  — 

Or  t)  =  0D  yh  2  i  ,  br  (ct,  t)  —  0D\h  2 


Proof.  First  we  check  that  i?)y  is  a  right  “almost  inverse”  of  Liy, 
i.e.,  (6.24)  holds.  We  have 

I  l  1=0 


I  k  1=0 

A’  IV 


V  V  V  1  Rft  _ g  \ 

ZJ  Z'  Zj  /!  (A--/)!  i!  p  fa,  \  da  ) 


d  \l+h-j 


|  ft  |=0  1  l  1=0  O^i^/i 


Introducing  the  index  r  =  lJrk  —  j  instead  of  /,  by  a  change  of 
order  of  summation  we  obtain 

N  iV 


LhRh  —  V 


V 

^  ZJ  (l  +  k- 
1  ft  |=0  1  1 1=0  l^r^l+h 


2 


-r)!  (r  — 1)\  l\ 


X 


d'l+h-r% 

dal+h~r 


(1)'=‘+  2  M-sr)'. 


where 


ar 


y  y  _ £1 _ 

Z  Z  (i  +  fc  —  r)!  (r  — Z)!Z! 

0gI^r/i>7--I 
|(  l>IV|ft|:£IV 


5j  I+ft-rl^ 
3a;+A~r 


(6.26) 
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Now  introduce  the  index  /  =  l  +  k  —  r  instead  of  k,  then  (6.26) 
becomes 


N+\l  |-|r| 

2  2 


OSISr  |  3  1=0 
HliSN 


p  i+'-i 

/!  (r—  l)\H  dai  ' 


Pr~*  N+'^  ,r'  !pi  <?|,|P/ 


2  irfcir  2 


N 


msiv 

Let  us  show  that 

N 


I  i  1=0 


/!  dai 


2  71 

I  j  1=0 


pi 


/  Z±l\ 

D\h  2  ) 


da  i 


=  (-P)*4 -0. 


(6.27) 


(6.28) 


To  do  this,  we  observe  that  since  P  =  0D  ( hi/z )  and  the  relation 
1  +  Pa  =  1  -  (?.  +  Za)-1  (*.  -  7a)  +  0D  ( hU 2)  = 

=  (qa  +  za)-1  ( qa  +  Ya)  +  0D  ( hv 2) 


implies  that  the  matrix  1  -f-  pa  is  non-degenerate  on  the  zero-set 
of  the  dissipation,  it  follows  from  Lemma  6.4  and  the  definition  of 
pN  that 


,  -  in  /!  dai 

I  3  |=0 


)■ 


Thus,  to  prove  (6.28)  it  is  sufficient  to  show  that 

N  r  N  ...  il  ,  N+l. 


Pi 


/! 


1  i  l=o 


]  ■ 


dai 


Pi  <?mPw 


li  l=o 


1 1 


da  3 


-O.U+)- 


(6.29) 


Let  /  (a,  f)  be  a  smooth  vector  function.  Consider  the  following 
polynomial  Ft  (P)  with  coefficients  smoothly  dependent  on  a  and  t: 


Ff  (P)  = 


N 

■  2 

I  3  1=0 


pi  d1  i  [fl 
/!  dai 


r  N 

2 

I  3  1=0 


pi  i '/ 


n  * 


da? 


=  2 *) 


If  x  runs  over  a  small  neighborhood  of  0  in  Rn,  then 
Ff(x)  =  fl(a  +  x,  *)  +  0(|:c|w+1)- 

-[/(«  +  *,  *)  +  0(|*r+1)],  =  0(|*r+1). 

It  follows  that  ch  (a,  f)  =  0  for  so 

/  N+l\ 

*V(P)  =  0BU  2  j- 
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Putting  /  —  PlV  in  this  relalion  gives  (6.29).  Equation  (6.28)  implies 
that 


iV+1^lr|  an  ipj 

^  !'■  dai 

I  3  1=0 


/  A;  +  l  MHjlL+M 

N  (-f>y+oD[h  2 


(6.30) 


for  l^r.  Putting  (6.30)  into  (6.27),  we  see  that 

N+ly 

xn  D'~‘  ,  ^  I, 

ar- 


Rr-l  I  N+l\ 


l^r 


I  JV+1\  /  N+1  \ 

—  $y+od [k  2  ;=oDu  2 ) 


(p 


for  l  ^  r.  To  complete  the  proof  of  (6.24)  it  remains  to  note  that 

IV+l 

in  the  case  |  r  |  >  N  the  estimate  ar  —  0 D  (h  2  )  obviously  holds. 

Turning  to  the  proof  of  (6.25)  we  note  that  only  the  following 
two  properties  of  p  (a,  t)  have  been  used  for  constructing  the  right 

“almost-inverse”  of  Ln :  (1)  P  =  0D  (hi/2)  and  (2)  det  (1  +  Pa)aer<=5^=  0. 
The  function  Pjv  (a,  t)  has  these  properties  too,  for 

Ptf=-(i  +  P«)-‘P  +  <Mfc), 

(i + ) = 1  -  ^  P“ + °*>  (fel/2) = (!  +  m_1 + oD  (h1/2), 

hence  there  is  a  function  p  =  0D(/j1/2)  such  that  the  operator 


lil=o 


is  a  right  “almost-inverse”  of  Rn,  that  is, 


RnSn  — 1+63, 
where 

2  N 

e3=  2  dr(a' ( w)  ’ 

1  r  1=1 


(6.31) 


The  multiplication  of  (6.24)  from  the  left  by  RyN  and  from  the 
right  by  Sh  gives 

RvnLnRnS^  =  RnSn  -f-  Rn&iSn  —  1  -f-  e3  +  RjfEiSj;. 


(6.32) 
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It  follows  from  (6.31)  and  (6.32)  that 

R'nL'n  —  1  +  e3  +  -RjvEiNjv —  RnLJtE  3.  (6.33) 

Set 

rlpf  ^  ^  ^ 

e2=:  e3  +  RjiSiSjf  —  RnLn£3.  (6.34) 


Because  of  (6.33),  e2  is  a  differential  operator  of  order  2 N: 

2  N 

2  ‘/  (w)'- 

I  i  l=o 

l  -£±M 

It  is  easily  seen  from  (6.34)  that  bj  —  0D\h  2  /,  which  proves  the 
lemma. 


Theorem  6.1.  If  A 


of  the  form 
v0  (a,  h) 
the  function 


0D(hm /2) 
hm> 2  ’ 


0,  then ,  for  any  function  v0  (a,  h) 


t 

-  )’  G(p(a,  x),  q  (a,  x),  x)dx 

<p(a>  h)  =  — ===■  iUfa,  h)e  0 

VJ  (a.  0 


satisfies  the  transfer  equation  with  dissipation  in  the  zero  appro¬ 
ximation. 


Note  6.1.  If  the  condition  A 


Op  (fem/2) 
hm/ 2 


0  is  not  satisfied,  then 


the  function  cp  (a,  t,  h)  introduced  in  the  theorem  can  be  used  for 
solving  the  transfer  equation  by  the  theory  of  perturbations  (see 
Theorem  6.2  below). 


Proof  of  Theorem  6.1.  Set 


t 


-  J G(p(a ,  x),  q(a,  x),  x)ax 
v(a,  t,  h)  —  vQ(a,  h)e  ° 

Then  v  satisfies  the  equation  v-JrGv  =  0,  and 

m  /  m  \ 

v==h~~0D  \h~). 
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By  Lemma  6.3  we  have 

(Pv  +  G)  Llv=  {  Ll  (^-  +  G)  +e  + 

+  2  Sk[~da)  +[G>£m]}y  = 

|  k  |  =m+  1 

—  {  ®  +  2  Sh  )  +  [G,  Lfn]  |  V. 


|  ft  |=m+l 

It  is  easy  to  see  that 


[«+  2 


|  ft  \=m+l 


Moreover, 


i«.  «i  -  2  Gf  ( v) 

l  i  l=o 


-  2  2TT7&- 


pi  (  d  \i  _ 

pi  0I>-Mg  /  a  \ft 


li  1=0  ft^i 


1  *!(/  —  *)!  5cti 


K'G  /  i/  \ft_ 
i-ft  \  a«  / 


_ vi  vi  P3 

Zj  Zj  k\(i- 


d'j-k^G  1  d  \k 


li  |=o  ft<i 


*!(/  —  *)!  da? 


H'G  /  d  \h  _ 
i-k  \da)  ^ 


(6.35) 


hence  [G,  Lml  y  ~  0.  So  ip  =  Lvmv  satisfies  (6.8).  The  theorem  is 
proved. 

Now  let  us  tackle  the  transfer  equation  with  dissipation  in  the 


approximation  of  order  N-  As  before,  we  set  <p  = 


1 

yi 


ijn  Then  (6.2) 


becomes 


(pv  +  G+%')y  =  eD(hN/  2),  (6.36) 

(note  (6.7),  (6.8)). 

We  shall  look  for  ip  in  the  form 

i) >  =  LjfV  (6.37) 

with  m  to  be  determined  later.  Putting  (6.37)  into  (6.36),  we  obtain 
by  Lemma  6.3 

[Ll(±+G)  +  P  +  2  gkd)k]v  =  GD(hN/2),  (6.38) 

l  h  \=m+ 1 

where 

e'  =  e  +  [G,  LlA  +  S'LTnZP,  (6.39) 
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the  operator  e  and  the  functions  gh  being  those  of  Lemma  6.3. 
If  v==  ^  1  then  it  follows,  because  of  gh  =  0D(hmJ2),  that  we 

may  drop  the  term  2  Sk  ("^r)  v  *n  provided  that 

|ft|=m+l 

m~^N  s. 

Now,  by  virtue  of  Lemma  6.5,  we  obtain 
e'  =  (LlRl  —  e,)  e'  =Lymz"  —  E,y, 
where 

(6.40) 

the  operator  Sj  being  as  in  Lemma  6.5,  in  particular, 

W'  °Dh%/2)  =0D(hN/2),  (6.41) 

whenever  m  ^  N  +  s  +  k  —  1,  wdiere  k  is  the  type  of  J-.  Noting 
that 

Lie D  ( hNI 2)  =  ®D  ( hNI 2), 


we  arrive  at 

'r  +  G+i")v  =  0D(hN/ 2).  (6.42) 

We  can  construct  a  function  v  satisfying  (6.42)  by  the  perturbation 
theory,  e"  being  considered  as  a  perturbation.  We  have  the  following 
result. 

Lemma  6.6.  Let  I  be  the  operator  of  Lemma  6.1,  let  e  6  S’1 ,  and  set 

t  t 

jj  Gdt  -  J  G  c It 

5  =  —  6 ^  ogog  0 


Then  for  any 
v0{a,  h) 
the  function 


Op  {hSa,z) 
hs  0/2 


-\C,dt  N 


v—e 


0 


}—0 

satisfies  the  relation 


2  m3v  o 


t  d 


■  \ 


n(N,  s) 
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where  n  is  a  SL- junction  of  8. 
Proof.  We  have 


\  a  dt 


N 


(  ~dt  ^  “t”  8 


i=0 


-  J  O  dt 

-e  °  S(/8)%0, 


and  the  lemma  is  proved. 

Now  it  is  easy  to  formulate  the  main  result  of  this  section. 

Theorem  6.2.  Let  A  in  (6.1)  he  of  type  k.  Then  for  any  function 
v0  (a,  h)  of  the  form  v0  =  h~S0,2OD  (hso/z) ,  the  following  function 
satisfies  (6.2): 

< 

-  )'  G(p(a,  x),  S(a,  x),  x)  dx 

rp(a,  t,  h)  =  — =rlZe  0  X 

y  j  (a,  <) 
iV(fe+2)+so 

X  2  (I&yv0(a,  h), 

3=0 

where 

i  t 

(j  Gdt  ^  -  )  G  dt 

8  —  —  en  o  e"  o  e  o 
(initfe  e "  g-iuen  6z/  (6.40))  and 

m  =  N  (k  +  l)2  +  s0  (A  +  1)  +  max  {k  —  1,  0}.  (6.43) 

Proof.  Essentially,  the  theorem  has  already  been  proved  above. 
There  are  only  two  points  to  be  noted. 

(1)  By  Lemma  6.6  the  function 

t 

-\Gdi  N(h+2)+S(, 

v:  e  11  2  (I&Y  vo  (6.44) 

7=0 

satisfies  (6.42).  In  fact,  if  A  is  of  type  k,  then  it  is  easy  to  see  that 
the  same  is  true  of  8.  It  follows  from  the  proof  of  Lemma  6.1  that 


ji  (r, 


r  —  s 
k  +  2 

0 


if  r  ^  s 
if  r<fs 


27  —  0  1  225 
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is  a  e?5 -function  of  6,  so 

It  (N  {k  +  2)  +  s0,  s0)  =  N. 

(2)  It  is  easy  to  see  that  the  function  (6.44)  has  the  form 

v  =  h-sl20D  (hs/2) 

with  s  =  k  [iV  (k  +  2)  +  s0]  -f-  s0. 

For  this  s,  (6.41)  is  satisfied  whenever  m  ^  N  (k  +  l)2-f 
+  s0  (k  +  1)  +  k  —  1,  and  the  condition 

V  v  l  9  \h  °o(feS/2) 

Zj  \  da  )  hs/2 

I  h  \=m+l 

is  satisfied  whenever  m  ^  N  (k  - f  l)2  -f  s0  (i:  +  1). 

Note  6.2.  Let  jt  (r,  s)  be  a  (^-function  of  6,  and  let  r  =  r  (s0,  JV) 
satisfy  the  equation  n  (r,  s0)  =  N.  Then  Theorem  6.2  remains  valid 

IV(fc+2)+so  r(so,  N) 

if  we  replace  2  by  2  and  (6.43)  by 

3  =  0  j= 0 

m  —  max  {r  +  s,  r  +  s  +  k  —  1 }. 

Note  6.3.  Let-^-  =  ,  •  •  .,  be  a  set  of  commuting  complex 

vector  fields  on  uv 'which  are  linearly  independent  at  every  point 
(a  complex  vector  field  on  a  real  manifold  M  is  an  element  of  the 
complexification  of  C°°  module  of  all  vector  fields  on  M).  Theorem  6.2 
remains  valid  if  one  replaces  d/da  by  d/dl  in  the  definitions  of 
J  (a,  t),  Li j  and  8,  for  instance: 

m  _ 

rv  /  d  \i 

m~  j\  \  dl  )  ’ 

I  3  1=0 

where  Pv=  —  (z-y). 


V.  CANONICAL  or  ICE  AT  OR  ON  A  LAGRANGE  AN 
MANIFOLD  WITH  A  COMPLEX  GERM 
AND  PROOF  OF  THE  MAIN  THEOREM 


Notation.  In  this  chapter  we  shall  use  the  spaces  H i  introduced 
in  Sec.  11  of  Chapter  II: 


wf(x)\\Hir  (i+i*i2)*/*(i+|j- y2nx) 


u 


We  shall  write  H\  =  Hk ,  //?  =  Ht.  Thus  Hl  is  the  Sobolev  space 
IT'.  The  symbol  H\\  i  will  denote  the  completion  of  the  Schwartz 
space  S  with  respect  to  the  norm 


ii  /  (x)  wh  h  =  2 

l’m  \a\& 

I  (MSm 


(THi)V 


2 

u ' 


where  h  is  a  (small)  positive  parameter. 


See.  1.  Quantum  Bypassing  Focuses  Operation 

In  this  section  we  shall  give  an  asymptotic  expansion  for  h  -*■  0 
of  the  Fourier  transform  of  a  function  of  the  form 

,  lm®v>0,  r£Rn. 

We  have  to  do  this  to  define  the  canonical  operator  as  we  have 
already  done  in  the  case  Im  <P7  =  0,  n  =  1  (see  Chapter  III). 

In  the  case  under  consideration,  a  method  which  is  similar  to  the 
saddle-point  method  is  likely  to  be  applied  to  obtain  an  asymptotic 

s 

expansion  of  the  integral,  for,  in  general,  eh  decreases  rapidly 
ash-*-  -TO.  However,  a  difficulty  arises  because  it  would  be  desirable 
to  obtain  as  the  result  an  expression  similar  to  the  integrand  with 
the  phase  and  the  Jacobian  replaced  by  those  corresponding  to  the 
zone  £2j,  if  the  Fourier  transformation  Fxj  -  pj  is  considered  (it  is 


V  J  (a) 


- -h -  d>v(a)  .  . 
eh  (p  (a) 


27* 
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such  a  geometric  interpretation  of  the  asymptotic  expansion  of  the 
integral  (3.1)  that  has  led  in  Chapter  II  to  the  definition  of  the  cano¬ 
nical  operator  and  thus  to  the  global  construction  of  solutions  of 
(pseudo)differontial  equations).  It  appears  to  be  very  difficult  to  do 
this  by  the  saddle-point  method  because  a  complex-valued  function 
is  not  uniquely  expressible  as  the  sum  of  an  s-action,  a  fx-action  and 
a  potential.  This  difficulty  will  be  avoided  by  a  method  similar  to 
that  of  Sec.  8  of  Introduction.  The  method  is  based  on  a  special 
transformation  which  is  connected  with  the  bypassing  focuses  oper¬ 
ation  and  will  be  called  the  quantum  bypassing  focuses  operation. 

We  shall  first  introduce  some  terminology. 

Definition  1.1.  Let  (qq  (a,  h) }  be  a  family  of  smooth  functions  of  a 
dependent  on  the  standard  small  positive  parameter  h,  with  the  index  j 
running  over  a  certain  set  J.  Given  a  smooth  non-negative  function 

D  (a),  the  series'^  qq  (a,  h)  will  be  called  D-asymptotic  if 

m 

(i)  qq  —0D  (hvi),  supp  qq  lying  in  a  compact  set  independent 
of  j  and  h; 

(ii)  for  any  natural  number  m,  there  is  such  a  finite  set  J0  a  J 
that  qq  =  O  D  (hm)  for  j  $  J0. 

Definition  1.2.  Let  {qq  {x,  h)}  be  a  family  of  smooth  functions  of 
x  6  Rn  dependent  on  a  small  positive  parameter  h,  with  the  index  j 
running  over  a  certain  set  J .  The  series  2  qq  (x,  h)  will  be  called 

h-asymptotic  if 

(i)  for  any  j,  k  and  l  there  is  such  a  number  mjki  that 

Mowr°^mm) 

{for  the  definition  of  C\  see  Sec.  11  of  Chapter  II); 

(ii)  for  any  N,  k  and  l,  there  is  such  a  finite  set  J0  cz  J  that 

II  IU,R„  =  O  (/iW)  lor  i&J0- 

In  the  following  we  shall  mean,  by  an  asymptotic  series,  either 
D-asymptotic  series,  or  an  A-asymptotic  series. 

Example  1.1.  Let  cp  ( a )  6  C™  and  set  |3Z—  —  CJl  (wj,  zt),  then 
the  series 


dcf  ^  Pi  (J_\ 

Lr(p  —  >j  -yr  l  da  j 


1  i  l=o 


«P 


is  D-asymptotic. 
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Example  1.2.  Let  Jh  €  9  (a)  €  C”,  and  let  I  be  the  same  opera¬ 

tor  as  in  Sec.  6  of  Chapter  IV.  Then  the  series 

oo 

2  (W< p 

3— 0 

is  D-asymptotic  by  Lemma  6.1  of  Chapter  IV. 

We  now  define  addition  and  multiplication  of  asymptotic  series. 


Definition  1.3.  The  sum  <p  -f-  ip  °/  two  asymptotic  series,  cp  =  2  (Pi 

XJ 

and  ip  =  2  4fc>  ts  the  following  asymptotic  series : 


<P  +  4  =  2  X/. 

X(JVK) 

where  the  sign  V  stands  for  disjoint  union  and 
j  <p;  for  l  £  / 

Xl==  i  i|),  for  l£K. 

Let  — ip  be  the  asymptotic  series  2  ( — 4a)-  The  difference  <p  —  ip 

hex 

is  the  asymptotic  series  <p  -f  ( — if). 

The  product  (pip  is  the  following  asymptotic  series: 

94=  2  9i4ft- 

(j,  fe)E(JxK) 


The  reader  is  invited  to  check  and  see  that  this  definition  is  correct, 
i.e.,  to  verify  that  both  <p  -j-  ip  and  <pip  are  asymptotic. 

Definition  1.4.  Let  cp  6  2  Wj  and  4  =  2  4j  he  two  asymptotic 

3  3 

series,  with  the  index  j  running  over  one  and  the  same  set  J.  Then  the 
term-by-term  sum  cp  +  4  &  the  following  asymptotic  series : 

<p  +  4  =  2  (9i  +  4i)- 
xj 

Definition  1.5.  We  write: 

_  D(a.) 

cp  (a)  =  0D  (hs),  if  e  h  cp(a)  ^ ch s; 

(p (a,  h)  =  0D{hs),  if  <p (a,  h)  =  2  <Pi(a)^/2, 

3=0 

where  9^  (a)  =  <9D  (s  2)  for  j^.2s', 

_ 

9 (a,  h)  =  0D(hs)  if  cp  =  k~  *dD(hs+k/2), 
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for  some  integer  k  >  0.  Here  all  the  estimates  are  assumed  to  be  locally 
uniform  in  a. 

Definition  1.6.  We  say  that  a  D-asymptotic  series  2  cp7-  is  weakly 

ie-r 

equivalent  to  zero  if  for  any  natural  number  N,  there  is  such  a  finite 
set  that 

2  q>,=  ©D(fcW), 

whenever  J1  cz  J  is  any  finite  set  containing  /0. 

An  h-asymptotic  series  2  9;  rniZZ  be  called  weakly  equivalent  to 

j£J 

zero  if,  for  any  natural  numbers  N  and  k,  there  is  such  a  finite  set 
J0  cz  J  that 

112  tPill c°k=o(hN), 

i£J  l 

whenever  cz  J  is  any  finite  set  containing  J 0. 

We  write  cp  ~  0  to  denote  that  cp  is  weakly  equivalent  to  zero. 

Definition  1.7.  We  say  that  an  asymptotic  series  2  9;  is  equivalent 

ie-r 

to  zero,  cp  0  in  symbol,  if  for  any  multi-index  k, 

2 

Two  asymptotic  series,  cp  and  i|),  are  said  to  be  weakly  equivalent, 
9  ~  9  in  symbol,  if  cp  — 9  ~  0,  and  equivalent ,  cp»9  in  symbol, 
if  cp  —  9  «  0. 

The  equivalence  relation  «  is  compatible  with  the  arithmetical 
operations  defined  above: 

((<Pi  «  «P8)  and  (9X  «  if a))  =*>  ((9i  +  9i)  «  cp2  +  92) 
and  (cpitj?!  «  9292)- 

Moreover,  the  term-by-term  sum  of  two  asymptotic  series,  2  9; 

itJ 

and  2%!  is  equivalent  to  their  sum.  Because  of  this,  we  shall,  as 
i£J 

a  rule,  write  +  in  place  of  -j-  and  use  the  standard  symbol  V  to 
denote  the  summation  operator  for  asymptotic  series. 

Definition  1.8.  An  asymptotic  series  9  =  2  9;  is  called  an  asymp- 

izs 

totic  solution  of  the  equation  Acp  =  0  if  the  series  2  ^9;  is  asymptotic 

iej 

and  equivalent  to  zero. 
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Example  1.3.  The  series 

oo 

J~i/2L  2  (I&Y  v(a) 
i— o 

is  a  D-asymptotic  solution  of  the  transfer  equation  with  dissipation 
for  a  non-singular  patch  (see  Theorem  6.2  of  Chapter  IV). 

Definition  1.9.  D-asymptotic  differential  operator  L  is  such  an 
operator  series  L  —  2  Lj  that  if  q>  —  ^  cpk  is  a  D-asymptotic 

j£J  h—K 

series,  then  the  series 
i£J  h£K 

is  D-asymptotic,  and  Lq>  ~  0  whenever  cp  =  0. 

In  the  case  where  Lj  is  differential  for  every  j,  L  will  be  called  a  differ¬ 
ential  D-asymptotic  operator. 

Definition  1.10.  We  shall  say  that  the  series  2  <P j  (a*  h)  is  asymp- 

totic  at  a0  if  there  is  a  function  e  (a)  £  Co  equal  to  1  near  a0  such  that 
the  series 

2e(a)<p,(a,  h) 
is  asymptotic. 

Definition  1.11.  Let  both  cp  and  if)  be  asymptotic  at  a0.  We  say  that 
<p  and  ijj  are  equivalent  ( respectively  weakly  equivalent)  at  a0,  cp'g’ip 

(respectively  <p  “o  iji)  in  symbol,  if  there  is  a  function  e  (a)  £  C%°  equal 
to  1  near  a0  such  that  e<p  »  eip  ( respectively  ecp  ~  eip). 

Definition  1.12.  Let  cp  £  2  be  a  D-asymptotic  series.  If  cp  is 

not  equivalent  to  zero,  then  the  order  of  cp,  ord  cp  in  symbol,  is  the  smallest 
half-integer  k  with  the  following  property:  there  is  such  a  finite  subset 
./'  cr  /  that 

2  «P j^oD(hk+i/2),  cp j=eD(hh+i/2)  for  j$j'. 

j£J’ 

If  cp  »  0,  then  we  set  ord  cp  ==  oo. 

Definition  1.13.  Set  p  (<p)  =  2  where  J0  is  the  set  of  all  j 

jfiJ  0 

such  that  ord  cp;  ^  ord  cp  (it  is  easy  to  see  that  ord  p  (cp)  =  ord  cp) .  Let 
P(< P)=  2  hh,2ch( a). 

h—hi 
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The  smallest  k  with  the  property  ord  ( hh,2ch  ( a ))  =  ord  cp  is  called 
the  type  o/cp.  The  principal  monomial  of  cp,  m  [qp]  in  symbol ,  is  hk/2ch  (a), 
where  k  is  the  type  of  (p. 

If  ord  <p  =  oo,  then  we  set  m  [<p]  =  0. 

Problem  1.1.  Let  A  and  /  be  the  operators  of  Example  1.2.  Then 

oo 

2  {I A)*  is  a  D-asymptotic  differential  operator  preserving  the 

3  =  0 

principal  monomial. 

Definition  1.14.  A  D-asymptotic  operator  A  is  called  a  quasi-identity 
operator  if 

m[A(p\  =  m  [qp]  +  hh0D  ( hs+i/ 2) 

for  any  D-asymptotic  series  cp,  where  k  is  the  type  of  cp  and  s  -f-  k  == 
=  ord  <p. 

Given  a  Lagrangean  manifold  with  a  complex  germ,  let  a0  be  in 
Q  fl  fl  and  suppose  that  the  assumptions  of  Theorem  5.1 
of  Chapter  IV  are  satisfied.  Let  a  ( x )  be  the  solution  of  the  equation 
q  (a)  =  x.  For  the  integral 

I(xI:  tT,  h)  =  FXj^T{e^ma\j(a)r1/2L(p(a)}a^x)  = 

m  inm 

—  (2 nh)  2  e  4  x 

x  \e  h  <Xj  ’  ll  >{c'1  °(a)[/(a)]~1/2L(p  (a)}a=aWdxT, 

Rm 

where  L  is  the  D-asymptotic  differential  operator  of  Example  1.1, 

[J  (a)]1/2  =  |  J  (a)|1/2  exp  (yAr gJ  (a))  , 

Arg  J  (a)  is  continuous  near  a0,  and  <p  is  supported  near  a0,  we 
shall  obtain  an  /i-asymptotic  expansion,  i.e.,  an  iz-asymptotic  series 
which  is  equivalent  to  I  (xr,  h)  and  does  not  involve  integration 
(that  series  will  be  defined  via  a  D-asymptotic  differential  operator 
applied  to  cp). 

Let  IT  be  a  bypassing  focuses  Hamiltonian  such  as  that  of  Theo¬ 
rem  5.1  of  Chapter  IV: 

H  —  y  {(PvU-'eupj)  +  {qjU^&uqD},  (1.1) 

and  let  J  (a,  t)  be  the  complex  Jacobian  corresponding  to  the  bypas¬ 
sing  focuses  operation  associated  with  H.  Further  let  Arg/  (a,  t) 
be  the  function  determined  by  the  following  conditions: 

(i)  Arg  J  (a,  t)  is  continuous  in  t, 
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(ii)  J  (a,  t)  =  \  J  (a,  t)  \  ?****<**>, 

(iii)  Arg  J  (a,  0)  =  Arg  /  (a). 

Proposition  1.1.  Under  the  above  assumptions,  for  any  cp  (a)  6  CT 
supported  near  a0,  we  have 

I  <*„  ir,  h)  «  W>-  J(“'  T)  -  —  x 

X  I  jt  (a)  r1'2  (a)  E_,,  (1 .2) 

where  a1  (xIt  bj)  is  the  solution  of  the  system 
r  gr(a)  =  xj, 

1  PT(  «)  =  |f, 

a  is  the  number  of  negative  eigenvalues  of  e,  //  =  det  Ci,  and  vr 
is  a  D-asymptotic  differential  quasi-identity  operator. 


Note.  Since  J  (a,  ji/2)  =  (—1)°  //  (a),  the  function 

^2[.4rgJ(a,  ji/2)+jto]  |  ^  ^  |l/2  ]jranc]1  0f  Y  Ji  («). 

The  proof  of  the  proposition  will  be  by  the  technique  which 
we  have  used  in  Sec.  8  of  Introduction  to  obtain  an  asymptotic 
expansion  for  h  ->  0  of  the  integral  1(h). 

Consider  the  Cauchy  problem 


*)  t=°, 

'K*,  0)  =  \|)0  (%), 


(1.3) 


where  H  is  the  bypassing  focuses  Hamiltonian.  The  solution  of  (1.2) 
is  given  by 


i))(x,  t)  = 


mm 

4 


ino 

2 


(2 nh  sin  t) 


m/2 


X 


X 


(sin  <)-i  [tf(y,  PC)  cos  u~^uyj)] 

6  yov^-Ij  My)  ^My 


(1.4) 


where  m  is  the  number  of  elements  of  I.  Note  that  if  ip0  is  an  asymp¬ 
totic  series,  then  the  last  formula  defines  an  asymptotic  series  which 
satisfies  (1.3)  (both  the  equation  and  the  initial  condition)  term  by 
term.  It  is  natural  to  regard  such  a  series  as  a  precise  solution  of  the 
Cauchy  problem  in  contrast  to  asymptotic  solutions  introduced  in 
Definition  1.8. 
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Putting  t  =  jt/2  in  (1.4)  we  obtain 


v(x>  t)=- 


mm  mg 
~~k~ +  2 


-  -r-  (xT,  u-i£uy7) 


1  yr)dyT. 


Thus, 


(2nfe) 


if 


I(*i,  Ij,  &)  =  i|>(ah,  “  lgl%>  y)  t1-5) 

l>o  (x)  =  [e~  ^  +  *  ®(“)_  ^  Arg  J(a)  I  j (a)  |- 1/2  Lqp  (a) ]a=aM.  (1.6) 


So  the  problem  of  constructing  an  asymptotic  expansion  for 
I  (%i,  A)  is  reduced  to  that  of  the  solution  of  the  Cauchy  problem 
(1.3).  The  standard  way  for  obtaining  an  asymptotic  expansion  of 
the  solution  of  a  differential  equation  is  as  follows: 

(a)  one  constructs  an  asymptotic  solution  of  this  equation; 

(b)  by  an  appropriate  estimate  of  the  solution  of  the  corresponding 
non-homogeneous  Cauchy  problem  one  proves  that  the  asymptotic 
solution  is  equivalent  to  the  precise  one. 

Therefore,  we  give  some  estimates  of  solutions  of  the  Schrodinger 
equation  corresponding  to  the  bypassing  focuses  Hamiltonian. 

Lemma  1.1.  1°.  Let  i|)0  ( x ),  /  ( x ,  t),  x  £  Rm,  t  £  [^0,  be  smooth 

functions  vanishing  for  \  x  |  >  R,  and  let  (x,  t)  be  the  solution  of  the 
Cauchy  problem 

tl ,  fr|>  (*>  t)  1 

-  m  -  i 

m 

+  y  S8j[(  —  ihiY+  x2\^(x’  *)  =  /(*.  t)  (1,7) 

i= i 

\J)(a:,  0)  ==  \p0  (^), 

u  here  e;-  =  ±  1 . 

Then  the  following  estimate  holds  for  sufficiently  large  l: 


-k-l-  T— i 


2°.  Let  ipoG'S’,  /  =  0.  Then 

-—-ft 

IM>(*.  *)ll (*(R™)<Ck.i(t)h  2  ||  Hcf+ft 

where  ch, ;  ( t )  is  a  continuous  function. 
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Froof.  (1)  Lei  /  =  0.  Then 


t) 


inm  ino 
4  +  2 


(2nh  sin  t)m/2 


X 


X 

Rm 
def  1 


5  exP  {k^Tt  [ 2  ^  cos  1  - xm )  ]}  *0 (y)  dy  = 

m 

-y-  )  (h  sin  t)  2  /  (1.8) 


(2xt) 


exp 


( 


j= i 
inm 


Set 


m 

^  (X,  y,  t)=y]  6 j  (  ;  2  '  cos  t  —  .tj  y, )  . 


Ml 


Then  we  have 
<5® 


dyj 


Ej  {lj j  COS  t  —  Xj), 


(1.9) 


so  vanishes  only  if  y  =  x/cos  t. 
Let  £2(x,  t)  denote  the  ball 


y- 


cos  t 


< 


1  3  I  +  1 

2  cos  t 


}' 


Then  dG)/dy^=0  for  y£Rm\Q(x,  i).  Therefore  the  integral 
1 1  Mol  =  j  exp  {  <D  (x,  y,  t) }  \p0  (y)  dy 


RmXfl(i,  f) 


can  he  transformed  by  partial  integration  as  follows: 

h  I'M  =—i  j  exp  0)  (x,  y,  t) )  \|x  (y)  -|j-  da  + 

UQ(Xy  t) 

+  hsinl  j  exp  (  hJint  &(x,  y,  t)J  L\p0(y)dy, 

RmXfl(x,  <) 

where 

Lf  (y)  —  idivj,  (g  (x,  y,  t)f(y)),  g  =  <Dff  •  |  (Dy  |“2,  (1.10) 

do  is  the  area  element  on  the  sphere  dQ(x,  t),  and  d/dn  is  the 
exterior  normal  derivation.  Repeating  integration  by  parts  M  times 
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yields 

JiWo)=-i  j  expf-^-O^,  y,  t))  X 

dQ(x,  t) 

M  —  l 

X  2  [(fesin  t)1  L%(y)]^do  + 

1=0 

+  ( h  sin  tf  j  exp  ©  ( x ,  y,  t) )  LMif0  (y)  dy. 

Rm\Q(x,  i) 

It  follows  from  (1.9)  and  (1.10)  by  a  simple  calculation  that 

|  £^0 1  const  |  y  cos  if  —  x \~M  sup  I  (AVu,  ty\ 

1  i  |sSM  I  V  dy  I  TU 

for  x,  y  and  t  such  that  |ycos  t  —  const  depending  on  a. 

Hence 

M-i  m 

I  Mtc)  Kconst  [  2  (ftsinO*(|*|  +  lf,"1+~||iMlcW.i>>  + 

'  1—0 

+  (h  sin  t)M  ( |  x  |  +  1)—M  j  sup  |(^);4'0(y)|di/].  (1.11) 

um  1  3  l$M 

As  to  the  integral 

=  h  t'l’o]  =  (  exp  (|-  0  (x,  y,  *))  %(ij)dy, 

Q(i,  l) 


it  is  easy  to  obtain  the  following  estimate: 


I  A  [to]  |  <  f  I  %(y)  |  dy<const-|a:|m-  sup  |  i|)0  (y)  | < 
ad  o  ^x-  0 

const  ( |  x  |  ~f-  l)m~*. 

Combining  the  estimates  for  Ii  [\j)0]  and  I2  [\J?o]  gives 


|/[il)(J]|<const(|a;|  +  l)-Ml!xl)o||c 


M+m 


(1.12) 


Now  derivating  (1.8),  we  see  that  'l5  (#>  0  can  be  expressed 

as  the  sum  of  terms  of  the  form 


c  (x,  t)  (h  sin  /)  2  1  xhI  [p”vfo]> 

where 

l/l.  I»I<2Z-|;|,  \k\  =  2l—\n  |  —  |  ;  |, 

and  c  (x,  t )  is  a  smooth  function.  Hence  2°  follows  from  (1.12). 
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(2)  Now  let  the  assumptions  of  1°  be  satisfied.  First  we  estimate 
t|)  for  large  x.  We  have 

t|j  =  i|?  +  ijj, 

where  and  iji  are  the  solutions  of  (1.7)  with  /  replaced  by  0  and 
replaced  by  0,  respectively. 

If  |  a:  |  ;  27?  +  1,  theni|)0  vanishes  on  Q  ( x ,  t),  so  /2  [ij)0]  =  0  and 
I  h  W  I  <  const  ( h  sin  t)M  \  x  \~M\\  i|?0  ||cm- 
Therefore,  we  can  estimate  iji  for  j  x  |  ^  27?  +  1  as  follows: 


d)’*{x'  *> 


M - — 

^ const  (h  sin  t )  2 


it  i  |-M 


II  ^0  ||CM. 


We  further  have 


i 

?(*,  0  =  x  j  'K*,  t,  t)dx, 


(1.13) 


where  ip  ( x ,  t,  t)  is  the  solution  of  the  Cauchy  problem 

m 

5— i 

1])(X,  t,  T )—f(x,  T). 

Estimating  iji  (x,  t,  t)  by  (1.13)  and  integrating  with  respect  to  t 
on  [0,  t]  we  obtain  for  |  x  |^27?-f- 1: 

\\ta-)  V(x’  *)  ^C*<l(R)h  1  x 

X\x\'’l~M  max  ||  / (.x,  7)  ||CA/(„m), 

OsSiS-f- 

VM>-f  +  |/|-l. 

Combining  the  last  estimate  with  (1.13)  gives  for  |  x  2R  1 


M-  2-  -|i  | 


X  (Ho  \\CM  +  max  ||  /  ||cM(Rm)j 


(1.14) 
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Now  let  ns  give  estimates  on  the  whole  of  Rn.  The  following 
is  well  known: 

f 

+  !!/(*>  T)  IL(n?)^-  (4-15) 

x  0 

Set  \|j<}’)=  [~^y  'I5-  Then  \|)(b  satisfies  (1.7)  with  \j)0  replaced  by 

(^)^°  an(^  ^  replaced  by  a  linear  combination  of  the  functions 

/,  ¥l)  and  zs\p>  with  |  l 1  =  |  j  |  —  2,  |p|  =  |;|  — 1,  s=-- 
=  1,  2,  n.  Using  this  fact  we  prove  by  induction  that 

H  ^  Hl2(R m)<COnst/l_hl  (11*0  II  |i|  +  jm.j  + 

+  r4  max  ll/H  m  ),  (1.10) 

o  ^-5  cbl+[-](n-)^ 

with  const  depending  on  j  and  R.  For  /  —  0,  (1.16)  follows  from 
(1.15)  by  noting  that  any  function  cp  with  support  in  a  ball  Qn  cz  Rn 
of  radius  R  satisfies  the  inequality 

where  Vn  is  the  volume  of  Qn.  Suppose  (1.16)  holds  for  |;|^Ar 
and  estimate  with  |A:|  =  iV  +  l.  We  have 

I  ^<const||rMlciV+i, 

II  (^)i/IU3sSC°nS,",jU+'<»3- 

If  |Z|  =  iV  — 1,  |p|  =  iV,  then 

H  *(0  HL2(R™)<const  hi~N  ( II  II  N+  ^  + 

-|-  h~l  max  ||  /  ||  m  -i  \ 

4  CN+l~]  (R-)i 

by  the  induction  hypothesis,  and 

II^^II^K^Cconstft-7"/  |K’0||  rmi  +^_1  max || / 1|  [m]  \ 

'  C+l2J  4 
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by  (1.14)  (with  M  =  N -f  J  -f- 1  j  and  the  induction  hypothe¬ 
sis.  These  estimates  imply  that 


||L2(Rm)<const  h 


-N-i 


(il 'foil  N+m+i  + 


-\-h  1  max 

t 


clil+2[-2-]  +  l(R3?)). 

which  proves  (1.16). 

It  follows  from  (1.16)  by  the  Sobolev  embedding  theorem  that 


|  if®  (x,  t)  |  ^  const  h 


( 

+A-m.xK/|  [,,+  ). 


II 'Poll  ,, 


w+M-fl+i 


+ 


0  -  z  '  (R'x) ' 

This  estimate  together  with  (1.14)  prove  1°. 

Corollary  1.1.  Let  i|>0(x,  h)  be  an  h-asymptotic  series  equivalent 
to  zero.  Then  \(j0 0 . 

Proof.  Note  that 

Fxrlj%(x,  /i)  =  tp  (z/,  lj,  h)  , 


where  (ar,  t ,  h)  is  the  solution  of  (1.3)  with  e  =  l,  u  —  1,  and 
use  2°  of  Lemma  1.1. 


Proof  of  Proposition  1.1.  Parallel  with  the  precise  solution 
of  (1.2)  consider  an  asymptotic  solution  of  the  following  form: 

i 

tpi (a:,  t,  h)  =  eh  )v{x ,  t,  h ).  (1-17) 

We  have 

i 

[  —  ih4f  +  H  (—  ife-Jp  z)]  ^i  =  eh  S  {Hv  +  Stv  —  ihvt}, 
where 

H  =  H(SX,  x)  —  ih^~  tr  ( HPPSXX)  + 

+  (hp(Sx,  x),  ^)]  y  tr  [Hpv1w)' 

Set 

(A?,  rD  =  (gUn,  (dglLr"). 

Let  <D  (a,  t )  be  the  phase  on  A",  and  let  II:  (a,  t)->(a:,  t)  be  the 
diffeomorphism  corresponding  to  a  non-singular  patch  of  the  non- 
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singular  zone.  Put  S  =  CD  oil1.  We  have  already  shown  that 
S  ( x ,  t )  satisfies  the  Hamilton-Jacobi  equation  with  dissipation 

§-  +  H(Sx,  x)  ™g(x,  t)  =  0S2(h3/2). 

Substitution  of  (1.17)  into  (1.2)  leads  by  noting  the  last  equa¬ 
tion  for  S  to  the  following  transfer  equation  to  be  satisfied  by  v: 

vt  +  {Hp(Sx,  x),  i>*)+  [-i  tr  (HppSax)  +  J:  J  i>«0,  (1.18) 

where 

0-4 tr 

By  Example  1.3  this  equation  has  (in  the  coordinates  a,  t)  a  D- 
asymptotic  solution  of  the  form 

i  oo 

v  =  \J(a,  f)|“1/2e  2  ArgJ(a'  ] i  v  (/g)^0(a)  (1.19) 

j=  o 

with  8  6#  determined  by  the  Lagrangean  manifold  with  the  complex 
germ  and  the  bypassing  focuses  Plamiltonian.  (Note  that  if  p  (a,  h) 

is  aD-asymptotic  series  equivalent  to  zero,  then  exp  ^<I>(a)j  p(a,/j) 

is  an  ^-asymptotic  series  equivalent  to  zero.)  In  order  to  satisfy  the 
initial  condition  %|<=o  ~  where  ij)0  is  defined  by  (1.6),  we  put 
in 

v0  (a)  =  e  2  a  <p  (a) .  0  -20) 

Now  we  observe  that 

P(“>  y)  =Pj  (a). 

so  L  turns  for  #  =  -^-  into  LT;  moreover, 

J  (a,^)=(-l)°Jr  (a). 

Recall  further  that 
<D(a,  y)  =(Ifi  (a) 

and 

q  (a,  -y)  =  {?/(“)>  ir'ewpj(a)}. 

Therefore,  we  obtain  the  following  expression  of  '«(,  (x,  l ,  /;)  for 
t  =  n/2  and  ^  =  {q/(a),  u~leupj  (a)}: 

4‘i({gr(a)>  w_1epj(a)},  y,  /l)  =  '1>(a)JI  2  (a)  L,v,(p  (a), 
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where 


J7W  =  t-T  1  /,  (a)  |-T 


=  2  (/'V 

3=0 


<=- 


Note  here  that  y7  satisfies  the  requirement  of  the  proposition  (see 
Problem  1.1). 

To  complete  the  proof,  we  shall  show  that  %  (x,  t,  h)  « 
»  iji  (x,  t,  h).  Let 

k£K 

heKi 

and  set 

k£R  h£R  i 

where  both  R  and  Rt  are  finite.  Fix  a  natural  N.  Since  |(==o 
«^i|t=o  and 

[ -ihir+H(~ih-i ’  *)](^-^)=/> 

where  /  has  the  form 

eTa,(a-  %<«,  t,  /o  |(r/>  t)  =  n-»  (x,  t) 

with  some  J9-asymptotic  p  «  0,  it  follows  that  for  any  k  and  l, 
there  are  finite  sets  RczK  and  i?4  c:  Ki  such  that  for  any  finite 
R'  =0  R  and  R[  ro  Rt, 

II  V»; <*■  °.  '*)llc*+.,»3,-o('>"+l^1+‘+'), 

[  """ '  ~dt  H  I  X )  j  Bf  =  f R'  B(  (x>  h) 

with 

II  /«•,  B;  Uc»+ '  ms> ”  0 ( **+  !^]  +*+2 )  • 

Furthermore,  %fi-  R'  (x,  0,  h)  and  fR,  R- (a:,  f,  h)  vanish  for  x  being 
outside  a  ball  independent  of  h  and  t.  Hence 

II  %R',  r[  Hc*(r2)  =  <^  ) 

by  lemma  1.1,  which  means  that  i|i  «  %. 
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The  proposition  is  proved. 

Now  we  give  a  generalization  of  Proposition  1.1  to  the  case  where 
a0  need  not  be  in  the  intersection  of  non-singular  patches  of  the  zones 
Q  and  Qr.  To  do  this  we  use  the  fact  that  for  the  canonical  trans¬ 
formation  gn o  associated  with  the  harmonic  oscillator  Hamiltonian 
function  H0  =  (p~  +  <f),  a  neighborhood  in  gH0An  of  the  point 

gH0a0  satisfies  the  condition  of  Theorem  5.1  of  Chapter  IV  provided 
that  t  is  sufficiently  small. 

For  the  rest  of  this  section  we  shall  fix  the  following  notation. 
Let  J  (a,  t)  be  the  complex  Jacobian  corresponding  to  the  family 
{gH0A",  dgXH(,rn}.  Given  a  continuous  branch  Arg  J  (a)  of  the  phase 
argument  of  J  (a),  we  define  Arg  J  (a,  t)  as  the  continuous  function 
satisfying  the  conditions 

J  (a,  t)  =  |  /  (a,  t)  |  exp  (i  Arg  J  (a,  %)), 

Arg  J  (a,  0)  =  Arg  J  (a). 

For  every  small  t  ;>  0  choose  a  bypassing  focuses  Hamiltonian  Hx 
associated  with  gH0a0  and  the  pair  (CD,  I)  and  having  the  form  (5.9) 
of  Chapter  IV.  Let  J  (a,  t,  t)  be  the  complex  Jacobian  corresponding 
to  the  bypassing  focuses  operation  associated  with  Hx.  We  define 
Arg  J  (a,  t,  t)  as  the  continuous  in  t  function  satisfying  the  con¬ 
ditions 


J  (a,  t,  t)  —  |  J  (a,  t,  t)  |  exp  (i  Arg  J  (a,  t,  t)), 

Arg  J  (a,  t,  0)  =  Arg  J  (a,  t). 

Set 

Arg  /j  (a,  t)  =  Arg  J  (a,  r,  -f  no  (t), 


where  o  (t)  is  the  number  of  negative  eigenvalues  of  the  matrix 
e  (t)  which  occurs  in  the  Hamiltonian  Hx.  In  Sec.  3  (see  Lemma  3.5) 
we  shall  show  that  the  limit 

lim  Arg/j  (a,  x)  =  Arg// (a)  (1.22) 

T-I-  +  0 

exists  and  does  not  depend  on  the  choice  of  Hx. 


Proposition  1.2.  Let  a0  (  T  be  in  the  intersection  of  two  patches 
( uy ,  Jt7)  and  (uy,  ny).  Then  for  any  <p  (a)  6  C o’  supported  near  a0, 
we  have 

-^-a>V(a)--L  ArgJ(a)  1 


(x)  ‘ 


gY®!  («)  — Y  Arg  J 


(1.23) 
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d  \  j 
da  )  ' 


where 

I  i  l=o 

Pv'=  —  ci 1  [{ZI»  — 

and  vtl  v  is  a  D-asymptotic  differential  quasi-identity  operator. 

To  prove  this  proposition  we  need  the  following  lemma. 

Lemma  1.2.  Let  a0gT  [be  in  the  intersection  of  two  patches, 
(Uy,  j4)  an(l  (UV’  nv')>  °f  the  zone  Qr.  Then  for  any  cp  (a)  £ Cff1  sup¬ 
ported  near  a0,  we  have 

[J i  (a)]  ~T  eT  (a)  Lfa  (a)  ( 


1  (*) ' 


P~h  01  (a)n./^rT  if.,?,  v’, 


[J r  (a)]  2  LJ  vT  ip  (a)  \a={ni^yl  (x). 


(1.24) 


where  vj'  7  is  a  D-asymptotic  differential  quasi-identity  operator. 

j_ 

Here  [/j  (a))  2  is  a  smooth  branch  of  the  root  of  the  Jacobian  in  the 
neighborhood  of  a0. 

Proof.  As  before,  it  suffices  to  check  the  result  for  the  special  case 
where  Qj  is  the  non-singular  zone. 

First  we  prove  that 


exp  jy®T(<i  («)) }  ~  exp  {  y  0>7'  (a) }  ip  (a), 


where  a  =  jtv  o  and  ip  is  the  D-asymptotic  at  a0  series  defined  by 

oo 

y=2-jr  [j(®>(a))-<I>V>))]i. 

3=0 

Recall  that 

a  (a)  =  a  +  0D  (h1/2) 

by  Lemma  3.3  of  Chapter  IV,  and 

0>7  (a  (a))  =  0>7'  (a)  +  0D  (h3!2) 

by  Lemma  3.4  of  Chapter  IV. 

We  have  to  show  that 

Or)' 3 6Xp  { i °v <0 } ~  ii) 1 exp {f ®r (“) }  * 
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for  any  multi-index  j.  For  j  =  0,  this  follows  from  the  identity 
exp  {  \  d>v  (o  (a)) }  =  exp  {  ~  <D7'  (a) }  x 

x  exP  { ~h  l®7  (ff  (“))  — 9V#  (a)l  }  = 

N 

—  2  exP  {  T  07  (a) }  IT  {  T  -  <DV'  (“)]}'  + 


3=0 

1 


{i  1®V  (a  (a))-®7' (a)]} 


2V+1 


X 


1  (W  + 1)  f 

X  exp  {  y  t®7'  (a)  +  9  (a)  (<D7  (a  (a))  -  0>7'  (a))]  }  , 
where  0<0(a)<;l.  To  prove  it  for  all  j,  note  that 

d  .  i  d®7'  (a)  \ j 


(iy™ p  { ¥  °7'  (“)  }> =  exP  { i  °7'  (a) }  ( 


da 


h  da 


)♦ 


and 


(^)JexP{x°V(ty<0i))}== 


i  dfl)v  (g  (a))  \  i  ^  ^ 


ao 


exp  {r01^®)}  ^  ( 

suffices  to 
\j  a°  / 


(—4 

i  d®7'  (a)  ■ 

\  da  ‘ 

h  da 

proof  will  be  by 

(—4 

i  d<t>7,(a)\ 

Idas 

h  das  ) 

\  da  ' 

h 

i  da  ) 

i 

d®y  (a  (a))  y 

.  da  “ 

T 

da  / 

)  check 

the  relation 

'JL  i 

i 

d<D7  (o(«))\i, 

i  da  ~r 

~h 

da  / 

n  on 

1  j 

|.  We  have 

)J1.  V\>‘ 


)'t  = 


=  S  7 r  (x)r  { r  l07  (“)) ■ ~®y'  (“)]r-1  x 

r= 0 

/  dd»7  (g  (a))  d®7'  (a)  \ 

\  das  das  ) 

+i22Sa(®v  (-’C))-®”  (-))'} s 
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So  the  relation  in  question  holds  for  |;'|  =  1.  Assume  that  it  holds 
for  |  / 1  iV  and  let  I  k  |  =  iV4-l,  &s=#=0.  Then 


( 


i  d<Dr  (a)  \ft 


\k 

)  1>  = 


da  ‘  h  da 

d  i  d(I>V'(a)' 


=  ( 

dcpV(q  (a))  (  8  ,t  a®V(0(a))\fc-i. 


das  h  das 

i  dQ)y'  (a)  \ 
h  da / 


(JL. 

.  i  d<Pv'  (a )\f 

\[da 

'  h  da  ) 

—  4 

i  dd>v  (0  (a)) 

,  da  ‘ 

h  da 

Ijl: 


a0 


ao 


:  ^  [ 


da.. 


(±J- 

Ida  1 


da 


T  *i+ 


-L—l—JL-l  d®7(0(a)) u  /  d  i  g(Py  (q  (a))  \h 
das  \  da  ^  h  ~  da  )  J  M  da  h  da  )  ’ 

which  proves  the  desired  result. 

Next  we  have 

[/  (a  (a))]~i/2  =  [/  (a)] " 1/2  (1  -f-  %  (a)) 
with  %(a)  =  0D  (h1/2),  and 

fL7rol  (o  fall  ~  N1  V  V  [g(«)— «lft  dWK  d1,+ft~;ig)  ^ 

[L  cp]  (a  (a))  ~  2j  2j  2j  n /!  (*—!)!  da  1  gaj+h-i  ~ 

lil==o  1*1=0  liZh 

^  \i  \i  \i  [0  (a) — a]i+s  d'^Pr-s  ^hlq)  _ 

~  2j  2j  2j  i\  s!  (r  —  s)!  dai 
|r|=0  ll|=0 

~  2  7T  [O'  (“)  —  «■  +  Pv  (cr(«))]r^f  =  ^,(P- 

M=o 

Let  i?v  be  the  D-asymptotic  differential  operator  defined  by 

00  OO 

1 


^'=  2  tt(  2  ^(.M)3( 


lj|=0 


1  h  1=1 


_d_\3 

da)  ’ 


where  {<Pk}  is  the  sequence  of  polynomials  of  Lemma  6.4  in  Chap¬ 
ter  IV.  According  to  Lemma  6.5  in  Chapter  IV, 

Lv  Ry  W  «  ¥ 


for  any  ZLasymptotic  series  ¥  supported  in  a  small  neighborhood 
of  a0.  Put 

uv'v'  =  /?v'  i|)(l  +  %)  L'. 

It  remains  to  be  shown  that  7'  is  a  quasi-identity  operator.  To  do 
this,  we  use  the  observation  that  L'  —  Ly  raises  the  order.  In  fact, 
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we  have 

oo 

(L-LT')q>(a)  =  ^  -jf{[a  («)  —  «  +  pv  (cr  (a))]r- 

ln=o 

for  any  <p  (a)  £  C°°  supported  near  a0.  It  follows  from  Lemma  3.3 
of  Chapter  IV  that 

o  (a)  —  a  +  pv  (a  (a))  —  pv>  (a)  =  0D  (h), 
which  implies 

[a  (a)  -  a  +  pv  (a  (a))]r  -  [pv-  (a)f  =  0*0^“), 
so 

ord  [(Z/  — Lv')  (p  (a)]>Y  +  ord  cp(a). 

Now  the  required  assertion  follows  from  the  identity 

vy' Y  =  Ry’Ly'  +  Ry  (Z/  -  Lr)  +  Rr  (i|>  -  1  +  xn>)  V 

by  noting  that  %  and  ip  —  1  raise  the  order,  Ly  and  Ry'  do  not 
lower  the  order,  and  Ry  Ly  is  a  quasi-identity  operator.  The  lemma 
is  proved. 


Proof  of  Proposition  1.2.  We  need  some  further  notation.  For  every 
/i-asymptotic  series  i|)0,  let  Z?pJ)0  (x,  h)  —  ij;  (x,  t,  h)  be  the  solution 
of  the  Cauchy  problem 

i*-25* 

li)|t=0=fo(^>  h)r  (l-26) 

and  let  R?ty0  (x,  h)  =  ipx  (x,  t ,  h)  be  the  asymptotic  solution  of 
(1.25),  (1.26)  with  the  special  Cauchy  datum 


\|)0  (x,  h)  =  eh  ^  C°°  1 


-1/2 


\J  (a) 

corresponding  to  the  path  (uy,  ny) : 


-5-  Arg  J  (a)  v  . 

2  L\(a,h)  |a=Jt-i 


(*) 


.  .  .  ,  ,  4-  <S>y  (a,  0-  4r  Arg  J  (a,  t) 

%  (x,  t,  h)  —  e  h  2  X 


X  \J  (a,  t) 


- 1/2 


£V2  (Wq>(a,  h)  |a=, 
i=o 


'a=a  ^(x,  f)’ 


where  a7  (x,  <)  is  the  solution  of  the  equation  q  (a,  t)  +  y  (a,  t )  ==  x, 
aP  and  Ov,  J,  Ly  are  determined  via  the  (re  +  l)-dimensional 
manifold  {g//0An}  (with  the  complex  germ  dgH0rn).  Quite  similarly, 
we  define  the  operator  RT  which  sends  any  ^-asymptotic  series  i])t 
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(a,  t) 


of  the  form 

where  a\'  (x,  x)  is  the  solution  of  the  system 


a—ay,  (X.  D 


<h  (a,  t)  =  yi  (a,  t)  =  xz,  Pj  (a,  t)  +  Y j  («>  T)  =  X1 

into  the  asymptotic  solution  of  (1.25)  with  the  initial  condition 
ij)  |j=T  » ij)T.  Let  F  be  the  /j_1-Fourier  transformation  with  respect 
to  the  /th  group  of  variables.  According  to  Proposition  2.1,  for 
any  Z)-asymptotic  series  %  supported  near  gxHo a0  6  g"/i0A”,  we  have 


Fiji  ( x ,  t,  h)  fa  Fas’1!'  (x,  x,  h), 
where 


ij)(;r,  x ,h)  =  eh 
and 


4-  4>  (a,  t) — L  Arg  J  (a,  x) 


|  J  (a,  x)  [  *  L  (x)  %  (a)  |a=a(x,  x) 


„  ,  /  ,,  dcf  v®!®,  x) — L  Arg  J f  (a,  x) 

Fasi|)(^,  T,  2  X 

X  I  //  (a,  t)  r 1/2  Li  (t)  Vt  (x)  x  (a)  |a=ai(sc>  t)> 


L(-r),  Lj  (t)  and  vz  (x)  being  determined  via  (gxHoAn,  dgxHorn). 

Finally,  we  let  rj’  (t)  denote  the  operator  corresponding  to 
(gir0An,  dgxHo  r"),  which  sends,  for  any  cp  supported  near  gH0a0,  the 
asymptotic  series  on  the  left  of  (1.24)  into  that  on  the  right. 
Now  the  proposition  is  proved  by  considering  the  diagram: 
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where 


%  (x)  ■- 


The  desired  result  follows  from  the  fact  that  jFiJj0  «  %.  Justification 
of  the  equivalences  which  occur  in  the  diagram  is  as  follows: 
eql  is  by  Lemma  1.1, 
eq2  follows  from  eq  1  and  Lemma  1.1, 
eq3  is  by  Lemma  1.1, 
eq4  follows  from  eq  3  and  Corollary  1.1, 
eq5  is  by  Lemma  1.2, 
eq6  follows  from  eq  4,  eq  5  and  Lemma  1.1. 

This  completes  the  proof. 


Note  1.1.  Let  dldl  =  (<9/dZj,  .  .  .,  d/dln)  be  a  set  of  commutating 
complex  vector  fields  on  uv  which  are  linearly  independent  at  every 
point.  Lemma  1.2  and  Propositions  1.1,  1.2  remain  valid  if  we  set 

D(qi  +  Zi,  Pj  +  Wj)  d{qI  +  zI,  Pj  +  w-} 

=  - - w  1  1  =  det - - L.t  (1.27) 


(Pi)j 


T(4)’. 

lil=o 

where 

-d{qr  +  zI,  Pj  +  Wj}  t 


P{=-[- 


dl 


]  [{zj,  Wj}  —  y]. 


Sec.  2.  Commutation  Formulas  for  a  Complex  Exponential  and  a 
Hamiltonian 

Let  x  —  (*!,  .  .  .,  xn)  be  the  generating  set  of  multiplication  ope¬ 
rators  by  independent  variables  operating  in  the  Sobolev  scale 
{Hh  (Rn)}  with  D  =  Co  (see  the  definition  of  a  Banach  scale  in 
Sec.  1  of  Chapter  II),  and  let  p  =  (pt,  .  .  .,  pn)  be  the  generating  set 
of  operators  in  the  same  scale  defined  by  pj  =  — ih  d/dxj,  where  h 
is  a  positive  parameter.  Further  let 

$e  {x,  P)e  igMR2'i)=  n  -^s(R2n), 

5=0 

and  let  S  (x)  be  an  infinitely  differentiable  finite  function  with 
Im  5  (x)  La  0. 

In  this  section  we  shall  obtain  commutation  formulas  for  the 
Hamiltonian  38  (x,  p)  and  the  multiplication  operator  by 
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exp  |-T»S  j  •  To  this  end  we  first  consider  the  following  two  special 
cases:  (1)  Re  S  =  0  and  (2)  Im  S  =  0. 

Lemma  2.1.  Under  the  above  assumptions  suppose  additionally 
that  Re  S  =  0.  Then  for  any  natural  k, 


2  <=} 


ih)MdWehS(X)  2  l\ 

,  p) 


dx 


.a 


dp 1 


,a 


\  X, 


+  ( —  ih)h  rh(S), 

where  rk  ( S )  is  an  operator  such  that 


llrh  {S) 

for  all  1^0. 


h+l 

2 


+ 

(2.1) 

(2.2) 


Proof.  Using  the  commutation  formula  of  Chapter  II,  it  is  easy 
to  prove  by  induction  that  (2.1)  holds  with 


MS)- 2  2  { 


1  ld*ehS 


3—  1  \a\=h~l 

aj+l=*  •  -=art=0 


a-  dxa  dxj 


]X 


X 


(dp^Wj^  )  Pi'  '  '  ’  ’  Pi ’  Ph  '  '  •  >  Pn)  }  *  (2-3> 


According  to  Corollary  1.1  of  Chapter  IV, 


-r  s 
d*eh 


dxa  dxj 


Cl  (Rn) 


h+l 

^ const h  2  , 


hence,  letting  A  denote  the  multiplication  operator  by 
acting  on  Hl  to  itself,  we  get 

h+l 

||  A  ||^const  h  2  . 

Since 


-r-S 

d*eh 
dxa  dxj 


2/41  13  3  \ 

Af  U,  Pi,  ■  ■  -,  Pj,  Pj,  •  •  Pn) 
C  const  ||  A 


Hl-+Hr' 


this  implies  (2.2),  Q.E.D. 
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As  to  the  case  of  a  real  S,  it  is  not  difficult  to  obtain  the  expansion 
which  generalizes  (7.7)  of  Chapter  II.  To  state  the  result  we  introduce 

non-linear  differential  operators  Pa]  p  as  follows:  if  ^  ( x0 )  =  0, 

then  Pa]  p  ( S )  |x=A;o  is  defined  by  the  identity 

-4-sw 


(—ihiYeh  x)  (x— *o)pl*=*o= 


i«i 

i=0 

in  the  general  case  we  set 

P^rAS)  U  =  i>Sp(5o)  \x=xo, 

where 

S0  {x)  =  S  (x0)  —  (x  —  x0,  ~{x0)). 
In  particular, 

P(0°\\(S)  =  1, 

jd) 


(2.4) 


^aVp  (S)  =  0  if  |o|  =  l,  |p|  =  0  or  |  a  [  =  2,  |P|  =  1, 


3(i> 

a, 

P(ah(S) 


PS'fi (S)  =  (a,  P>  if  |a 

(1)  /o,  1  das 


1  =  1. 


«•  dxa 


if  |a|  =  2. 


Lemma  2.2.  Under  the  assumptions  of  Lemma  2.1  with]  Re  5  =  0 
replaced  by  Im  S  =  0  we  have  for  any  natural  k 


{x,  p)e*S^  =  e*  S(*){21  (-ih)lO>l(S)  +  hhrh(S)},  (2.5) 

i=0 


where 

rh  (S)  £  Horn  (Hs+h,  Hs) ,  all  R, 


and 


(S)  =  2 


d^&e  /  os 


dpa 


(If 


5!PI 


ls£ia|i£2I 

In  particular ,  <D0  (5)  =  38  (x,  Sx). 

Proof.  Obviously,  (2.5)  can  be  rewritten  as 


dx & 


(2.6) 
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but  the  left-hand  member  of  (2.5')  has  the  form  /  {c,  A-\~b) ,  so 
we  use  the  following  generalization  of  (6.8)  of  Introduction: 

fc-l  n  n  f  2  21 

f(A+B)  =  f(A)+2  2  •••.2  \Bh...Bhx 
i- 1  h— 1  h~h-i 


/  1 

1  3 

21  —  1  2i+ 1  2!+l  \  "1 

•»  Aj i,  djj,  •  •  .,  An)  J 

x  ...  6 Ui»-- 

•  >  djj,  Ajt,  . . 

/  2 

2  k 

+  2 

. .  .  Bk x 

„  /  1 

1  3 

2h- 1  2h+l 

X  8jl  ■ . .  8jJ  \dj,  . 

•  •  i  d^,  djj, 

•••’dip  + 

2A+1  \ 

•••)  +  (2-7) 


where,  as  well  as  in  the  one-dimensional  case,  some  operators  may 
be  additionally  included  as  parameters  (cf.  the  notes  following 
Theorem  6.4,  6.6  and  6.7  of  Introduction,  respectively).  Thus  we 
obtain  (2.5')  with 


®«<s>=  S'  {Jr 


21 

d 


dx;  X 
h 


[8;t 


/I  13 

+ 

OJ 

1 

cS 

21-1-1  \  \ 

S8]\  Sx  ,  . . .,  Sx.  ,  Sx.  ,  . 

1  •'l  J  i 

•  •  »  ^Xjf  • 

..,sXn)} 

(here  we  have  dropped  x  being  the  last  to  operate).  In  the  expression 
of  CP*,  let  us  change  the  order  of  operating  so  that  d/dx  would  be  the 
first  to  operate.  Using  the  commutation  formula  of  Chapter  II,  we 
arrive  at 


<D;  = 


2 


da&e 

dpa 


(ldS_ 

\  dx  ’ 


where  Qa]  p  ( S )  is  an  independent  of  S3  polynomial  (with  constant 
coefficients)  in  the  derivatives  of  S  of  orders  2,  .  .  .,  I  +  1. 

What  remains  to  be  proved  now  is  that  Qa]$  =  Pa]  p-  It  is  easily 
seen  that  for  this  it  suffices  to  show  that 


Q(a]  p  (S)  \x=o  =  P(*),v(S)  |x=o 


for  all  S  with  ^(O)  =  0.  To  do  this,  put  S3  (x,  p)  =  pa.  In  spite  of 
pa  $  S3 oo,  both  (2.7)  with  /  =  S3 ,  A  —  Sx,  B  —  p  and  the  commu¬ 
tation  formula  of  Chapter  II  remain  clearly  valid  in  the  case,  the 
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remainder  in  (2.7)  vanishing  if  k  is  large  enough.  Hence 


P“exp  {y£  (x)  |  =  exp  £  (x)} 


X 


x  2  (  lh)1  2  (a_Y)!  V(?v?6  ( S )  ~fj- 

l  V,<5 


(2.8) 


Applying  this  operator  indentity  to  x B  and  putting  x  =  0,  we  obtain 

e-Ts^(_j/l^aeTswa;p|!c=0=2  (-iAj'oipi^p^)  |,=0. 

i 

Comparison  of  the  last  formula  with  (2.4)  produces  the  desired  result, 
Q.E.D. 

We  now  generalize  (2.5)  to  the  case  where  Im  £  need  not  vanish. 

Theorem  2.1 .  Under  the  assumptions  stated  at  the  outset  of  the  section 
we  have 

m  (x,  p )  e*  S  ^  =  eT  S (x)  2*  ( _  ih)h  OiN)  (£)  +  Rn  (£) ,  (2.9) 

where 

<\S)=  2  x 

05IVIS2  ( N-k : 
fts£!a|^2ft 
0s=| 


fc=0 


X 


5|a|  +  lTljg 


f  1 

(  .  d  Im  S 

y . 

\  Y! 

\  dx 

)  - 

-1 

d  Re  S  \ 
dx  ) 

\  P(aU  (£) 

alPi 

dx$ 

dpa+y 

and  Rn(S)  can  he  estimated  as  follows'. 


.N-h 


(2.10) 

|flW(5)||flW+uHi<cWlir"^\  1  =  0,  1,  2,  ...  .  (2.11) 

Proof.  Set  Si  =  Re  S,  £2  =  101  S.  We  begin  by  commuting  the 

Hamiltonian  SB  (x,  p)  with  the  multiplication  operator  by 
exp  ^  —  -^-£2  (x)J  ;  according  to  (2.1),  we  get 


ffl 


where 


(  3  2) 

U,  p) 


U(i) 


=  2 


(_ife)|a|  g\a\e  h 


S-2 


x- 


0^|a|jS2V-  1 

-Mi)- 


dxa 


X 


-j^-{x,p)eh  |+#am(£), 


(2.12) 


2  JV_  /cn_„TSi(x) 
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By  (2.5), 


dpa 


X 


(3 

U,  p) 

,N-  1 

|2  2 


,  Si(x) 

=  e'1  X 


2 


t  ft=0  *51  V  I=£2ft  0^1  p  15* 


[(-*&)' 


a|a+7l<sw 

aP“+v 


h  £) 


x 


x  P^p 


(Si) 


22 


■J  +  hN r Nt  a  (•S' j)  , 


(2.13) 


where 

TN,a(Si)£Kom(H'+N,  Hs) 
for  any  s£R. 

Thus  (2.12),  after  substitution  of  (2.13),  gives 

■i-sU) 


SB 


(i,  p) 


,h  _ 


—  p  h 


S 


N-  1 


2  ( -ih)h 

*— 0 


5pa+p  X 


051715* 

*<[  a.  I52ft 
051  PI52C1V-*)- 1 

X(^2x)e^,a,P,v(5)(^)V}  + 

T"  Rn,  i  (S)  -f-  Rn,  2  (S)  -f-  Rn,  3  (S), 

where  Qhi  a,  p,  y  (S)  is  a  polynomial  in  the  derivatives  of  5,  and  S2 
of  orders  2,  . . .,  Ar  -J- 1 , 


Rn,2  (S)  —  2 


(_fh)l«l+Jf  glttlg  hS*  4-Sl- 


cd 


dxa 


e  h  rN,  a  (Si)  (2.15) 

05|  a  152IV- 1 

and  RNj3(S)  is  expressible  as  the  sum  of  operators  of  the  form 


IN 


>  N. 


with  /  £  Co,  I  y  I  <  N  —  1,  k  + 

Cl 

To  compute  Qh,  a,  p,  7,  we  apply  the  method  similar  to  that  used 
in  the  proof  of  Lemma  2.2.  Put  $ 3  ( x ,  p)  —  p 6.  The  expansion  (2.14) 
is,  of  course,  valid  in  this  case,  the  remainders  RNtl,  Rn,  2  and  RN ,  3 
vanishing  provided  that  N  is  large  enough.  Thus, 

2  -Ls(x)  1 -Six)  ^  /  OSi  \6-a-P 

2l  [_<•  lfl>  (6-a-P)!  I  dx  ) 


p6e  * 


—  e1 


X 


*>  a,  P,  V 


X 
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dS 

Let  us  apply  this  operator  equality  to  xE;  if  (0)  =  0,  which  we 
may  assume  without  loss  of  generality,  then 


-r-S(x) 

p°e h  xe 


x=0  : 


=  a  *  SW  2  ( -  ih)h  6!e!  ( i  -§• )  ' P  Qk,  6_p,  p,  e  (5)  x=q  .  (2.16) 


h ,  P 


On  the  other  hand,  (2.8)  holds  for  complex  S  too.  Hence 


-v-S(x) 

p&e h  xE 


oc=0  — 
—  S(X) 


’  dS2  \«-V  D(ft) 


ft,  v 


3C=0 


Comparing  the  last  formula  with  (2.16)  we  conclude  that 
Qk.  a,  p,  7  —  "pi-  fr/^y 

To  complete  the  proof,  we  have  to  check  (2.11)  for 

R*  (S)  =  i  Rn,  j  (S). 

5=1 

To  estimate  RN:2,  consider  (up  to  a  numerical  factor)  the  general 
term  in  the  right-hand  member  of  (2.15): 

i 


OX 


We  have 

\\rN,a(Si)  ||Hi+iv^Hi<const, 


e  n  Sl 


Hl-+Hl  ^  c°nst  h  1 


and 


--s2 


d\a\e  h 
dxa 


I  0£  |+Z 


;  const h 


(for  the  last  estimate  see  the  proof  of  Lemma  2.1).  Hence 

w_  JL, 

11-4  \\hn+uhi^ const  h  2 

which  implies  the  required  estimate  for  RN,2(S).  Estimation  of 
Rn,!  and  Rn>3  may  be  left  to  the  reader. 


CH.  V.  CANONICAL  OPERATOR  ON  A  LAGRANGEAN  MANIFOLD 


447 


Let  Ffi^X[  be  the  inverse  of  the  ^-Fourier  transformation  with 
respect  to  the  /th  group  of  variables: 

x7)  =  (2 nh)  2  j  eh  1  <p  (|r,  Xj)dh, 

Rm 

where  m  is  the  number  of  elements  in  I.  Next,  we  must  obtain  a  com¬ 
mutation  formula  for  S '8  (#,  p)  and  the  operator 


and  the  operator 


Ft  o e 

*i  xi 


7K  S{ii'  xi) 


generalizing  (2.9). 

Let  rr  be  the  operator  defined  by 

rfq>  (x)  =  cp  (—xj,  xj), 

X  —  ( X .  .  .,  xn ). 

Set 

Pa/d  =  (  —  1)'  ^  1  Tj  O  pla  P  o  Tj. 

As  before,  we  assume  that  S  £  C o’,  Im  5  >0  and  SB  £  i?oo,  and 
use  the  notation  S1  —  Re  S,  S2  —  Im  S. 


Theorem  2.2.  Under  the  above  assumptions  we  have 
SB  U,  p)  Fi^Xje  h  S(ir  Xj)(f  (I/,  xi)  = 

=  F^eF  Sai’  2*  ( -  ih)h  <  i  (S)  cp  (£,,  xj)  + 

1  1  h=0 

+  -Rjv  (S)  9  (I/,  xj), 

where 

^ h,i(S)=  2  2  2  2  {  7!  (Pj  — 7)!  8!  X 

ft^|a|^2fe  0si|  0^1  6  |<2JV-2ft-l 


dl“f+IV  1+161^ 

\s 

t  OS  1 

x. _  S  dSi  )  x 

dx^r  e^i  dp} 

l  dir  ’ 

x  Pa,  3  (F)  (  -  l  -g^-  ] 

\8r  aiei-ivi  i 

1 

and  Rn  ( S )  can  be  estimated  as  follows: 

II  RjV  (S)  ||  7,  1  Hl^cn,  ft  2  • 
Hl,  i+n-*h 
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Proof.  We  start  with  the  note  that  the  required  expansion  can 
be  rewritten  in  the  form 


2  1 


xr>  -ihjr)  ° 


■s(iz,  k7)_ 


IV- 1 


=  e  h  s%-  */>  2  (- ih)k <  x  (5)  +  Rn  (S),  (2.17) 


ft=0 


where  RN  (S)  =  FXi^j  °  RN  (S).  In  fact, 


{x,  p)  °  —  ^'lI-*xi 0  ’  x7’  ^  3a;_ 


E  2 


1 

_3_ 

3a:- 


Since  H\\  f  is  continuously  embedded  into  Fx  ^  Hl,  it  suffices 
to  check  the  estimate 


—  2V — h  i 

II  Fn  (S)  \\hi,  i  Hi,h^Ci,Nli  2  . 

l+N^ul,  i 


(2.18) 


The  proof  will  be  given  in  three  steps. 

(1)  By  an  obvious  modification  of  the  proof  of  Lemma  2.1  we 
arrive  at 


/  2 


m\ih 


2  1 


dh  ’  x7>  lh  dx- 1  °e 


1  \  i 

•7  d  '  --rs2&i>x  t) 

—  ih  —  i  o  e  h  11 


h-i 


- —  §2(1  r  ,  Xj) 

v<  (  — /  J\|ar|3“e 

“  ^  T~(  }  -.<*«,  X 

|  a  |=0  dlTl  dxj 


X  ■ 


d°~&€  /  »  2  1 


with  the  remainder 


1  .7.  5  ^2  .,  3  .  , 

«7  \lfe  3|x  ’  X7’  lh  dx- 

1  do-1  I 


■  ih)k  r h  (S2) 


(2.19) 


rjt  (*S2) 


-2  2  ( 

£=1  |  a  |=fe-  1 

^  5  Tio 


(_l)|arl+8J 


a! 


3i/a  3y3 


■lx 


3z“  6z. 


,  /  1  5  2  24  4  \  "I 

-<#?  Uj,  *j,  Zi,  ■■■,  zj,  zj,  . zn/J,  (2.20) 
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where 

y  =  (Pi,  xj).* 

(y,  2 )  =  0#((Zj,  J/j),  (!//,  Zj)), 
r  1  for  /£/ 

Sj  {  0  for  /  £  /. 


Expression  (2.20)  implies  the  following  estimate: 

_  b±l 

II  rk  (S 2 )  |IHJ,  A  HJ,  h^Chlih  2  . 

Hl,  J  Hl,  l 


(2.21) 


(2)  By  the  obvious  modification  of  the  proof  of  Lemma  2.2,  we 
arrive  at 


2  2  1  1 
se  \ih  ,  Xj,  i,  —ih  —  j  o  e 


h  Sl( ^I'  XI> . 


(k-i 


}’ 


=  «  h  Sl'lp  *7>  \  S  ( ■ ~  ih)1 <D/t  ,  (Sd  +  hhrk  (, S t) 

v=o 

where 

^(.S’.KHom  (H['ih+h,  H\li) 

for  every  non-negative  integer  Z,  and 

.t,  ,cn  vi  vi  f  a|0l|«»  (  as  l  i  es 

®i,r(S)=  2  2  <-—irT[-w-,x7,Zi,^- 


(2.22) 


i^l  a  |s£2l  0<|  p  |sCJ  r  dp-/ 


X 


X 


2  \Pj 

5 

dh 


dx- 

I 


Commuting  £j  and  in  the  last  formula,  we  obtain 


o/, 1  (S)  2  2  2  |Y!(pP/l7)! 

I  o  1=1  |PI=0v<Pj  1 
^lal  +  lvlj^?  I 

ci  5=  V 

dxj1  dpH  dpj 
,  r  alPMvl  'i 

x^(^)  p7  ,_T1- 


X 


dS  g  55 

d|7’  xi’  ~j>  n 


B 


X 


(2.23) 


29—01225 
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(3)  By  a  slight  modification  of  the  proof  of  Theorem  2.1  (in  par¬ 
ticular,  we  must  replace  (2.1)  and  (2.5)  used  lliere  by  (2.19)  and 
(2.20),  respectively)  we  obtain  (2.17)  with  the  remainder  having  the 
following  estimate: 

_  iv _ i 

|| -Rjv  (5)  ||  r,  h  Tji,h^cn,ih  2  . 

Ul,  l  +  N~*Ul,  l 

It  remains  to  be  noted  that  the  bound  of  the  identity  operator 
/  :  H\’,  i+n  ->  H\l  i+n  does  not  exceed  hr1. 

Corollary  2.1.  Under  the  conditions  of  Theorem  2.2  we  have  for 
any  cp£Co°: 

38  {x,  p)  Fl^xe h  SCs/’  X/)cp  (|j,  xj)  » 

l  oo  2ft  k  oo  r 

2  2  2  2  2  h-*)‘x 

fc=0  I  a  |=fe  I  B  1=0  v«Rr  |  6  1=0  1 


Pj! _ gl«l+l'rl+i<H<gg  /  dSj  ?  \ 

V!  (P/~T)!  S!  dpy  '  ^  ’  '27’  ' 

Dh<  L  /  0\  /  ;  dS2  \  6/  /  ,•  dS2  \  7  .  . 


t-'  pV':  cp  (lr.  *r)l  ==  Fi^xje  h  S(6j’  Xj)38 


38y(h,  x7), 


(2.24) 


38  being  an  S ^-asymptotic  differential  operator. 

The  same  formula  is  valid  in  the  case  where  ip  is  an  5Vasymptotie 


Example  2.1.  Let  ap  (ot)  £  C™  be  supported  in  a  y-domain  uy 
of  the  zone  Qj  of  a  Lagrangean  manifold  with  a  complex  germ,  and 
let  X  be  the  image  of  T  f)  supp  ajj  under  the  mapping  a  -*■  q  (a). 
Then,  for  any  %  (x)  £  Co°  supported  outside  of  X,  we  have 


.  f  -2-oha)  1 

^  (x)  ie  1  ^  (a)  a=(ni)- i(|r>  j.  }  J  ~  0- 
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In  fact,  setting  S  =  <D|  °  (%)_1,  cp  =  ij)  o  (jt^)  *,  we  obtain  by  Corol¬ 
lary  2.1: 


1—1  h  /f*  \ 

',h  J  cp  (g7 ,  Xj)ft 

oo  2k 


1  (x)  Fh^xe  - 

j  oo  2k  k  oo 

*ff,WTS®''"7>2  S  2  2 

h=0  l«|=ft  |  P  1=0  |6]=0 


X- 


<9a:a+6 


X 


6! 


X 


X 


Hff) 


as,  \  6  si  p  i 


N' 


■<p 


(lr»  Xj)  |  . 


It  is  obvious  that  the  support  of  each  term  of  the  h-asymptotic 
series  on  the  right  is  a  subset  of  the  support  of  the  function 

1  f  “Iff  *7))  *P&.  xl)- 

Set 


X(«)  =  X  (  — (M«)  +  Y/  (a),  37(a) 3? (a)  +  ?r («) )  • 

It  suffices  to  show  that  %  (a)iji(a)  vanishes  in  the  vicinity  of  T. 
We  have 


1  («)  =  X  (q  (a)  +  /  (a)), 

where  /  —  0D  (h1/2)  (see  (3.3)  of  Chapter  IV).  Let  u  be  a  neighborhood 
of  X  such  that  u  f|  supp  %  =  0 .  Then  the  inverse  image  of  u  under 
the  mapping  a  ->  q  (a)  +  /  (a)  is  a  neighborhood  of  T  f)  supp  ip, 
on  which  %  vanishes. 


Problem  2.1.  Given  $8  and  S,  let  q>  (gj,  xj)  be  an  SVasymptotic 
series  with  the  principal  monomial  of  the  form  /as(p0  (£r,  #j)>  and 
let  M  be  the  S2-asymptotic  operator  defined  by  (2.24).  Then  the 
principal  monomial  of  cw<p  equals 
dS  1  g  dS  \ 

afT’  x7’  -1’ 


hsM  ( 


xji  h,  ■£•)  To  (h,  xj) 


provided  that  this  functions  does  not  vanish  identically. 

Problem  2.2.  The  expansion  (2.24)  remains  valid  in  the  cbse 
$8  (x,  p)  6  S°°. 

Hint :  represent  <ffl  in  the  form 

S6(x,  p)  =  (i2  +  l)I(p2  +  l)'^o  (*,  P) 
with  $80  £  ffioo. 


29* 
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Sec.  3.  C  -Lagrangean  Manifolds  and  the  Index  of  a  Complex  Germ 

Let  M  be  a  real  manifold  of  dimension  n ,  and  let  /  be  a  smooth 
mapping  of  M  into  C2"  (identified  with  R4”),  the  2/i-dimensional 
complex  phase  space  with  the  coordinates  P  =  (Pi,  .  .  .,  P„),  Q  — 
=  (Qi,  ■  •  •,  Qn)-  If  /  is  given  by 

P  =  P  (a),  Q  =  Q  (a) 


in  local  coordinates  a  =  (ax,  .  .  an)  in  M,  then  we  set 
P  a.  —  B,  Qa  —  C, 
d(Qi,  Pi)  r  d(Pi,  — Qi)  t> 

fa  fa 


(3.1) 


Definition  3.1.  We  say  that  a  point  a0  £  M  is  C-Lagrangean  with 
respect  to  f  if  the  following  conditions  are  satisfied: 

(Cl) 


in  other  words,  M  is  locally  embedded  at  cc0  into  C2n  =  R4n, 
and  the  tangent  space  to  M  at  a„  is  real-like. 

(C2)  The  Lagrange  brackets  for  the  functions  P  (a),  Q  (a)  vanish 
at  a0: 


dQ  \  /  dP 

(>rJ-h  /  \  dah  ’ 


a=ao 


=  0; 


(C3)  The  imaginary  part  of  the  quadratic  form 

F  (g)  =  (B  (a„)  g,  C  (a0)  g),  g  €  C,  (3.2) 

is  non-negative. 

The  conditions  (C1)-(C3)  are,  of  course,  independent  of  the  choice 
of  local  coordinates. 

Note  that  (C3)  is  equivalent  to  the  following: 

(C3')  For  some  I,  the  imaginary  part  of  the  quadratic  form 

Fi  (g)  =  (- B:  (a0)  g,  Cz  (a0)  g)  (3.3) 


is  non-negative. 

In  fact,  a  straightforward  calculation  shows  that  Im  Fz  ( g )  does 
not  depend  on  I. 

A  subset  of  M  consisting  of  C-Lagrangean  points  will  be  called  C- 
Lagrangean. 

Example  3.1.  The  subset  T  of  a  Lagrangean  manifold  with  a  com¬ 
plex  germ  is  C-Lagrangean  with  respect  to  the  mapping 

Q  (a)  =  q  (a)  +  z  (a),  P  (a)  =  p  (a)  +  w  (a).  (3.4) 

In  fact,  (Cl)  and  (C2)  follow  immediately  from  Definitions  2.1. 
2.2  of  Chapter  IV.  Let  us  verify  (C3')  for  an  arbitrary  point  a  6  T. 
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Let  a  be  in  Q/  and  set  gj  =  BiCJ1 ,  %i  —  %P  +  gj2>,  where 
both  and  gj z>  are  real.  We  have  shown  before  that  gj4)  and 
g)2)  are  symmetric,  being  non-negative  because  of  the  dissi- 
pativity  condition.  Hence  we  have  for  any  h  =  ha)  -f-  ih,2),  ha\ 

h<2>  6  R”: 

Im(gjfc,  h)=—(&iWt>,  /i(2>)  +  (g(%(2>,  h^)  + 

+  (g<2)h(1),  /iW)-f(g<2 >M2>,  h(2>)  = 

=  (g(2>M‘>,  W1>)  +  (g<2>fc<2>,  h(2))>0. 

Putting  ft  =  here,  we  obtain  the  required  result 
Im  (Big,  Cig)  >  0. 

Now  we  shall  produce  some  elementary  consequences  of  (C1)-(C3). 

Lemma  3.1.  If  a  £  M  is  C-Lagrangean,  then  the  matrix  Bi  (a)  + 
+  it  Ci  (a)  is  non-degenerate  {or  t  >>  0. 

Proof.  Suppose  that  this  is  not  the  case  and  let  g  be  a  non-zero 
vector  such  that 

(B,  +  it  Ci)  g  =  0 

for  some  t  f>  0.  Since  Big  —  — it  Cig,  it  follows  that  F  (g)  = 
=  —it  ||  Cig  ||2.  Then  Cxg  —  0  by  (C3),  so  Bxg  —  0,  contradicting 
(Cl).  The  lemma  is  proved. 

Lemma  3.2.  Let  an  £  M  be  C-Lagrangean  with  respect  to  the  mapping 
P  —  P  (a),  Q  —  Q  (a),  let  H  (p,  q)  be  a  real  quadratic  form,  and  let 

P  =  P  (a,  t),  Q  =  Q  (a,  t )  (3.5) 

be  the  solution  of  the  Hamiltonian  system 

P  =  -Hq  (P,  Q),  Q  =  Hp  (P,  Q),  (3.6) 

satisfying  the  initial  condition  P  (a,  0)  =  P  (a),  Q  (a,  0)  =  Q  (a). 
Then  a„  is  C-Lagrangean  with  respect  to  the  mapping  (3.5)  for  any 
fixed  t  6  R. 


Proof. 

(1)  First  we  show  that 
I  Pa  («0-  t)  \  _ 

\Qa(U0,  t)>~ 

C(®.  P) 


rank 


Let  P( a,  P), 
the  conditions 

P(a,  0)  =  P  (a), 


be  linear  in  |3£R"  functions  satisfying 


det^ 


d(a,  P) 


Q(a,  0)  =  Q  (a), 

0. 


a=ao 
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Further,  let  P  (a,  p,  t),  Q  (a,  p,  t)  be  the  solution  of  (3.6)  with  the 
initial  conditions 

P  (a,  p,  0)  =  P  (a,  p),  Q  (a,  p,  0)  =  Q  (a,  p), 
and  set 


S(a,  p,  = 


«(<*,  0) 

In  the  same  way  as  in  (the  proof  of)  Lemma  2.2.  of  Chapter  IV,  we 

conclude  that  ^  J  (a,  P,  t)  =  0.  Thus,  /  (a0)  0,  t)  #  0  which  implies 

the  required  assertion. 

(2)  Next  we  check  (C2)  for  (3.5).  We  have 


Qa  (a,  t)  =  HppP a  (a,  t)  +  HpqQa  (a,  t ), 

Pa  (a,  t)  =  —HqpPa  (a,  0  -  HqqQa  (a,  f).  (3.7) 


A  straightforward  calculation  yields 
p>«=°- 


(3)  Now  we  prove  that 
Im  (Pa  (a0,  <)  h,  Qa  (a0,  £)  &)  >  0. 

Equation  (3.6)  implies  that 

-^-(Pa(a,  t)h,  Qa(a,  t)  h)  =  —  {HpqPa  (a,  t)h,  Qa{a,  t)h)  — 

—  (HgqQa(a,  t)  h,  Qa( a,  t)h)  + 

~{~(Pa(a,  t)h,  HppPa(  a,  t)  h)  -J-  (Pa  (a, 

HpqQa  (cc,  t)  h)  =  (Pa  (a,  t)h,  HppPa  (a,  «)  h)  — 

(Qa(&i  t)h,  HqqQa  (0C,  t)  h) . 

Thus  the  derivative  ^  (Pa  (a,  t)  h,  Qa  (a,  t)  h)  is  real,  as  the  sum 

of  two  quadratic  forms  corresponding  to  Hermitian  bilinear  forms. 
Hence  Im  ( Pa  (a,  t)  h,  Qa  (a,  t)  h )  does  not  depend  on  t,  which  com¬ 
pletes  the  proof. 

Now  let  us  consider  the  Hamiltonian  function  H  =  y  (pj  +  q-t). 
The  trajectory  of  H  starting  from  (Q  (a),  P  (a))  is  given  by 
Qj  (a,  t )  =  Qj  (a)  cos  t  +  Pj  (a)  sin  t, 

Qi  (a,  t)  =  Qi  (a), 

Pj  (a,  t)  =  Pj  (a)  cos  t  —  Qj  (a)  sin  t, 

Pi  (a,  t)  =  Pj  (a). 


(3.8) 
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Let  a0  £  M  be  C-Lagrangean  with  respect  to  the  mapping  Q  — 
—■  Q  (a),  P  =  P  (a),  and  suppose  that  the  conditions 
T  ,  .  det  DQ  .  n 

J(a)=7£-¥=°, 

det^QnPj)  /ft 


Jj(a)-. 


Da 


are  satisfied  at  a0.  Let  a  certain  value  Arg  /  (<x0)  of  the  phase  argu¬ 
ment  of  the  Jacobian  J  (a0)  be  chosen.  Using  the  transformation  (3.8) 
we  define  Arg  //  (a0)  correlated  with  Arg  /  (oc0)  as  follows.  First 
we  define  the  family  (Qx(a),  Px  (a)),  x  ^  0,  of  mappings  M  C2n  by 

Qx  (a)  =  Q  (a)  —  ixP  (a), 

Px  (a)  =  />(<*)  +  ixQ  (a).  (3.9) 


Next  we  set 

r  ,  .  DQX 


and  define  Arg  /  (a0,  x)  as  a  continuous  function  satisfying  the 
condition 


Arg  J  (a0,  0)  =  Arg  /  («„). 


The  transformation  (3.8)  induces  the  following  homotopy  of  the 
mappings 

a->Qx  (a) 
and 


a~>  (Qi  (a)  —  ixPi  (a),  Pj  (a)  -f  ixQj  (a)): 

Qx  (a,  *)=($(«),  <?j(a)  cos  * -f  Py  (a)  sin  i), 

For  a  fixed  t,  the  mapping  J^O,  defined  by 

del 


,  .  ^T(«,  0 


(3.10) 


is  a  curve  in  C  starting  from  J  ( a0 ,  x)  and  finishing  at  Jt  (a0,  x)  = 
.  f  DQl 

=  (a0).  Let  us  show  that  /  (a0,  t,  2)  0  for  t  >  0.  In  fact, 

it  follows  from  Lemma  3.2  that  cc0  is  C-Lagrangean  with  respect 
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to  the  mapping 

a -*-(<?  (a,  t),  P  (a,  t)), 


where  Q  (a,  t)  and  P  (a,  t)  are  defined  by  (3.8).  By  Lemma  3.1,  for 
r>0  we  have 


t) 

da 


dP  (a,  t) 
da 


It  remains  to  be  noted  that 


Q T  (a,  t)  —  Q  ( a ,  t)  —  ixP  (a,  t). 

Since  the  curve  (3.10)  does  not  pass  through  the  origin,  it  defines 
a  certain  value  Arg  Jr  (a0,  r)  of  the  argument  of  the  Jacobian 
Ji  («o>  x).  Finally,  we  define  Arg /j  (a0)  by 

Arg /j(a0)=  I™  Arg /j(a0,  t).  (3.11) 

X-*+0 


The  limit  in  (3.11)  must  exist  as  is  seen  from  the  following  lemma. 

Lemma  3.3.  If  Jr  (a„,  0)  =£  0,  then  Arg  Jt  (a0,  t)  is  uniformly 
continuous  on  (0,  t0)  for  any  t0  0. 

Proof.  Let  0  <  <;  t2  <  t0.  Consider  the  following  four  paths 

in  C: 

lx:  x  /  (a0,  t),  ^  t  ^  t2, 

1 2  *  t  J  (oCq,  Tj,  t) ,  0  t  , 

13  :  t->  J  (a0,  t 2,  t),  0  <  t  <  y  , 

/,  :  t  — /r  (a0,  t),  x4  ^  t  ^  t2. 

Let  Aj-  be  the  increment  of  the  phase  argument  corresponding  to  Zx, 
7  =  1,  .  .  .,  4.  Since  the  increment  of  the  phase  argument  corres¬ 
ponding  to  a  closed  path  is  a  homotopic  invariant  and  the  path 
Z4  +  l3  —  Z4  —  Z2  in  C  {0}  is  homotopic  to  a  point,  we  have 
Ax  +  A3  =  A2  -j-  A4.  It  is  clear  that 

Arg  /j  (oc0,  t2)  —  Arg  /j  (a0,  t4)  =  Ax  +  A3  —  A2  =  A4. 

Let  m=  min  |  (a0,  t)|.  If 

O^X^To 

max  |  / 1  (a0,  ti)  —  J i  (a0,  x)  |  <m, 

Xl^X^X2 

then  a  simple  calculation  yields 

|  sin  A4  |  <  m-1  |  /x  (a0,  t4)  —  Jj  (a„,  x2)  |. 

Thus  uniform  continuity  of  Arg  Jr  (a„,  t)  follows  from  that  of 
Ji  (“o>  x),  and  the  lemma  is  proved. 
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Definition  3.2.  Ar gJI(a0)  defined  by  (3.11)  will  be  considered 
concordant  with  Arg  J  (a0). 

Let  a0  6  £2  f!  £2/  f|  T  be  a  point  of  a  Lagrangean  manifold  with 
a  complex  germ.  For  this  situation  we  have  introduced  in  Sec.  1 
another  rule  of  correlating  the  argument  Arg  Jj  (a0)  with  Arg  /  (a0), 
that  rule  depending  on  bypassing  focuses  operation.  Let  us  show  that 
these  two  rules  are  equivalent.  In  the  case  where  a0  is  in  the  inter¬ 
section  of  non-singular  patches  of  the  zones  Q  and  Qj,  this  is  an 
immediate  consequence  of  the  following  result. 


Lemma  3.4.  Let  a0  6  M  be  C-Lagrangean  with  respect  to  the  mapping 
a  ->  (Q  (a),  P  (a)),  and  let  Qx  (a),  Px  (a)  be  given  by  (3.9).  Further 
let  I  —  {1,  .  .  .,  &},  and  set 

def 

Qj  e  (a,  t)  =  Qj  (a)  cost  +  ePj  (a)  sin  t, 

<?I’E(a,  t)  =  Q}(a), 

def 

P}’e{a,  t)  =  Pj  (a)  cos  t  —  eQj  (a)  sin£, 

PT-E(a,  t)  =  Pl(a) 


JE(a,  t,  t) 


def  DQX'  E  (a,  t) 
Da 


(3.12) 


for  any  symmetrical  orthogonal  k  X  k  matrix  e.  Define  Arg  Je  ( a0 ,  t0,  0) 
for  t  >  0  as  a  continuous  function  independent  of  e  (note  that 
J g  (a0,  t,  0)  does  not  depend  on  e).  Further  define  Arg  Js  (a0,  t,  t) 
as  a  continuous  function  of  t  for  a  fixed  x.  Then 

Arg/S  (a„,  x,  )  +  iioe, 


where  oE  is  the  number  of  negative  eigenvalues  of  e,  does  not  depend  on  s. 

Proof.  An  argument  similar  to  that  used  in  the  proof  of  Lemma  3.3 
shows  that  Arg  /E  (a0,  x,  n/2)  is  continuous  in  x  for  x  0.  Consider 
the  difference 

A£,E'  (t)  =  [Arg/e  («o,  t,  — 

—  [Arg/8»(a0,  x,  -f  . 

Since 

(«o,  t,  f)=(-l)°e’/£,(a0,  T,  “), 

we  have 

A£lE'  (t)  =  0  (mod  2n), 


458 


OPERATIONAL  METHODS 


which  implies  by  continuity  that  Ae,g'  (t)  does  not  depend  on  t. 
Therefore,  it  suffices  to  show  that  Ae>e'  (1)  =  0  for  any  e  and  s', 
i.e.,  that  Arg  Je  (a0,  1,  n/2)  +  noe  does  not  depend  on  e.  We  have 

J  E  (a0,  t,  t)  —  v  ( t )  det  (Cx  cos  t  +  sCj  sin  t), 


where 


v  (; t )  -  det  (  q  (cos  t+sin  t)_i  ln_ft)  >  0, 


DQX  ,  x  six 
6  —Dzr(a°>’  Cj- 


D  (Pj,  <?]) 
Da 


(«o)» 


(o  1„_J  ’ 


and  1  j  is  the  j  X  j  identity  matrix.  In  particular, 

I  .  d(P\,  Q\) 

/e( a0,  1,  t)  —  v(t)  det  Cl  det  lcos£-fe - ^ - a0sinZ 

Note  that  P l  —  iQi,  hence 

4  <uk  o  * 

dQi  ~  \  0  ln_J  ’ 

so  we  obtain 

J e  (®0j  1  >  0  = 

A 

=  v  ( t )  det  C1  (cos  t  +  sin  t)n~k  [J  (cos  t  +  i^s  sin  t)  = 

S=  1 

k 

=  detC1  II  (cosf  +  iXssini), 

S=1 

where  A.t,  . . . ,  Xh  are  the  eigenvalues  of  e. 

For  any  z  £  C  \  {0},  define  arg  z,  the  reduced  phase  argument 
of  z,  in  such  a  way  that  —  n<argz^n.  Since 

arg  (cos  t  +  sin  t)=^=n 
for  fg[0,  4J-J  ,  it  follows  that 

k 

2  arg(cosi  +  £A,ssinf) 

5=1 

is  continuous  in  t  on  ^0,  -y  J .  Therefore, 

k 

Arg  Je  (oc0,  1,  t)  =  Arg  / e  (a0,  1,  0)  +  2  arg(cos£  +  iXssin£). 
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Putting  t  =  ,  we  get 

Arg/e(a0,  1.  -f-)  =arg/e(a0,  1,  0)+^-  — Jtas,  (3.13) 

so  As  (1)  equals  y  which  is  independent  of  e,  Q.E.D. 

Now  we  turn  to  the  case  where  a0  £  Q  f)  £!/  fl  P  is  not  in  the 
intersection  of  non-singular  patches  of  the  zones  Q  and  Qj. 


Lemma  3.5.  The  limit  in  (1.22)  exists,  Arg  Jz  (a0)  defined  by  (1.22) 
being  concordant  with  Arg  J  (a0). 

Proof.  Let  a0  satisfy  the  assumptions  of  Proposition  1.2  and 
let  QX’E  (a,  t ,  s),  Px’e  (a,  t,  s)  be  defined  in  the  same  way  as  QX’E  (a,  t) 
and  PX’E  (a,  t )  in  (3.12)  but  with  Q  (a),  P  (a)  replaced  by  q  (a,  s)  + 
-f-  z  (a,  s)  and  p  (a,  s)  +  w  (a,  s),  respectively,  where 

(p(a,  s),  q(a,  s))  =  gsHo  (p  (a),  ?(a)), 


Set 


(w(a,  s),  z  (a,  s))  =  dgk0(w(a),  z(a)), 

h0  (p,  q)=-j(p2+q2)- 

Je(a,  T,  t,  s)  =  det dQ  ’  s) 


and  choose  for  any  s  £  (0,  s0)  a  symmetric  orthogonal  matrix  e  (s) 
in  such  a  way  that 


for  0  ^  t  ^  y  . 

Let  a  certain  value  of  the  phase  argument  of  J  (a„)  be  chosen.  We 
first  define  by  continuity  Arg  /E(s)  (a„,  0,  0,  s),  next  Arg  /B(s)  (a0, 
■t,  0,  s),  t  ^  0  for  a  fixed  s  6  (0,  s0),  and  then  Arg  /e(s)  (a0,  t,  t,  s) 
for  fixed  s  and  t.  The  statement  of  the  lemma  means  that 

Hm  [Arg/E(S)  (a0,  0,  s) +ncr  (e)]  = 

=  lim  Arg/j  (oc0,  t,  ,  0) . 

x-*+0  '  z  / 


To  prove  this  we  observe  that  by  Lemma  3.4, 

ncrB(S)  +  Arg / e(s)  ( a0,  t,  -j  ,  s)=Arg/j  (ac,  r,  y,  s)  (3.14) 
for  t>0.  Since 

lim  J  ( a„,  t,  s\  =JZ  (a0)^=0, 

t-*o  '  z  ' 

s-0 
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we  obtain  by  an  argument  similar  to  that  of  the  proof  of  Lemma  3.3 
that  Arg  J1  ^a0,  t,  y  ,  sj  is  uniformly  continuous  on  the  open 

square  0  <  t  <  t0,  0  <  s  <;  s0.  This,  together  with  (3.14),  imply 
the  required  relation. 


Definition  3.3.  Given  a  real-smooth  mapping  a  ->■  (P  (a),  Q  (a)) 
from  a  manifold  M  into  C2n,  the  zone  Qj  is  the  set  of  all  the  points 
a  £  M  such  that  a  is  C-Lagrangean  and 
def 

det  Cj  (a)  =  /j  (a)  =£  0. 


It  follows  from  Lemma  2.4  of  Chapter  IV  that  the  family  {Qj}  with 
I  running  through  all  subsets  of  {1,  .  .  .,  n)  covers  the  set  of  all  C- 
Lagrangean  points  of  M. 

Let  a0  6  &L  f|  We  shall  give  the  rule  of  correlating  the  phase 
argument  of  JK  (a0)  with  that  of  (a0).  Let  a  certain  value  of  the 
phase  argument  of  Jx  (a0)  be  chosen.  We  set 


Jj{ a,  t) 


D(Q](a),Pl(a)) 

Da 


(Qx,  Px  being  introduced  in  (3.9)),  and  define  Arg  Jr  (a0,  t)  as  a 
continuous  function  satisfying  the  condition 

Arg  Jl  (a0,  0)  =  Arg  (a0). 

Consider  the  Hamiltonian  function 

H  (p,  q)  =  \{phJrqii—PKl—<iKi), 

where 

/ !  =  I\K,  /a  =  K\I. 

The  trajectory  of  this  H  starting  from  ( Q  (a),  P  (a))  is  given  by 


Qn  (a,  t)  =  Qii  (a)  cos  t  +  Pu  (a)  sin  t, 


Plt  (a,  t)  =  P/j  (a)  cos  t  —  (a)  sin  t, 

Qk,  (a,  t)  =  Qk j  (a)  cos  t  —  PKl  (a)  sin  if, 
Pk,  (a,  t)  =  PKl  (a)  cos  t  +  QKl  (a)  sin  t, 

QiiDKi  (a'  0  =  ^lin K,(a)- 
PjlDKi  *)  =  Pll[)Ki  (®)  • 
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The  transformation  (3.15)  induces  the  following  homotopy  of  the 
curves  x  ->  Jx  (ct0,  t)  and  t  ->  JK  (a0,  x): 

Jr  (a,  x,  t)  = 


9  {Q]i  (a)  cos  t  +  P]l  (a)  sin  t,  <?|nK  (a),  PxKi  (a)  cos  t- f 
+  <?Ki(a)Sinh  P7 n5<a)) 

=  det - - - ^ - 


da 


31 

T* 


(3.16) 


Lemma  3.1  and  Lemma  3.2  imply  that  (a0,  x,  t)  0  for  t  ;>  0. 
Therefore,  for  x  >  0,  one  can  define  Arg  /r  (a0,  t,  t)  as  a  function 
continuous  in  t.  Finally,  let  us  define  Arg  JK  (a0)  by 

Arg  / K  (a„)  =  lim  Avg  J j  (a0,  x,  ^-)  .  (3.17) 

T-M-0  '  z  ' 

The  proof  of  existence  of  the  last  limit  is  quite  similar  to  that  of 
Lemma  3.3. 


Definition  3.4.  Arg  JK  (a0)  defined  by  (3.17)  will  be  said  to  be  con¬ 
cordant  with  Arg  /j  (a0). 


Lemma  3.6.  If  Arg  JK  (a0)  is  concordant  with  Arg  Jt  (a0)  and 
Arg  Jj  (a0)  is  concordant  with  Arg  JL  (a0),  then  Arg  JK  (a0)  is  con¬ 
cordant  with  Arg  JL  (a0). 

Proof.  We  may  assume  without  loss  of  generality  that  L  —  0.  Set 

d  (Qf  (a),  Qj  (a)  cos  t-\-P~  (a)  sin  t) 

/(a,  x,  t)  =  det - — - , 

-  9  (Qxk  (a) ,  Q'L  (a)  cos  ( +  PXK  (a)  sin  t) 

J{ a,  x,  t)  =  det - A — - . 

It  suffices  to  show  that 

A  (t)  =  Arg/  (ao>  t,  —  )  —  Arg  J  (a0,  x,  0)  + 

+  Arg  J j  (a0,  x,  y)  —  Arg/j(a0,  x,  0)  — 

—  Arg /  (a0,  t,  Arg/(a0,  r,  0)  =  0 

for  every  x  >  0;  here  (a,  x,  t)  is  defined  by  (3.16),  and  all  the 
phase  arguments  of  Jacobians  are  assumed  to  be  continuous  functions 
in  x  and  t.  This,  in  turn,  is  equivalent  to  the  equality 

A  (1)  =  0, 
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because  A  (x)  is  continuous  for  x  >»  0  and 

A  (t)  ==  0  (mod  2jt). 

Let  nix,  m2,  ma  be  the  numbers  of  elements  in  I\K,  K\I,  I\K , 
respectively.  We  have  already  shown  (see  (3.13))  that 

Arg/(a0,  1.  -y )  — Arg/(a0,  1,  0)  =  -^-(n—  —  m3), 

Arg  /  (a0,  1,  —  Arg/”(a0,  1,  0)  =  -|-  (n  —  m2—  m3).  (3.18) 

It  is  easy  to  verify  that 

Ji  (a,  t,  x)  =  (sinZ-)-cosZ)~n+mi+m2  x 

X 

Putting  x  =  l  here,  one  obtains 

Jx  (a,  1,  (K))-  3X 

X  (cos  t-\-i  sin  Z)mi  (Z  cos  t  -f  sin  t)™2, 
hence 

Arg ^ a0,  1.  -j)  —  Arg/r  (a0>  1,  0)  =  -|-  (mt  —  m2).  (3.19) 

The  required  result  A  (1)  =  0  now  follows  from  (3.18)  and  (3.19), 
and  the  lemma  is  proved. 

We  can  now  define  the  index  of  a  complex  germ.  To  make  the 
treatment  more  transparent,  however,  we  shall  first  define  the  index 
for  a  class  of  objects  which  are  closely  related  to  Lagrangean  mani¬ 
folds  with  complex  germs.  For  example,  this  class  contains  all  (real) 
Lagrangean  manifolds. 

Definition  3.5.  A  C-Lagrangean  manifold  is  a  real  manifold  to¬ 
gether  with  a  real-smooth  mapping  f  :  M  ->  C2”  such  that  each  point 
of  M  is  C-Lagrangean  with  respect  to  f. 

We  start  with  the  index  of  a  closed  path  in  a  C-Lagrangean  mani¬ 
fold.  First  consider  a  path  l  (not  necessarily  closed)  lying  in  a  coor¬ 
dinate  neighborhood  u  £  M.  Let  A  (l,  x),  x  >  0,  be  the  increment 
of  the  phase  argument  of  det  ( C  (a)  —  ixB  (a))  corresponding  to  l. 
It  is  obvious  that  A  (l,  t)  is  independent  of  the  choice  of  local  coor¬ 
dinates;  in  fact,  on  making  a  change  of  coordinates  in  n, 
det  ( C  (a)  —  ixB  (a))  acquires  a  positive  or  a  negative  factor.  For 
the  case  where  l  is  not  in  any  coordinate  neighborhood,  we  define 
A  (Z,  x)  by  additivity.  It  is  clear  that  A  (Z,  t)  is  independent  of  x 


(#(«),**(«))  HQxK(a),  Px-(a)) 


■  cosZ-F 
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provided  that  l  is  closed.  In  this  case  we  set 

Ind  Z  =  -^rA  (Z,  n),  T>0. 

One  can  rewrite  this  as  follows: 

D  (Q  —  irP) 

Ind  l  =  — ~  |)  d  In 

i 


Da 

D  (Q—itP) 
Da 


(3.20) 


It  is  easily  seen  that  if  l  is  homotopic  to  a  point,  then  Ind  l  —  0; 
hence,  some  1-dimensional  (characteristic)  cohomology  class  of  M 
is  defined. 

Now,  let  l  be  a  path  joining  two' non-singular  points  (i.e.,  points 
where  DQ/Da  =#=  0).  Set 

AZ=  lim  A(J,  x);  (3.21) 

T-.-  +  0 


A l  will  be  called  the  rotation  of  Jacobian  along  l.  Existence  of  the 
limit  in  (3.21)  can  be  proved  in  the  same  way  as  in  (3.11). 

Now  suppose  that  Ind  l  —  0  for  every  closed  path  l  in  M,  in 
other  words,  that  the  cohomology  class  introduced  above  is  trivial. 
Then  the  rotation  of  Jacobian  along  a  path  joining  a  non-singular 
point  a1  to  a  non-singular  point  a2  depends  only  on  a1  and  a2  (but 
not  on  the  choice  of  a  path).  Let  a  point  a°  6  M,  called  initial,  be 
fixed;  to  be  definite,  assume  a0  to  be  non-singular.  Let  us  choose 
a  certain  value  of  the  argument  of  det  Qa  (a°),  which  determines, 
in  particular,  a  local  orientation  of  M  at  a0.  We  can  uniquely  define 

Arg  ^  for  any  non-singular  point  ax  which  belongs  to  the  connected 
component  of  M  containing  a0  by  the  formula 

Avg^(a')^Arg^(a°)  +  A(l[a°,  a*]),  (3.22) 


where  l  [a0,  a1]  is  a  path  joining  a0  to  a1.  In  particular,  (3.22)  deter¬ 
mines  a  local  orientation  of  M  at  a1.  Thus,  we  have  defined  a  local 
orientation  of  M  at  every  point  of  the  non-singular  zone  of  a  connected 
component  of  M. 

We  shall  show  that  if  M  is  connected,  then  the  local  orientations 
introduced  above  determine  a  global  orientation  of  the  zone  Q.  Let 
a1,  a2  he  two  points  of  Q,  let  ux  3  a1,  u2  9  a2  he  two  coordinate  neigh¬ 
borhoods  in  Q,  and  let  x,  y  be  coordinates  in  ux,  u2  compatible  with 
local  orientations  at  a1  and  a2,  respectively.  If  a  £  ux  f]  u2,  then 
both  x  and  y  are  compatible  with  the  local  orientation  at  a.  To  see 
this  it  suffices  to  consider  the  rotations  of  J acobian  along  the  following 
two  paths  joining  a0  to  a: 

(1)  l  [a0,  a1]  +  l  [a1,  a], 
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where  the  whole  of  l  [a2,  a]  lies  in  u2; 

(2)  l  [a°,  a2]  +  l  la2,  a], 
where  the  whole  of  l  [a2,  a]  lies  in  u2. 

So  >  0,  the  global  orientation  of  Q  being  actually  defined. 

Thus,  we  have  shown  that  triviality  of  the  characteristic  class 
Ind  implies  orientability  of  the  non-singular  zone.  But,  in  fact, 
triviality  of  this  class  implies  orientability  of  the  whole  of  M.  To 
show  this  consider  the  mapping 

a  ->  (Q  (a)  —  ixP  (a),  P  (a)  +  i%Q  (a))  (3.23) 

for  some  x  >►  0.  With  respect  to  this  mapping,  M  is  again  C-Lagran- 
gean  (this  is  an  easy  exercise  for  the  reader),  and  all  points  of  M 
are  now  non-singular  as  seen  from  Lemma  3.1 
We  now  define  uniquely  Arg  /r  (a)  for  every  point  a  (  Q/  provided 

that  the  initial  point  a0  £  M  is  fixed  and  a  certain  value  Arg  ^  (a0) 

of  the  phase  argument  of  ^  (a0)  is  chosen,  by  the  following  procedure 
(correct  if  Ind  =  0): 

(1)  For  x  ^  0,  define  Arg  /  (a0,  x),  where 

by  continuity. 

(2)  For  x  >-  0,  define  Arg  J  (a,  x)  by 

Arg  /  (a,  x)  =  Arg  (a°,  x)  -j-  A  (l  [a°,  a],  x), 

so  Arg  J  (a,  x)  is  continuous  in  a. 

(3)  For  x  >»  0,  define  Arg  /j  (a,  x),  where 

DiQj  —  ixPj,  P-  +  ixQ-) 

J I  (cc,  x)  =  —  -  -  > 

to  be  concordant  with  Arg  J  (a,  x). 

(4)  Set 

Arg/;(a)=  lim  Arg  //(a,  x). 

T-»-  +  0 

Problem  3.1.  If  a  £  f|  then  Arg  ^ 1  (a)  *s  concordant  with 
Arg  JK  (a). 

Returning  to  a  Lagrangean  manifold  with  a  complex  germ,  we 
recall  that  it  can  be  regarded  as  a  manifold  with  the  C-Lagrangean 
subset  T  (see  Example  3.1).  For  such  a  manifold,  one  could  define 
Indr,  the  index  on  T,  by  considering  paths  lying  in  a  small  neigh¬ 
borhood  of  F.  However,  it  is  more  convenient  to  define  Indr  in 
terms  of  the  Cech  cohomology  theory,  where  the  index  of  a  closed 
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chain  of  patches  plays  the  same  role  as  before  the  index  of  a  closed 
path  did.  To  clarify  the  connection  between  these  two  approaches, 
we  shall  describe  Ind  as  a  Cech  cohomology  class  of  a  C-Lagrangean 
manifold  M. 

We  start  with  the  case  where  M  =  Q,  the  non-singular  zone.  Let 
{uj}  be  a  covering  of  M  by  open  subsets  Uj  such  that  the  increment  of 
Arg  J  corresponding  to  any  path  lying  in  Uj  is  less  than  jx/2;  such 
a  covering  will  be  said  to  be  admissible.  For  every  /,  fix  a  point 
a3  6  Uj  which  will  be  called  the  central  point  of  uj.  Define  the  1 -co¬ 
chain  A  Arg  /  with  real  coefficients  as  follows:  for  every  pair  of 
intersecting  sets  (uj,  uk),  we  let  (A  Arg  J)jk  be  the  increment  of 
Arg  /  according  to  a  path  l  [a3,  ah ]  which  joins  a3  to  ah  and  consists 
of  two  arcs,  the  first  lying  in  uj,  the  second  in  uk.  Obviously, 
(A  Arg/)^fe  does  not  depend  on  the  choice  of  paths  l  la3,  aft],  since 
|  A  Arg  J  | jk  <  ji  because  of  the  admissibility  property  of  the  cover¬ 
ing  {uj}.  It  is  easy  to  check  that  A  Arg  /  is  a  cocycle. 

Definition  3.6.  We  define  Ind  to  be  the  cohomology  class  induced 
by  the  1  -cocycle  ^  A  Arg  /. 

Let  us  show  that  Ind  is  independent  of  the  choice  of  central  points. 
In  fact,  let  [a3\  be  another  family  of  central  points,  and  let  8j  be 
the  increment  of  Arg  J  corresponding  to  a  path  joining  a3  to  a3 
and  lying  in  uj.  Then  the  coboundary  of  the  0-cochain  [8/1  is  the 
difference  of  the  1-cocycles  A  Arg  J  corresponding  to  the  families 
{aJ}  and  {a3},  so  these  two  1-cocycles  are  cohomologic. 

Problem  3.2.  The  class  Ind  is  independent  of  the  choice  of  an  ad¬ 
missible  covering  {u,-}. 

Lemma  3.7.  The  class  Ind  of  a  C-Lagrangean  manifold  M  cz  M 
is  trivial  if,  and  only  if,  there  exists  a  continuous  branch  of  the  phase 
argument  of  the  Jacobian  J. 

Proof.  1°.  Sufficiency.  Let  Arg  J  be  a  continuous  branch  of  the 
phase  argument  of  /.  Then  {Arg  /  (a3) }  is  a  0-cochain  with  the 
coboundary  A  Arg  J. 

2°.  Necessity.  Let  Ind  be  trivial.  Then  for  some  admissible  covering 
{uj}  (with  any  fixed  family  of  central  points),  there  is  such  a  family 
{aj}  of  real  numbers  that  (A  Arg  J)jk  —  ak  —  aj,  where  (A  Arg  J)jh 
is  the  1-cochain  corresponding  to  {uj}.  Without  loss  of  generality 
we  may  assume  that  M  is  connected  and  that  aJ'°  is  one  of  the  possible 
values  of  Arg  /  (aio)  for  some  ;0.  Then  aj  is  obviously  one  of  the 
possible  values  of  Arg  J  (a3)  for  any  j  (to  see  this  it  suffices  to  consider 
a  chain  of  elements  of  the  covering  joining  Uj0  to  uf).  This  value  of 
Arg  /  (a?)  gives  rise  to  a  continuous  branch  of  Arg  J  in  uj,  so  Arg  J 
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is  defined  as  a  0-cochain  with  coefficients  in  the  sheaf  of  germs  of 
smooth  functions.  To  prove  necessity  it  remains  to  show  that  this 
cochain  is  a  cocycle.  But  this  is  an  obvious  consequence  of  the  fact 
that 

I  a}  —  ak  |  <  n  if  Uj  f]  uh  =£  0. 

We  shall  now  remove  the  assumption  made  above  that  the  whole 
of  M  is  in  the  zone  Q.  Let  a  ->  (P  (a),  Q  (a))  be,  as  formerly,  the 
mapping  that  determines  on  M  the  structure  of  a  C-Lagrangean 
manifold.  Recall  that  M  is  in  the  non-singular  zone  with  respect  to 
the  mapping  (3.9)  with  t  >  0.  So  we  obtain  the  family  {Indt} 
of  cohomology  classes  of  M.  But,  in  fact,  IndT  is  independent  of  t. 
To  see  this,  let  tx  and  t2  be  positive  numbers,  tx  <  t2,  and  let  {uj} 
be  a  covering  of  M  by  such  open  subsets  that  for  every  /,  the  incre¬ 
ment  of  Arg  J  (a,  t)  corresponding  to  any  path  lying  in  uj  is  less 
than  n/2  if  0  <  %1  ^  t  ^  t2.  Further,  let  {8,^}  and  {8^}  be  the 
cocycles  A  Arg  /  corresponding  to  the  mapping  (3.9)  with  x  —  xx 
and  t  =  x2,  respectively.  Then  we  have 

6JI  —  8J4  =  aU-^U, 

where  AtjT2  is  the  increment  of  Arg  J  (a3 ,  t)  corresponding  to  the 
change  of  t  from  tx  to  t2.  So  the  cocycles  {8j|}  and  {8^}  are  coho¬ 
mologic. 

We  may  now  define  the  index  for  a  C-Lagrangean  manifold  by 

def 

Ind  =  IndT,  x  >•  0. 

Lemma  3.7  leads  to  the  following  criterion  for  triviality  of  the 
class  Ind: 


Proposition  3.1.  The  class  Ind  of  a  C-Lagrangean  manifold  M  is 
trivial  if ,  and  only  if,  for  each  zone  c=  M,  there  exists  a  continuous 
branch  Arg  /;  of  the  phase  argument  of  the  Jacobian  //,  these  branches 
being  correlated  in  the  intersections  of  zones. 

Now  let  M  be  a  smooth  real  manifold  with  a  given  mapping 
M  ->  C2n,  and  let  T  cz  M  be  C-Lagrangean  with  respect  to  this 
mapping,  r- 

Consider  the  following  “almost  constant”  pre-sheaf  II  on  M: 


r  if  u  n  r  =/=  0 

o  if  u  n  0 


with  the  naturally  defined  restriction  homomorphism.  We  will  define 
Indr  as  a  Cech  cohomology  class  with  coefficients  in  II. 

First  consider  the  special  case  where  the  Jacobian  J  does  not  vanish 
on  T.  Let  {uj}  be  a  covering  of  M  by  open  subsets  with  the  following 
admissibility  property:  if  uj  f)  T  ^  0 ,  then  J  does  not  vanish  on  u} 
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and,  for  any  path  lying  in  Uj,  the  increment  of  Arg  /  corresponding 
to  this  path  is  less  than  n/2.  For  any  /,  fix  a  central  point  a 3  6  uj, 
and  for  j,  k  so  that  uj  f]  uh  f]  T  0,  define  {A  Arg  J}jk  as  in  the 
case  of  a  C-Lagrangean  manifold.  Thus  a  1-cocycle  with  coefficients 
in  II  is  defined,  which  will  be  denoted  by  Ar  Arg  /.  We  now  define 

Indr  to  be  the  cohomology  class  induced  by  ^  Ar  Arg  /. 

Problem  3.3.  Indr  is  independent  of  the  choice  of  a  covering  {uj} 
and  a  family  of  central  points  {o^}. 

Lemma  3.8.  Let  J  (a)  =^=  0  on  T.  Then  Indr  =  0  if,  and  only  if, 
there  exists  a  continuous  on  F  branch  of  Arg  J. 

Proof.  1°.  Sufficiency.  Let  Arg  /  be  a  continuous  on  T  branch  of  the 
phase  argument  of  Arg  J.  Choose  an  admissible  covering  {Uj}  of  M 
so  that 

|  Arg/  (a)  — Arg/ (a)|<-|- 

whenever  there  is  a  j  such  that  both  a  and  a  are  in  uj  f\  T.  Further, 
choose  a  family  of  central  points  {a5}  so  that  a3  £  T  f]  uj  if  T  fl  Uj  ^ 
=f=  0.  Thus,  a  0-cochain  {Arg  /  (a;)}  is  defined,  whose  boundary  is 
Ar  Arg  /. 

2°.  Necessity.  Let  Indr  =  0.  Then  there  are  an  admissible  covering 
{uj}  of  M  and  real  numbers  a j  (dependent  on  the  choice  of  central 
points  a3  £  uf)  so  that 

(A  Arg  J)jh  =  ah  —  a} 

whenever  uj  f)  uh(\  T  0.  Moreover,  for  some  fixed  j0  such  that 
Uj0  fj  r  0 ,  we  can  let  a,0  be  one  of  the  possible  values  of 
Arg  /  (a;“).  As  before,  we  choose  the  family  of  central  points  {a3} 
so  that  aJ  f  T  if  uj  f]  T  =/=  0.  Assume  that  any  two  points  a'  and 
a"  of  T  can  be  joined  by  a  chain  (ujl,  .  .  .,  Ujm)  of  elements  of  the 
covering  {uj}  in  such  a  way  that 

oc'euj,  a "£um,  uh  f|  ujs+l  f)  r=^0,  s  =  l,  ...,  m  —  1 

(which  does  not  affect  the  generality).  Putting  a'  =  op?,  a"  =  a3, 
we  see  that  aj  is  one  of  the  possible  values  of  Arg  /  (a'’)  whenever 
Uj  fj  T  0.  Define  the  0-cochain  with  coefficients  in  the  sheaf  of 
germs  of  smooth  functions  on  T  by  assigning  to  each  ;  with  uj  f)  T  ^  0 
the  continuous  on  Uj  branch  of  Arg  /  satisfying  the  condition 
Arg  /  ( a 3)  —  aj.  The  same  argument  as  in  the  case  of  a 
C-Lagrangean  manifold  shows  that  this  cochain  is  a  cocycle,  and 
the  proof  is  complete. 


30* 


468 


OPERATIONAL  METHODS 


We  now  remove  the  assumption  that  FcQ.  Again  using  the 
family  of  the  mappings  (3.9),  we  obtain  the  family  of  cohomology 
classes  Indr,  t  >  0.  It  is  easy  to  verify  that  Ind?  is  independent  of  r. 
So  we  define  the  index  on  T  by 

Indr  =  Indr,  T  >  0. 

In  particular,  Indr  is  now  defined  for  any  Lagrangean  manifold  with 
a  complex  germ. 

Lemma  3.8  implies  the  following  criterion  for  triviality  of  Indr. 

Proposition  3.2.  The  class  Indr  of  M  is  trivial  if,  and  only  if,  for 
each  I  cz  (1,  .  .  .,  n),  there  exists  a  continuous  on  Qj  f)  T  branch 
Arg  //  of  the  phase  argument ]  of  Jj,  Arg  J;  being  concordant  with 
Arg  JK  on  Qj  fl  &k  fl  r. 

The  construction  of  the  canonical  operator  in  the  next  section 
will  depend  on  the  existence  of  correlated  continuous  branches  of 
the  roots  of  Jacobians  corresponding  to  various  zones  (but  not  of 
such  branches  of  the  phase  arguments  of  Jacobians).  Since  Y J  = 

=  |  /  |  e2  Arg  1  is  defined  uniquely,  even  if  Arg  /  is  defined  only 
modulo  4it,  the  condition  of  triviality  of  Indr  is,  in  general,  too 
restrictive.  Therefore,  it  is  natural  to  introduce  Indr  modulo  2. 

a 

Given  a  £  R,  set  Ra  =  R/a,  where  (x  ~  y )  <=>  {x  —  y==  0  (mod  a)). 
Obviously,  Ra  is  a  module  over  Z.  In  the  definition  of  Indr,  let  us 
change  the  pre-sheaf  II  by  using  R2  instead  of  R.  Suppose  that  J  0 
on  T,  which  is  essentially  the  general  case  as  we  have  already  seen. 
Let  indJfe  be  the  element  of  R2  generated  by  the  number  {A  Arg  J}jk. 
Then  {ind^}  is  a  cocycle.  The  cohomology  class  induced  by  this 
cocycle  will  be  denoted  by  Indr  (mod  2).  The  criterion  for  triviality 
of  Indr  (mod  2)  coincides  word  for  word  with  that  for  Indr  (see 
Proposition  3.2)  if  Arg  Jx  is  regarded  as  a  function  with  values  in 
R4ji,  Arg  /j  (a0)  and  Arg  JK  (a0)  being  considered  concordant  if 
they  have  concordant  representatives  in  R. 

For  some  applications  of  the  canonical  operator  (but  not  for  the 
proof  of  the  Main  Theorem)  it  is  not  sufficient  to  consider  the  class 
Indr  (mod  2)  only,  and  the  notion  of  index  needs  to  be  generalized 
as  follows.  Let  dldl  —  ( dldl lt  .  .  .,  d/dln)  be  an  ra-tuple  of  commuting 
linearly  independent  at  every  point  complex  vector  fields  on  M. 

Then  on  replacing  /  (a)  by  det  ^  in  the  above  construction  of  the 

index,  we  define  a  cohomology  class  of  M  which  will  be  denoted  by 
Indr,  d/oi  (mod  2).  It  is  easy  to  see  that  this  new  class  differs  from 
Indr  (mod  2),  in  general.  The  triviality  criterion  for  Indr,  o/oi  (mod  2) 
is  quite  similar  to  that  for  Indr  (mod  2). 
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Sec.  4.  Canonical  Operator 

In  this  section  we  assume  all  the  phase  arguments  of  Jacobians 
to  be  defined  modulo  4n. 

1 .  Definition  of  local  canonical  operators.  We  need  some  notation 
and  terminology. 

Let  us  denote  by  A  (A",  rn)  the  set  of  all  equivalency  classes  of 
D-asymptotic  series  on  the  Lagrangean  manifold  A"  with  the  com¬ 
plex  germ  rn.  A  (A71,  r”)  is  obviously  a  left  module  over  the  ring  of 
Z)-asymptotic  operators.  A  point  a  6  A”  will  be  called  essential 
for  cp  £  A  (An,  rn)  if  <p  has  a  representative  non-equivalent  to  zero 
at  a0.  It  is  clear  that  all  the  representatives  of  cp  are  non-equivalent 
to  zero  at  a0  provided  that  a0  is  essential  for  cp.  The  set  of  all  points 
essential  for  cp  will  be  called  the  support  of  this  element,  supp  cp 
in  symbol.  For  any  cp  £  A  (A",  r"),  the  support  of  cp  is  a  compact 
subset  of  T. 

Let  u  be  a  subset  of  A".  We  denote  by  A  ( u )  the  set  of  all  elements 
of  A  (A”,  r")  supported  in  u.  We  shall  use  the  notation  A  (Rn) 
for  the  set  of  all  equivalency  classes  of  h-asymptotic  series  in  R”. 

Let  us  say  that  a  y-patch  of  a  Lagrangean  manifold  with  a  complex 
germ  is  admissible  if  a  dissipativity  inequality  with  8  =  0: 

c  (a)  d?!  (a)  ^3=  D  (a) 

holds  in  this  patch.  Let  ( u ,  it*)  be  an  admissible  y-patch  of  (A",  rn). 
Fix  an  re-tuple  —  (J-,...,  ^-)of  commuting  linearly  inde¬ 
pendent  at  every  point  vector  fields  (in  general,  complex)  on  u. 
d(Ql  +  zl,  P-.+Wj) 

Set  Ji  —  det  - tt -  and  fix  a  continuous  on  u  branch  of 

ol 

the  phase  argument  of  //.  Then  we  define  the  local  canonical  ope¬ 
rator 

SKI:  A{u)-*-A  (Rn) 
by 

X I J,  Z7q>(«)  I,-,,,;,-.,.,.  tf)  (4.1) 

(for  definition  of  Zj  see  (1.27)). 

X 

Proposition  4.1.  Sfjcp  »  0  provided  that  x  does  not  belong  to  the 
image  of  T  under  the  mapping  a  ->  q  (a). 

This  proposition  is  an  immediate  consequence  of  Example  2.1. 

Proposition  4.2.  &C\  is  a  monomorphism. 

To  prove  this  proposition  we  need  the  followin  c-  lemma. 
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Lemma  4.1.  There  is  a  function  k  (p),  p  ^  y  ,  such  that 
\aj\e~~^k(p)chP  2,  7  =  0,  r 

def 

for  all  0  and  i  =  0,  1,  ...,  [2p  —  1  ]=r  whenever  Z3>  0, 
c^O,  a;£C  satisfy  the  inequality 

T  D 

s  a,fci/2  e  h  <chp  (4.2) 

i=o 

/or  all  h  2>  0. 

Proof.  Putting  in  (4.2)  h  =  Dp2,  where  y  is  a  positive  variable, 
we  get 

2  ajyjDi  <Zcy2Pei/u2Dp. 

7=o 

It  follows  that  for  any  (r  4-  l)-tuple  y  =  (p0,  .  .  .,  pr)  of  positive 
numbers,  and  (r  +  l)-tuple  b  =  (b0,  .  .  .,  b")  of  real  numbers,  the 
following  inequality  holds: 

2  i.  <^/(p,  b)Dp.  (4.3) 

7=o  z=.  o 

■  ) 

Fix  i/  such  that  yj=fcyl  for  f  ^  l  and  consider  the  non-homogeneous 
linear  system  of  equations 

l}y]bj  =  8is,  1  =  0,  . . . ,  r,  (4.4) 

7=o  3 

where  s  is  a  given  integer  and  b  is  to  be  found.  Since  the  determinant 
of  this  system  is  exactly  the  Vandermonde  determinant 

1  1  ...  1 

A  =  y0  Vi  •  •  •  Ur 

yr0  vl  •••  yTr 

— y 

corresponding  to  the  (r  -f  l)-tuple  y,  it  is  nonzero,  so  (4.4)  has  a 
solution  b  =  b  (s).  Substituting  this  solution  into  (4.3),  we  obtain 

Kl<c*'  (p)  £>p-s/2, 

where 

A'(p)=  max  /(p,  fo(s)). 

OsSssir 

To  complete  the  proof  use  the  result  of  Problem  1.1  of  Chapter  IV. 
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Proof  of  Proposition  4.2.  It  is  clear  that  the  operator 

is  a  monomorphism  of  Jt  ( u )  to  itself  and  that  Flj^xj  is  a  mono¬ 
morphism  of  Jh  (Rn)  to  itself.  So  it  is  to  be  shown  that  the  multi- 

~  <£>V(a) 

plication  operator  by  eh  1  cannot  send  a  D-asymptotic  series 
non-equivalent  to  zero  and  supported  in  u  into  an  ^-asymptotic 
series  equivalent  to  zero. 

Let  o|)  =  2  %  l>e  a  LLasymptotic  series  supported  in  u. 
j£J 

1°.  First  we  show  that 

In  fact,  if  eh  J  ip  0,  then,  for  any  N,  there  is  a  finite  set 
J0  cz  J  such  that 

2  eh  (a,  h)  ^ const -hN 

icK 

for  any  finite  KzdJ0.  Since 

2  %(a,  h)  =  h~s/2  2  hl,2al{a), 
m  i= o 

it  follows  from  Lemma  4.1  that 


for  Z<2iV-fs.  Thus, 

2  xpj=6D(hN), 

which  means  that  rp  ~  0. 

i  V 

2°.  Now  let  eh  i.e., 

I  d  \>i  ~r  <!>/ (a) 

(-to)  £  ^(a)~° 

for  any  multi-index  k.  We  shall  prove  by  induction  that 
Mr)*  ^  ^  ~  0  ^or  an^  For  k  =  0,  this  follows  from  1°.  Sup¬ 
pose  that  ^^0  for  |Z|^iV  and  let  |/r|  =  iV-f  1.  Then 
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where  L  is  an  iVth  order  differential  operator  with  coefficients 
smooth  in  a  and  polynomial  in  h.  By  the  induction  hypothesis, 
L \[)  ~  0,  hence 


e^h^1 


oh 


L\p' 

(4?)'  * 


0, 

•0, 


which  implies  by  1°  that  -ij)  ~  0.  The  proposition  is  proved. 

2.  Transition  operators.  Consider  two  admissible  y-patches  (u,  n-}) 
and  (u' ,  ny)  of  a  Lagrangean  manifold  with  a  complex  germ,  together 
with  fixed  continuous  branches  of  the  phase  arguments  of  /j  and  JK 
defined  on  u  and  u' ,  respectively,  these  branches  being  concordant 

on  u  f]  u  .  Let  an  n-tuple  ~  of  commuting  linearly  independent 
at  every  point  complex  vector  fields  on  u  U  u  he  also  fixed.  Then 
the  local  canonical  operators  a/??  :  Jh  (u)  ->  Jt  (Rn)  and  z/Cji  :  -A 
->  Jb  (Rn)  are  uniquely  determined.  Define  the  local  operator 

Vik  acting  on  ^  (u  fl  u>)  to  itself  (the  transition  operator  from 
(it,  jiv)  to  ( u ny))  by  the  formula 

=  SffjcVncW-  (4-5) 

The  existence  of  Vik  is  a  consequence  of  the  following  result 
which  generalizes  Proposition  1.2: 


Proposition  4.3.  Let  a0  £  T  f|  it  f| •  Then  for  any  cp  (a);  C“  sup¬ 
ported  near  a0,  we  have 


^•1 


[,-i 


7(a) 


\Ji  (a)  | 


X 


Xe 


v  ij) 


-  -s-  Arg  J Tj-(a) 


^[e^^{a)\JK{,a)\e~~^°KK'  ■  X 
X  LkVj]c(. p  (a)  J 


a=(j iy)~l(xK,  ig)’ 


where  Ix  =  /  \  K,  Kx  =  K  \  I,  Arg  JK  is  concordant  with  Arg  Jj 
and  V  is  a  D-asymptotic  differential  quasi-identity  operator. 

This  proposition  can  be  proved  in  the  same  way  as  Proposition  2.2 
and  Lemma  3.5,  or  by  using  the  canonical  transformation  corres¬ 
ponding  to  the  Hamiltonian  function  Hi  (see  Example  2.1  of  Chap¬ 
ter  IV). 
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The  definition  of  VJk  is  correct  in  the  sense  that  there  is  only 
one  operator  satisfying  (4.5).  This  is  due  to  the  fact  that  local  cano¬ 
nical  operators  are  monomorphisms.  Moreover,  it  is  easily  seen  that 
VJk  is  independent  of  the  choice  of  vector  fields  d/dl  and  concordant 
branches  of  Arg  /j  and  Arg  JK. 

It  follows  from  the  definition  of  transition  operators  that 

v%nr<p=vrr<p 

for  any  three  admissible  y-patches  ( u ,  n^),  (u' ,  n§),  ( u ",  n^)  and 
any  <p  6  A  (u  f)  u'  (1  u").  In  particular,  Fki  is  invertible,  (Fjk)-1 
being  equal  to  Fjn  ■ 

3.  Definition  of  the  canonical  operator  on  (A”,  rn).  Consider  a 
Lagrangean  manifold  An  with  a  complex  germ  rn.  Let  us  fix  the 
following  objects: 

(1)  An  admissible  (i.e. ,  consisting  of  admissible  patches)  y-atlas 
{(Oj,  n  v(j)}  of  a  neighborhood  of  T  such  that  the  covering  {«;}  is 
locally  finite.  This  y-atlas  will  be  called  weighting. 

(2)  A  “weighting”  C°°-smooth  partition  of  unity  {p/}: 

S  Pj  =  l,  SUpp  PjCZUj. 

0 

(3)  An  rc-tuple  —  =  ,  .  .  .,  -J-)  of  commuting  complex 

vector  fields  on  An,  linearly  independent  at  every  point.  Note  that 
such  vector  fields  always  exist:  for  instance,  one  can  put 
d  _  d 
dl  d  (p  +  iq) 

(4)  A  set  of  concordant  continuous  branches  of  the  phase  arguments 
of  Ji  |  ^nr  (I  runs  over  all  subsets  of  {1,  .  .  .,  n}).  Thus,  the 

cohomology  class  Indr.a/e;  (mod  2)  is  assumed  to  be  trivial.  We 
define  the  canonical  operator 

An,  r”)  A  (R™) 
by  the  formula 

STip  =  2  P;<P-  (4-6) 

i 

Note  that  the  number  of  non-zero  summands  in  the  sum  in  the  right- 
hand  member  of  (4.6)  is  obviously  finite. 

Proposition  4.4.  Let  tp.6  A  (An,  rn),  let  {uh,  be  an  admissible 
y-atlas  of  a  neighborhood  of  supp  cp,  and  let  {ek}  be  a  C°°  smooth  par- 
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tition  of  unity  subordinate  to  the  covering  { uh }.  Then 
Ml p  =  2  ^fimkhPjeky. 

J,  k 

Proof.  By  the  definition  of  transition  operators, 

vVml p^«p  =  S  ^mpj  2  ehcp  =  s  w{%  p/p  =  sr«p. 

j  h  j 

Note  4.1.  So  far  we  have  assumed  that  there  exists  an  s-action  on 
An  (or  at  least  in  the  vicinity  of  T).  This  assumption  can  be  expressed 
in  terms  of  triviality  of  a  certain  cohomology  class  of  A”.  Namely, 
let  {uj}  be  a  locally  finite  covering  of  A11  by  open  subsets  satisfying 

the  condition:  Uj  f)  uh  f]  r=#=0,  then  §  p  dq  vanishes  for  any 

i 

cycle  l  lying  in  Uj  f)  uk.  Choose  a  central  point  a3  6  uj  for  any 
and  set 

6 Jk==iur  §  p^(mod2). 

I  [a3  ,  ak] 

where  l  la3,  ah]  is  a  path  lying  in  Uj  [J  uh  and  joining  a3  to  ah.  The 
family  {8;ft}  determines  a  cocycle  (depending  on  h)  with  coefficients 
in  the  same  pre-sheaf  as  for  the  class  Indr  (mod  2).  This  cocycle 

induces  a  cohomology  class  of  A™,  which  will  be  de  noted  by  ^  P  dq. 

r 

If  h  is  a  continuous  parameter,  then  the  existence  of  s-action  is  equi¬ 
valent  to  triviality  of  this  cohomology  class  for  all  h  0. 

In  the  case,  where  s-action  does  not  exist  in  the  vicinity  of  F, 
the  condition 


1 

nh 


§  pdq  =  0 


determines  a  certain  set  M  of  (permissible)  values  of  h.  If  M  has  0 
as  a  limit  point,  then  we  can  define  the  canonical  operator  by  allowing 
h  to  take  on  permissible  values  only. 

Note  4.2.  The  case  where  (A”,  r”)  depends  on  parameters  can  be 
considered  in  the  same  way  as  in  Chapter  III.  If  both  the  classes 

—  fopdq  an  d  Indr,  a/ez  (mod  2)  are  non-trivial,  then,  to  define 
fcs  r 

the  canonical  operator  and  to  satisfy  the  quantization  condition,  it 
is  required  that 

JL -§  pdq=  Indr,  d/di  (mod  2), 


(4.8) 
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which  generalizes  (4.7)  and  determines  the  permissible  values  of  h 
and  the  other  parameters.  For  example,  if  (An,  r”)  depends  on  a  para¬ 
meter  P,  then  the  condition  (4.8)  may  be  satisfied  by  a  substitution 
of  the  form  p  =  p  (e,  h),  where  e  is  a  new  parameter.  To  substitute 
operators  for  the  parameters  e  and  h,  one  can  use  the  regularized 
canonical  operator  in  the  same  way  as  in  Chapter  III. 

4.  Commutation  of  a  canonical  operator  with  a  Hamiltonian. 

Proposition  4.5.  Any  canonical  operator  is  a  monomorphism. 

Proof.  Let  %  (x)  be  an  infinitely  smooth  function  which  equals  1 
for  |  x  |  <  1  and  vanishes  for  |  x  |  >  2.  Set 

Xe  (*)  =  X  (s’1*), 

(“)  =  Xe  (q  («)), 

/ e  (a)  =  Xe  ( P  (a))- 

Let  9  be  a  non-zero  element  of  A  (A",  r”)  and  let  <p0  £  supp  <p; 
we  may  assume  without  loss  of  generality  that  p  (a0)  =  q  (a0)  =  0. 
Suppose  <5T(p  =  0.  Then,  for  any  e  ;>  0,  %E Sfcp  =  0  and  y^z&C  X 
X  (1  —  e2e)  <P  =  0  (see  Proposition  4.1). 

We  have 

%Z&C e2ecp  =  2  Xe^ !(;)  Pj02e<P  =  2  XeVj^eT  =  0, 

3  3 

where  is  a  D-asymptotic  differential  operator  preserving  the 
principal  monomial  at  a0  (see  Problem  2.1).  This  equation  implies 
that 

2^^XeV2eCp  =  0. 
i 

Set 

Sfj  =  Fx_+iS/C  | . 

Since  the  operator  Sfj  can  be  explicitly  expressed  by  the  formula 


x|/I(a)|~2L|(p(a)|  z  •>. 

a=(nv) 


Proposition  4.1  remains  valid  if  zK /  is  replaced  by  zK\  and  the  map¬ 
ping  a  ->•  q  (a)  is  simultaneously  replaced  by  the  mapping  a  p  (a). 
Therefore, 


Xe  2  ^I(j)  /?eXe  VzeT  =  0- 


476 


OPERATIONAL  METHODS 


Commuting  %E  with  S^T(f)  and  making  the  inverse  Fourier  transfor¬ 
mation,  we  obtain 

2  & =  0,  (4.9) 

3 

where  is  a  D-asymptotic  differential  operator  preserving  the 
principal  monomial  at  a0. 

Let  e  be  so  small  that  the  whole  of  supp  (/2ee2e )  is  in  an  admis¬ 
sible  y-patch  ( u ,  tty).  Then  (4.9)  can  be  rewritten  in  the  form 

d 

The  element 

y  =  S  VytfW)  DCe  V 2e^e  }^2«P iT 

3 

is  non-zero  since  the  classes  <p  and  ip  have  representatives  with  the 
same  principal  monomial.  But  this  contradicts  the  fact  that  &C\ 
is  a  monomorphism,  and  the  proof  is  complete. 

/  1  2\ 

Let  SB  (p,  x)  6  S°°  (R2™).  Since  the  operator  SB  \p,  x)  preserves 
the  property  of  /i-asymptotic  series  to  be  equivalent  to  zero,  it 
induces  an  operator  acting  on  Jk  (Rn)  to  itself  which  will  be  also 
(12) 

denoted  by  SB  \ p ,  x) . 

Theorem  4.1.  Given  an  S£  €  S°°  (R2n)  and  a  canonical  operator  OfC 
on  (A",  ?•"),  there  is  such  an  operator  P$g  acting  on  S  (A™,  rn)  to 
itself,  that 

SB  (p, 

The  following  lemma  is  an  essential  ingredient  in  our  proof  of 
this  theorem: 

Lemma  4.2.  Every  D-asymptotic  quasi-identity  operator  is  an  auto¬ 
morphism  of  Jk  (An,  rn). 

Proof.  Let  V  be  a  D-asymptotic  quasi-identity  operator  regarded 
as  an  endomorphism  of  Jk  (An,  r”).  It  is  clear  that  V  is  a  monomor¬ 
phism.  It  remains  to  be  shown  that  V  is  any. 

Let  <p  £  Jk  (A”,  rn).  We  have  to  prove  that  the  equation  Fiji  =  <p 
(where  <p  is  to  be  found)  has  a  solution.  Let  <p  be  a  D-asymptotic 
series  representing  <p.  We  shall  seek  a  D-asymptotic  series  rp 

oo 

representing  in  the  form  =  2  Setting  tJ50  =  m  [cp],  we  define 

j=0 
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%,  j  —  1,  2,  .  .  .  by  the  following  recurrence  formula: 

2 


tyj  —  m 


<P- 


k=0 


Let  us  check  that  the  series  2  %  is  -D-asymptotic.  To  do  this  we 

3=0 

observe  that  since 


%+i  =  m 


«P- 


2  vk- 


■Vm 


k=0 


i-i 

9—  2  V'tyk 
k— o 


and  F  is  a  quasi-identity,  it  follows  that  for  any  /,  at  least  one  of  the 
following  three  statements  is  valid: 

(1)  ord  tj+i  >  ord 

(2)  the  type  of  %+j  is  greater  than  that  of  %; 

(3)  ipj  =  0  (in  this  case  a|)h  =  0  for  k  ^  /). 

Since  the  type  of  a  monomial  does  not  exceed  its  order  it  follows 

N 

that  for  any  natural  N,  there  is  j0  such  that  ord  %  ^  y  if  /  ^ 
which  means  that  the  series  under  consideration  is  Z)-asymptotic. 

We  now  show  that  Vip  cp.  Let  ( N )  be  an  integer-valued  func¬ 
tion  of  such  a  natural  variable,  that  ord  ijiy  ^  N/2  for  /  ^  ;0  (N). 
Then 


and 


ord  |F  2 

3=30  m 
3*0  (N)  —  1 

ord  |  F  2  % 

3=0 


.  TV 
I  ^  o 


-cp 


N 


°rd  (  —  %0(Ar))>-?-. 


so  ord  (Ftj)  —  cp)  ^  N/2.  Hence  ord  (Fij)  —  cp)  —  oo,  and  the  proof 
is  complete. 

Note.  It  is  easy  to  see  that  if  F  is  a  quasi-identity  then  the  same 
is  true  of  F-1. 


/  1  2  \ 

Proof  of  Theorem  4.1.  We  begin  by  commuting  SS  \p,  x)  with 
a  local  canonical  operator.  Let  ( u ,  jt^)  be  an  admissible  y-patch  and 
let  cp  £  Jt  ( u ).  By  the  commutation  formula  for  a  Hamiltonian  and 
the  composition  of  the  multiplication  operator  by  a  complex  exponen¬ 
tial  with  the  Fourier  transformation,  we  have 


&S  (p,  x )  5fJ(p  = 


=  F, 


-l 

I  I 


eT^)^e- 


—  -5-  ArgJj(a) 


V  I  J  i  («)  I 


Ljcp(a) 


a=(ny)~l(xr  lj) 
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where  36  is  the  Zbasymptotic  differential  operator  defined  by  (2.24) 
(“lifted”  to  A”  by  the  diffeomorphism  n*).  It  follows  that 

Ss{p,  l)&£l=W'lP1&i,  (4.10) 

where 

and  Rj  is  the  inverse  of  LJ  in  the  group  of  automorphisms  of  A  (u). 

Equation  (4.10)  implies  that  for  any  <p  £  A  (An,  rn),  there  is  such 
a  family  {%}  of  elements  of  Jb  (An,  rn)  that 

36  (p,  x)  STcp  =  2  to,  %  €  A  (®j) . 

i 

Let  us  show  that  there  exists  an  element  ib  f  A  (A”,  rn)  satisfying 
the  condition 

2^?$to=^to  (4.ii) 

i 

To  do  this,  it  suffices  to  find,  for  any  ;,  such  an  element  %  6  A  (c oj) 
that 

0S3$to  =  ^to-  (4.12) 

Rewrite  (4.12)  in  the  form 

&£ I(i)  %  =  S  & T(j)  El(i)i(j)  p/to-  (4-13) 

i 

The  last  equation  is  equivalent  to  the  following  one: 

•^ito  =  to  (4.14) 

with 

jl  _  V  T/V(hv(i) . 
i 

But  note  that  Aj  is  a  quasi-identity  operator,  so  the  equation 
(4.14)  has  a  solution  by  Lemma  4.2. 

Thus  we  have  shown  that  for  any  q>  £  A  (A™,  rn),  there  is  a  tp  £ 
£  A  (A”,  rn)  satisfying  the  equation 

36  {p,  x)  e/f<p  =  a%*to 

such  a  f  being  unique  by  virtue  of  the  fact  that  &£  is  a  monomorphism. 
It  is  obvious  that  the  operator  P^o  taking  qp  to  ip  is  linear. 

5.  Canonical  operator  on  the  family  {A?,  r”}.  Let  {At1,  r?}, 
0  ^  t  ^  T,  be  the  family  of  Lagrangean  manifolds  with  complex 
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germs  obtained  from  (A",  rn)  by  the  family  of  complex  canonical 
transformations  associated  with  a  Hamilton  function  c ffl°,  and  let 
Mn+1  be  the  ( n  -f-  l)-dimensional  manifold  (with  the  complex  germ 
u?  (a,  t),  z  (a,  t),  the  dissipation  D  (a,  t )  and  the  potential  E  (a,  t )) 
associated  with  {A?,  r?}.  The  canonical  operator  $/£ un+ 1  on  Mn+1 
is  defined  almost  word  by  word  as  that  on  A".  Here  we  shall  mention 
only  a  few  additions  and  modifications  required. 

(1)  One  must  replace  the  space  A  (A”,  r")  and  A  (Rn)  by 
A  ( Mn+1 )  and  A  (Rn  X  [0,  71),  respectively;  the  definition  of  these 
new  spaces  is  obvious.  Note  that  there  is  a  natural  embedding  of 
A  (A”,  rn)  into  A  (Mn+X). 

(2)  The  complex  vector  fields  d/dl  must  be  chosen  so  that  they 
would  be  expressed  locally  via  a  only. 

(3)  One  must  replace  the  diffeomorphisms  ji-J  in  the  definition  of 
local  canonical  operators  by  (see  Sec.  4  of  Chapter  IV). 

It  is  not  difficult  to  verify  that  for  the  canonical  operators  on 
Mn+1,  the  results  similar  to  that  of  Propositions  4.1,  4.2,  4.4,  4.5 
and  Theorem  4.1  hold. 

It  is  of  special  interest  to  consider  the  commutation  of  the  canonical 
operator  S5 Mn+i  with  a  pseudodifferential  operator  of  the  form 

H=—ih-L  +  <m\p,  x,  t,  h)  ,  (4-15) 

in  the  case  with 

<58  ( p ,  q,  t,  0)  =  56°  (p,  q,  t).  (4.16) 

We  shall  agree  to  say  that  Mn+1  is  subordinated  to  the  operator  H 
defined  by  (4.15)  if  the  condition  (4.16)  is  satisfied. 

Theorem  4.2.  Let  Mn+1  be  subordinated  to  the  operator  II  defined 
by  (4.15).  Then 

HWMn+i=-ikS5Mn+i  (4  +  G(A  <L  <))*, 

where  x  is  a  quasi-identity  operator  and 

G(p,  q,  t)=  — y  tr  36lq{p,  q,  t)  +  iS8h(p,  q,  t,  0). 

Proof.  We  have 

imMn+i = h  2  Pj = 2  Pl, 

j  3 

where  Hj  is  the  operator  that  arises  when  commuting  H  with  the 
local  canonical  operator  85} p\.  By  virtue  of  (2.24)  and  the  results 
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of  Sec.  6  of  Chapter  IV,  Hj  has  the  form 

SI=-ih(-lr  +  G  +  Al), 

where  Aj  is  a  Z)-asymptotic  differential  operator  belonging  to  the 
class  Let  P  be  the  operator  taking  any  9  £  A  (ilf”+1)  to  the 
solution  9  of  the  equation 

Mn+ltf)  =  Mn+lty  (4.19) 

(recall  that  this  equation  has  a  unique  solution).  Set 

9= — — ihsep —  ihGep,  (4.20) 

where  s  is  an  operator  to  be  found.  Substituting  9  =  Pep  into  (4.19) 
and  calculating  the  left-hand  member  of  (4.19)  by  (4.17)  and  (4.18) 
we  obtain  the  following  equation  to  be  satisfied  by  e: 

SfMn+iecp  =  2  e%i(P)  [pj<p  +  -4jPj<Pl.  (4.21) 

i 

Let  {F7-}  be  such  a  family  of  quasi-identity  operators  that 

I(j)  (Pj9  +  Ajpjep)  =  An+1^ j  (P/P  +  ^  j'P/P) • 

Then  (4.21)  can  be  rewritten  in  the  form 

8fP  =  2yi(p;<P  +  ^;pj9)- 
i 

Since  2  Pj  —  0»  one  of  the  following  two  statements  concerning  the 

3 

element  %  =  2  F/P;9  is  true:  (1)  the  order  of  X  is  greater  than  that 
j 

of  9;  (2)  the  order  of  %  is  equal  to  that  of  9  but  typ  %  >  typ  9.  The 

same  is  true  if  %  is  replaced  by  /  =  2  A  jPj(p,  where  /  is  the  operator 

i 

on  A  ( Mn+1 )  into  itself  induced  by  the  operator  of  integration  with 
respect  to  t: 

t 

f  K  t)  j  /  (a,  t)  dr. 

0 

It  follows  that 

t  t 

-§Gdt  $Gdt 

x  =  1  +  e  0  Ie°  e 

is  a  quasi-identity.  But  this  x  satisfies  the  condition 
4+G+e=(A+6)*, 
so  the  theorem  is  proved. 
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The  equation  ^  +  (?)  xcp  =  0,  where  x  and  G  are  the  same  as 

in  Theorem  4.2,  will  be  called  a  transfer  equation. 

For  any  cp  £  Jt  (Mn+1),  we  shall  write  9  |t=0  to  denote  the  element 
of  A  (An,  rn)  induced  by  2  CP;  lt=0»  where  2  <Pj  is  a  H-asympto- 

j£J  j£J 

tic  series  representing  ip.  The  definition  of  cp  |i=0  is  obviously  correct, 
.e.,  it  does  not  depend  on  the  choice  of  a  representative  of  cp.  Simi- 
iarly  we  define  ij}  |,=0  £  A  (R”)  for  any  i()  £  A  (Rn  X  [0,  Tl). 
lurther,  we  set 

def 

S/C \n  (ip  [<  =0) - (3TMn+lCp)  |t==0* 

It  is  readily  seen  that  S/C  Kn  is  a  canonical  operator  on  (An,  rn).  We 
shall  say  that  SZC  Mn+i  is  correlated  with  S/C An.  Given  a  canonical 
operator  S/C  on  (A",  rn),  there  is  always  a  canonical  operator  S/CMn+ 1 
correlated  with  S/C  (to  construct  S/C  Mn+ 1,  it  suffices  to  co-ordinate, 
in  Ihe  natural  sense,  the  branches  of  the  phase  arguments  of  Jacobians, 
the  weighting  atlases,  the  weighting  partitions  of  unity  and  the 
vector  fields  d/dl). 

Consider  the  Cauchy  problem  for  the  transfer  equation: 

X(P  =  0,  fp |t=o  =  To-  (4.23) 

The  (unique)  solution  of  this  problem  is 
cp  =  x_1F_1cp0, 

where  F  is  the  quasi-identity  operator  in  J  (An,  rn)  defined  by 
Fif>  =  (>£-lx|r)  |t.  ri. 

As  a  direct  consequence  of  Theorem  4.2,  we  have  the  following 
result : 

Theorem  4.3.  The  Cauchy  problem 

—  lh-^-  +  3e[p,  X,  t,  /l)l|)  =  0,  |i=o  =  S/C An«Po 

has  the  asymptotic  solution 
=  S/CMn+  l«p, 

where  cp  is  the  solution  of  (4.23). 

In  conclusion,  we  note  that  Theorem  . 4. 3  can  be  generalized  in  an 
obvious  way  to  the  case  where  the  Hamiltonian  function  38  may 
depend  on  an  m-dimensional  parameter  co. 


Sl-iil225 
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Sec.  5.  Proof  of  the  Main  Theorem 
Notation.  If 

A  =  (Alt  ■  .  .,  An),  B  =  (B1,  .  .  .,  Bm), 


tli 0  components  of  B  commuting,  then  we  write 


/( 

1 

Ai,  . . 

n  n+i  \  /  1  2  \ 

.,  An,  B)=f\A ,  B). 

If  a  = 

K>  •  • 

.,  an),  p  =  (px,  .  .  .,  pn),  then  we  write 

(«i 

A 

.  . .,  ankPn)  —  ah0; 

here  X  is  “one-dimensional”. 

Here  we  shall  prove  the  Main  Theorem  (see  Introduction)  using 
the  lemmas  of  Appendix  to  this  section.  Let  us  first  deal  with  the 
most  elementary  version  of  the  Main  Theorem  which  is  stated  on 
page  132. 

Let  /  ( x ,  a)  be  the  symbol  of  the  operator  to  be  quasi-inverted  and 
let  Lj  (p,  x,  P)  be  the  symbol  of  the  differential  operator  Lj  = 
I  l  i  *  \ 

=  Lj\i-^  ,  x,  — representing  Aj.  According  to  the  conditions 

of  the  theorem,  the  composite  function  /  (L  (p,  x,  P),  a)  is  asympto¬ 
tically  p-quasi-homogeneous  in  x  and  p,  where  p  =  (p1?  .  .  .,  pn+m). 
One  can  check  that  Lj  (0,  x,  0)  =  xj,  so  that  /  (x,  a)  is  asymptotically 
p'-quasi-homogeneous  in  x,  where  p'  =  (pls  .  .  .,  p„).  Lemma  3  of 
Appendix  implies  that  the  problem  of  quasi-invertion  reduces  to  the 
following:  one  has  to  find  a  function  gN  (x,  a)  satisfying  (9.6)  of 
Introduction  with  1  replaced  by  a  p'-quasi-homogeneous  in  x  function 
F  (x,  a),  supported  in  the  vicinity  of  the  zero-set  of  /„.  Let  61"-1 
be  the  unit  “quasi-sphere”  in  R71: 

Snp~l={xCRn\A0  (x)  =  l), 

where  A0  (x)  =^Sa;2/P-?^1/2-  Using  a  partition  of  unity  we  can 

additionally  suppose  the  support  of  F  (x,  a)  restricted  to  Np-1  X  Mm 
to  be  so  small,  that  there  exists  such  a  T  >■  0  that  0  <  T  < 
<  t'  (g°,  ©,  0,  0)  and 

H  ( p  (q°,  (0,  p°,  p,  T),  q  (q°,  (0,  p°,  p,  T),  co,  p)  <  0 
for  ( q° ,  co)  6  supp  F  |gn_i  Mm  and  ( q° ,  co,  p°,  p)  €  (see  the  absorp- 

p 

tion  condition).  By  the  rule  of  reduction  (see  p.  108),  it  suffices  to 
find,  for  any  natural  N,  a  function  (a,  p,  x,  i )  vanishing  if  x 
is  in  the  neighbourhood  of  0  (say,  for  |  x  |  <  c),  belonging  to  C % 
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for  any  fixed  t  and  satisfying  the  following  conditions: 


'Ma,  il,  x,  T)  =  Ox{  \x 
( 


-iAn 


x/  a  t 


v\ 

2 

0 

ax 


i 

x , 


t)  + 


( 1 

n  n- f  1  \ 

/'2  I  1  \ 

Ui,  •• 

•»  Lm  oc  / 

Mv  (a,  i-fo,  x,  tj 

=  3Sn  (a,  x,  tj  , 

_  S§N  (a,  rj,  x,  t)  =  0%(  \x  |-JV)  uniformly  in  t, 
i|5.v (a,  il,  x,  0 )  =  F(x,  a)p(i])  for  \x\>c. 


(5.1) 


(5.2) 

(5.3) 


wliere  p  (11)  =  0  for  1 1]  |  >  e  and  p  (rj)  =  1  in  a  neighbourhood  of 

the  origin.  Note  that  F  (x,  a)  1  =  F  (x,  “)  +  0%  (I  *  |~°°) 

which  can  be  shown  by  partial  integration  with  respect  to  y  in 
the  formula 

F  (r,  a  )  p  [i 1  =  F(x,  a)  + 

+  (2n)"n  j  ei(ri,  !/-a>  [  —  1  +  P  (r))]  (y,  a)dr\dy. 

R2” 


Further,  it  is  convenient  to  replace  A0  ( x )  by  such  a  C°°  function 
A  (x)  that  A  >  0  and  A  (x)  =  A„  (x)  for  large  x. 

t  1  2) 

Now  let  us  transform  the  Hamiltonian  /  \L,  d) .  First  of  all,  note 
that  the  condition  for  asymptotic  quasi-homogeneity  of  a  function 
<p  (J),  |  =  (|lt  .  .  .,  |„),  may  be  written  as  follows:  for  all  X  >-  0, 

....  XPntn)=  i^(|)  +  Xr°-1  q>fc+1(g,  X), 

3=0 

wliere  r0  >  rx  >>  .  .  .  >  rft,  cpj  is  quasi-homogeneous  of  degree  r} 
for  j  —  0,  .  .  .,  k,  cpft+x  6  (Rn  X  (0,  oo))  being  bounded  as 
X  ->  oo  as  well  as  all  its  derivatives  with  respect  to  |.  Thus,  any 
asymptotically  quasi-homogeneous  function  <p  (|)  can  be  expressed 
in  the  form 

cp  (I)  =  r°  {  jj  r°  cf,  {X~%  +  Ar‘<ph+1  {x~%  X)}.  (5.4) 

Set  t j  =  r0  ~  rj,  j  —  1,  2,  .  .  .,  k,  so  we  correlate  a  ft-tuple 
(ex,  .  .  .,  eft)  of  positive  numbers  with  any  asymptotically  quasi- 
homogeneous  function. 


31* 
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Using  the  representation  (5.3),  the  composite  function 
/  ( L  (r) ,  x,  P),  a)  can  be  expressed  in  the  form 

/  (L  (p,  x,  p),  a)  = 

=  Xr  [38x  (a,  p,  P,  to,  x)  +  X-1<$(?2  (a,  p,  P,  co,  X)],  (5.5) 

where  co  =  X~c\r,  x  =  (X_E1,  .  .  .,  X~Eft),  38x  and  36  2  belong  to  o f°°, 
Im  38x^.0,  and  382  is  bounded  as  X->  oo,  together  with  all  its 
derivatives  in  a,  p,  P,  co. 

Taking  into  account  (5.5)  and  using  the  note  following  Lemma  2 
of  Appendix,  we  obtain  the  following  expression  of  the  Hamiltonian 


U,«)= 


2  1'  1 

=  A'ldft’i  l  a,  i-§~,  —  iA~l~,  xA~t) 


1  2 


1  l' 


4 


-  (  —  t  A"1 ) 


da 

1' 


1' 

A~e 


4 


,  2  1 

2  .  d  .  \  m  d  \  \  \ 

a’  1  ~dP  '  _  lA  *7 »  xA  >  A 


1 1' 


v 


da 


(5.6) 


where  s  >0,  38  3  (a,  p,  p,  x,  X)  £  #°°  is  bounded  as  X  ->■  00,  together 
with  all  its  derivatives  with  respect  to  a,  p,  P,  x,  and  A~e  = 
=  (A_ei,  .  .  .,  A~efc). 

1 1  2\ 

To  solve  the  problem  (5.2)  with  the  Hamiltonian  function  /  \L,  a) 
of  the  form  (5.6)  we  use  the  theory  of  canonical  operator  on  a  Lagran- 
gean  manifold  with  a  complex  germ  developed  in  this  chapter. 

Set 

del 

380(X0,  P0,  P'i  CO,  Xi,  X2)=  = 

=  Ji(X0,  x,  P0,  co  +  A^P,  A-£), 


where 


X0£Mm,  X  =  (A',,  ...,  Xn)£Rn,  P„(ERm, 

P  =  (Pi,  ....  WR”,  ©-(co,,  ...,  ©n)£Rn, 


...,  A 

X2  —  ^‘-P| 


■(A* 


'-On 


A  !"). 


The  function  38  0  depends  smoothly  on  the  parameters  ©,  xx  and  x2 
for  ©  6  R"  and  xx  ->-0,  x2  0.  Moreover,  38  0  lends  to  the  Hamil- 

/  1  n  n4-l  \ 

tonian  function  38  corresponding  to  the  operator  / \AX,  .  .  .,  An,  B  ) 
as  xx  0,  x2  -v  0  (for  the  definition  of  the  Hamiltonian  function, 
see  Sec.  9  of  Introduction). 
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We  will  regard  SB0  as  a  function  on  the  phase  space 
{ X0 ,  X;  P0,  P)  =  (Mm  X  R”)  X  Rm+n. 

Denote  by  Mm+n  the  space  Mm  X  Rn  and  by  T*Mm+n  the  phase 
space.  It  is  clear  that  Mm+n  is  a  Lagrangean  manifold.  The  condition 
of  the  asymptotic  p-quasi-homogeneity  of  the  Hamiltonian  implies 
that  Im  XJ  0,  hence 

Im  <#?0  <  0. 


Set  Hn  — Re  SB„  and  consider  the  system  of  bicharacteristics 
OXp _ Ollp 


dt  OPp 

X0  |f=o  =  a> 
OXk  Olio 

Ot  0Pft 

Xh  |t=o  = 

QPq  on0 

dt  dX0 

P u  |(=o  =  0, 


(X0,  X,  P 0,  co  +  x2P,  x,), 
(*o,  X,  P0,  0 )  +  X2P ,  X,), 


(5.7) 


(X0,  X,  P0,  C0--I-X2P,  x4), 


iSL=  p°'  w+x*p' ^ 

Pu  |<— 0  =  0, 

fc  =  1,  . . . ,  n. 


Since  the  limiting  function  SB  =  lim  SB 0  satisfies  the  absorption 

A-^oo 

conditions  whenever  the  parameters  of  the  system  (5.7)  lie  in  Qe, 
this  system  has  a  solution  for  xr  =  x2  ==  0.  Therefore,  it  is  easy 
to  construct  by  the  perturbation  theory  an  asymptotic  solution  of 
the  system  (5.7),  i . e. ,  functions  X0,  X,  P0,  P  €  C°°  which  satisfy 
(5.7)  modulo  A~N  with  N  being  as  large  as  desired. 

Denote  by  giIIn+-{ilQ  (co,  Xj,  x2)  the  shift  corresponding  to  this 
asymptotic  solution. 

It  is  easy  to  verify  that  all  the  properties  of  the  complex  germ  are 
preserved  if  one  replaces  the  solution  of  the  Hamilton  system  by  the 
asymptotic  solution  of  the  system  (5.7). 

It  follows  that  the  family 

( MT+n ,  rr+n)  =  4o+igo{Mm+B,  0},  0<f<7\ 

obtained  from  Mm+n  by  the  family  of  transformations  gHn+iH0  (w, 
xl5  x2)  (here  T  is  the  same  as  above)  is  a  family  of  Lagran¬ 
gean  manifolds  with  complex  germs  smoothly  dependent  on  the 
parameters  w  =  (aq,  .  .  .,  io„),  t  6  (0,  T)  and  xx,  x2.  As  formerly 
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we  shall  identify  the  family  {Mf+n}  with  the  (m  -f-  n  +  ^-dimen¬ 
sional  manifold  Mm+n+1  which  obviously  smoothly  depends  on  co 
for  sufficiently  small  xx  and  x2. 

Let  &CA  be  the  canonical  operator  on  Mm+n +1  corresponding 
to  the  germ  rf+n ,  with  h  replaced  by  A-1*. 

As  is  seen  from  (5.2),  (5.3)  and  (5.6)  we  have  to  consider  the  fol¬ 
lowing  Cauchy  problem: 


1  mV  I  2  a  1  \ 

*’*)  + 

3  1'  I  2  l  1  \ 

+  IMi  —  iA$#s]  'l’  i  — ,  x,tj=  0, 


i  I  •  ^  1  n 

^  l «,  i-fc ,  x,0 


2 

,  d 

P\11Z 


P 


U.i). 


where 


( 2  d 

—  iA-1  -j- , 

l  1'  l' 

SSX 

=  »< 

xA~p,  A" 

l 

m3 

/  2  2 

-iA"1/-, 

ii'  i'\ 

x A-1,  A) 

/ 

(5.8) 


We  will  show  that  the  problem  (5.8)  lias  an  approximate  solu¬ 
tion  of  the  form 


H'-V 


(5.9) 


where  cp N  is  a  function  belonging  to  c f°°(Mm+n+1),  and  co  =  |[xA-pJ. 

First  note  that  by  virtue  of  the  choice  of  the  initial  manifold 
Mm+n  we  have 


(e/rAcp.v)  («,  h.  co,  A1  p,  A  s,  t)  |t=o  =  fpv  («,  T),  co,  t)  |t=0. 

Consequently,  for  the  operator  (5.9)  to  satisfy  the  initial  condition 
of  the  Cauchy  problem  (5.8),  it  is  sufficient  to  require  that 

<Pw  (“>  h,  ®,  0)  =  p  (q)  P  (co,  a).  (5.10) 


*  More  exactly,  we  interpret  SfCA  as  follows:  given  a  C°°  function  q)  on 

OO 

jj/m+n+i  (identified  with  an  element  of  jl  (Afm+n+1)),  let  ^  ij) j  (a,  x,  t,  h)  be 

i=  o 

an  /i-asymptotic  series  representing  c%T(p  (we  omit  the  parameters  co,  X{  and 

io 

x2);  then  ((S^Aq))  (a,  x,  t)  means  2  1l,j  (a>  x>  L  A-1),  where  j0  is  large 
enough. 
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Making  the  Fourier  transformation  Fx\y  in  (5.8),  we  obtain 

1 


-  ill 


1 W 


2  2 


«.  y>  -ii^'  tl  + 


2  2 


+  l##i  [a,  y,  —ihP 


2  2 


1 

8 

dy  ’ 
1 


r 

hR)~ 


ihS8s  I  a,  y,  —  ih 


X  ip  la,  y. 


(5.H) 


where  h  stands  for  the  operator  A-1  ( — • 

Now  consider  6>S"1//l,  i.  e.,  5fA  with  A  replaced  by  h-1.  By  Theo¬ 
rem  4.2, 


2  2 


L_j/l_  +  ^1  |a,y,  -i*P-^  +  AP“  ®>  *7 


i  i 

—  ihffls  (a,  y,  —ih~L  +  ^  h~l 


2  2 


»y 


{&£\n)  — 


i 


=  (  —  ihMh  +  *<PaJ  (a,  J/,  <0,  hp  \  hB,  t),  (5.12) 

where  g  is  a  smoth  function  on  Mm+n-+1  and  x  is  a  quasi-identity 
operator. 

Now  we  substitute  the  operator 

'  2  2 


I  2  2 

'lw  ^a,  y, 


1 

■  ih  7-  ,  1 1  = 


=  UVx)  («,  F,  -i*p-|r,  *p_1,  *6,  «) 

into  (5.11).  Noting  Lemma  5  of  Appendix  and  (5.12),  we  obtain 
1 


-ih^Sil  (a,  y,  - ih f±,  ft--1,  ft*.  () 


+ 


3 


+  lw>i  a,  2/, 


■ih-?-,  -ihp-?-,he)- 

da  dy  ’  1 

2  2  1  1 

—  ih$83\a,  y,  —  ih  ~  ,  —ih-^,  h~l)]x 


dy 


(<^-hfpA r)  (a,  y,  — ih?  , 


X 

=  — ih 


hp 


-l 


2  2 

a,  y, 


hr,  t  I  = 

l 

-ihp7-,  fep_1, 

dy 


(5.13) 
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Substituting  h  —  [A  1  (  —  i  here  and  making  the  Fourier 


transform  Fy^x,  we  get 


—  iA 


.  i  -i  d  (d%'Acp^) 


dt 


.  d 


1  1 


a,  iir,  ®,  A1_p,  A-E,  t)  +imi-mzl  x 


to 


x 


(4~  +  ?)X( Pw 


a,  i-£,  io,  A1"'1,  A”8,  il,  (5.14) 


to 


where  coft  =  A  k  —  i,  and  we  have  dropped  the  argu- 

men  ts 


a 

to 


1 

-iA 


-i  A 

da 


l  r 
xA~ 


i’ 

A“ 


and 


2 

<? 

to 


1  1' 


■  iA"1  v-  ,  arA"1,  A 

act  ’  ’ 


of  the  operators  SS1  and  SB3,  respectively. 

By  virtue  of  (5.14)  and  (5.6),  to  solve  approximately  the  Cauchy 
problem  (5.2),  (5.3)  it  suffices  to  find  a  function  (pv  satisfying  the 
transfer  equation 


(lT  +  ?)  X(P-v  =  °  (mod(9D(A  N )), 

which  is  possible  by  Theorem  4.3. 

Thus,  we  have  constructed  the  required  approximate  solution  of 

the  Cauchy  problem  (5.2),  (5.3)  for  the  operator  /  (l,  a)  (take  into 
account  the  estimates  given  in  Lemma  4  of  Appendix). 

In  fact,  it  remains  only  to  verify  that  for  t  =  T ,  the  function 

ifiv  (a,  t],  x,  t)  =  (WA(pN)  (a,  q,  co,  A1  -p,  A-E,  t)  (5.15) 


decreases  as  x 


oo  faster  than  any  power  of  j — ;  .  Note  that  the 

I  %  \ 


bicharacteristics  (X,  P)  corresponding  to  H0  (see  (5.7)),  which 
depend  on  the  parameters  and  x2  coincide  in  the  limiting  case 
=  x2  =  0  with  the  bicharacteristics  corresponding  to  H  R eSB, 
where  SB  is  the  Hamiltonian  function  of  the  operator  f  (A,  B). 
According  to  the  condition  of  the  theorem  the  latter  satisfy  the 
absorption  condition.  It  follows  that  the  absorption  condition  is 
satisfied  as  well  for  the  bicharacteristics  corresponding  to  H0,  pro¬ 
vided  that  min  A  (a?)  is  large  enough.  Namely,  the  following  in- 

cc£Rn 

equality  holds  for  t  =  T: 


ity  holds  for  t  =  T: 

m  SB0  ( X0 ,  X‘,  P0,  P;  co,  xlt  x2)  <  — -5  <  0. 
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It  follows  from  this  inequality  and  the  construction  of  the  cano¬ 
nical  operator,  that  the  function  3PA<pN  |(=r  decreases  faster  than 
any  negative  power  of  A  as  x  — oo.  One  can  check  directly  that  (9.8) 
of  Introduction  with  t|i  defined  by  (5.15)  gives  a  solution  of  the 
problem 


f  1  1  2 ) 

/ 1 

2  ^ 

i  (  1  2 )  t 

1  2  \ 

)[/U,  sj]fev 

\A, 

B, 

l]  =  FU,  b)+rn{. 

4,  B) 

l  Ri V 

(x, 

a) 

=ox(  i*rw). 

The  Main  Theorem  in  the  general  form  stated  in  item  4  of  Sec.  9 
of  Introduction  can  be  proved  in  the  same  way.  Here  we  consider 
in  detail  only  the  reduction  of  the  generalized  absorption  condition 
(see  item  4  of  Sec.  9  of  Introduction)  to  the  ordinary  one  (see  item  3 
of  Sec.  9  of  Introduction)  and  sketch  a  modification  of  the  above 

/  1  2  \ 

proof  for  the  case  of  an  operator  /  A,  l)  dependent  on  parameter 
(but  independent  of  the  standard  r). 

The  generalized  absorption  condition  differs  essentially  from 
ordinary  one  only  in  the  case  where  the  set  Q0  is  non-connect ed. 
In  such  a  case  is  non-connected  as  well,  the  function 

H  ( p  (q°,  oi,  p°,  q,  v,  t'),  q  ( q° ,  0),  p°,  p,  v,  x'),  «i,  v,  t]) 
being  strictly  positive  or  strictly  negative  by  the  absorption  condi¬ 
tion  on  every  connectivity  component  Qg  *  of  Qe  (which  corresponds 
to  a  connectivity  component  of  Q„).  Therefore,  using  the  same  argu¬ 
ment  as  that  at  the  beginning  of  this  section,  we  can  choose  a  cove¬ 
ring  of  M1  and  a  partition  of  unity  corresponding  to  this  covering, 
so  that  the  quasi-inversion  problem  reduces  to  the  equations 

jg(N  =  i=l, 

where  s  is  the  number  of  connectivity  components  of  Q0  and  Fil)  is 
such  that  the  imaginary  part  of  the  Hamiltonian  function 

H{p  q  |t=t',  oi,  v,  r]) 

is  strictly  negative  on  supp  F(l)  (if  it  is  positive  we  multiply  the 
equation  by  — 1).  Thus  the  general  case  is  reduced  to  the  case  of 
an  ordinary  absorption  condition. 

Now  consider  a  Hamiltonian 

which  does  not  depend  on  the  standard  and  is  (p0,  .  .  .,  pn,  pn+!)- 
quasi-homogeneous  of  degree  r  with  respect  to  the  arguments 

( — i—  =  x0,  xu  .  .  .,  xn ;  |),  the  numbers  p0  and  pn+1  being  equal 
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to  1.  Using  the  same  argument  as  above  (cf.  (5.6)),  we  can  express 
/  (l,  a,  i)  as  the  sum 


2  \  12 

a,  l)  =A rlSS, 


i'_  i  r 
,  A  px,  v, 


i' 

A" 


+ 


v  \ 
■iA~l 


/2  .1 
\a-l5F’ 


i'  i  r  i'\ 

A-hr,  v,  Aj], 


(5.16) 


where  A  =  A  (x)  is  the  same  as  above  and 

A~E  =  (A_ES  .  .  A”8*),  Bj  >0,7  =  1,  .  .  .,  n. 

The  function  38  s  (a,  r),  p0,  co,  v,  A)  is  bounded  as  A-a  oo  uni¬ 
formly  in  all  the  parameters,  provided  that  the  functional  space 

dcf 

where  the  Hamiltonian  acts  is  such  that  the  operator  v  =  g^A 
is  bounded  (see  below). 

According  to  the  reduction  rule,  the  quasi-inversion  problem  for 

/  1  n  n+1  \ 

the  operator  /  .  .  .,  An,  B  ,  £/  reduces  to  the  Cauchy  problem 

of  the  form  (5.2)  with  the  Hamiltonian  /  [l,  a,  |)  .  Now  we  express 
the  Hamiltonian  in  the  form  (5.16)  and  the  further  course  of  solving 
the  Cauchy  problem  does  not  differ  from  the  one  above.  In  parti¬ 
cular,  one  constructs  the  Hamiltonian  function 


38  6  (N0,  X;  P0,  P ;  co,  v,  A1"**,  A“e)  = 

=  ffli(X0,  X,  P0,  (o  + A1-pP,  v,  A"E), 

where  to  =  (coj,  .  .  .,  con)  are  the  parameters  corresponding  to  the 
operators 

xA~p  =  (x1A”Pl,  .  .  .,  xnA~Pn). 


The  function  38  0  tends  as  A  oo  to  the  Hamiltonian  function  38 

corresponding  to  the  operator  /  ( L ,  a,  |)  (see  Sec.  9  of  Introduction). 

Further,  one  constructs,  as  above,  the  asymptotic  solution  of 
the  Cauchy  problem  (5.2)  of  the  form 


Tv 


i 

x,  t. 


2  |  11  1  _  1  \ 
a,  i  —  ,  to,  v,  A  E,  A  p,  1 I  , 

OX  I  1 


(5.17) 


fxA. 


where  corresponds  to  380  and  wh  =  xhA  p,i 


v 
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The  element  gN  of  the  quasi-inverse  sequence  has  the  symbol 

T  '  2  \ 

r  I  2  d  1  \  1 

gN{x,  Ct,  t)  =  i  j  \  a,  i  —  ,  x,  t,  lj  A1  r<pc&,  (5.18) 

o 

where 

<p  =  <p  (*;  «;  £)  =  p o  (^iE~Pi,  •  •  •,  ^n^“pn;  a) 

with  (a:,  a)  being  as  above. 

The  support  of  cp  ( x ;  a;  £)  is  obviously  contained  in  the  domain 
A  (x)  ^  c%.  It  follows  that  |  v  |  ^  c  on  supp  <p. 

Thus,  we  have  constructed  a  right-inverse  sequence.  A  left-inverse 
one  can  be  constructed  quite  similarly  with  the  aid  of  the  same 
Hamiltonian  function.  In  fact,  it  suffices  to  note  that  the  operator 


/  n+1 

2  1  \  /I  n  n+1 \ 

![g:v  \^i, 

,  An,  B)  J  If  [A,,  ...,  An,  B  j] 

is  equal  to 

/  n+1 

2  1  \ 

with 

/n+1  2  1  \ 

rN(x,  a  )  =  / 

\L*,  Ln,  a)  gN, 

where 

L*  Ol.  *.  Po) 

=  Lj  (—fi,  x,  —p0). 

In  conclusion, 

we  consider  the  following  generalization  of  the 

quasi-inversion  problem:  it  is  necessary  to  find  an  approximate 

solution  v  6  X, 

w  £  X  of  equations 

fv  =  F,wf  = 

-F, 

where 

(  1 

n  n+1  \ 

/  =  /U,  .. 

.,  An,  B  )£J,  vdX 

and 

/  i 

n  n+1  \ 

Ct, 

II 

...  An,  B)^A 

is  such  that  supp  F  is  contained  in  a  fixed  domain  A  cz  S j}-1  X  Mm . 
More  precisely,  one  has  to  find  two  sequences  of  elements  of  X, 


Vjy 

such  that 


/  i  n  n+1  \  *  (n+ 1  2  1  \ 

n  =  vn  VAt,  An,  B  )  and  wN  =  wN  \  Ay,  .  . .,  An,  B) 

that 

/  VN  —  £  “l~  Rni  u,Nf  =  P  +  R'ni 
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where  both  RN  and  R'n  are  in  X  and  have  the  symbols  decreasing 
faster  than  |  y  [-N.  The  elements  vN  and  wN  will  be  called  respec¬ 
tively  right  and  left  A-quasi-inverse,  and  the  corresponding  sequen¬ 
ces  {y„},  {u>„}  will  be  called  a  right-  and  a  lcft-quasi-inverse  sequen¬ 
ce,  respectively. 

For  the  A-quasi-inversion  problem  the  result  similar  to  the  Main 
Theorem  holds.  It  is  only  required  to  modify  the  absorption  condi¬ 
tion  slightly,  namely,  initial  points  a0,  q0  must  now  belong  to  the 
intersection  of  A  with  a  small  neighbourlioodi  of  the  zero-set  of  /0. 

Note  also  that  the  formula  for  a  A-quasi-inverse  element,  which 
was  given  for  a  particular  case  in  Introduction,  leads  to  the  following 
statement  concerning  the  supports  of  A-quasi-inverse  elements 
(both  left  and  right): 

supp  vN  c=  ns„  _  J  Mm  u  Sn  (A  n  fie)  > 

p  oat^T 

where  nsn-ixilm  is  the  projection  onto  Sp”1  X  Mm,  and 

gn  (A  f)  &E)  denotes  the  image  of  A  f|  &E  under  the  canonical 
transformation  associated  with  the  Hamiltonian  function  H. 

Problem.  Under  the  assumptions  slated  on  page  138  and  assu¬ 
ming  in  addition  that  the  operators  Alt  .  .  .,  An  commute,  deduce 
(9.75)  of  Introduction  from  the  formulas  (5.17)  and  (5.18)  for  the 
right  quasi-inverse  sequence. 

Note  1.  In  the  particular  case,  when  the  operator  /  is  not  depen¬ 
dent  on  B,  the  relation  (9.1)  of  Introduction  will  be  equivalent  to 
the  following: 

f  {lu  ...,  Ln)gN  =  (2jt)  * 6  -j-  Rn, 
where  6  is  the  Dirac  6-function  concentrated  at  unity  of  the  group  G 
induced  by  the  generators  iAu  ...,  iA n ,  RN  =  FRN  is  a  sufficien¬ 
tly  smooth  function  on  G,  gN  —  FgN,  Lj  =  FLjF~l,  and  F  is  a  Fou¬ 
rier  transform. 

Note  2.  If  Au  ...,  An,  B  are  generators  with  the  defining  pair 
of  spaces  (Bt,  B j),  then  by  virtue  of  Note  on  p.  101  Rh  {a^  ... 

n  "+1  \  I  ,,\ 

...,  An,  B  )  g£D  I  Zj  j  i  Vgg/?!-  In  other  words,  the  opera¬ 
tor  Rk  is  bounded  as  an  operator  on  space  By  into  space  By+h, 
where  By  is  the  completion  D  (see  p.  211)  in  the  norm 

II  /  1  n  \V/2  II 

II  u  II  —  ||  1 1  +  Af  -f-  ...  A~t  )  u  ||jrj ,  y£R. 

Problem.  Let  f  (xu  ...,  xn,  a)  be  asymptotically  homogeneous 
function  in  x  of  degree  k,  where  the  leading  term  of  /  (x,  a)  ^  0 
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for  |  a;  1  =  1.  Prove  that  if  Ajt  ;'  =  1,  ...,  n,  B  are  generators  of 

/  1  n  n+1 \ 

zero  degree,  then  the  qoasi-inverse  operator  gN  \ A,  B  ) 

l  1  n  n+1  \ 

for  the  operator  f  \AU  . ..,  An,  B  )  for  any  y£R,  e>0,  satisfies 

I  /I  n  n  +  l\  II 

the  estimate  •••,  An,  B  )  H^sv-m-e < const. 

Hint.  By  virtue  of  Theorem  3.1  of  Chapter  II,  to  prove  the 
above  inequality  it  will  be  sufficient  to  prove  that  the  symbol 
gK(x,  a)  satisfies  the  condition  (1  -f- 1  +  |2)ft/2_e  gK  ^x,  a)  £  (RnU). 
This  fact  follows  from  the  estimate  ||  (1  -f- 1  x  \2)h,2~egN  ||jj0Hn+i  = 

=  gy  ( -i-4-)  (1—  A),i/2~e  .  By  virtue  of  Lemma  3 

V  dy  )  C(Rn+1)-*C(Rn+1) 

of  the  appendix  to  this  section,  the  symbol  gN(x,  a)  is  an  asymp¬ 
totically  homogeneous  function  in  x  of  degree  — k.  As  is  well  known, 

the  operator  gK  (  —  i  (1  —  A),i/2~E:  C  (Rn+i)  -a-  C(Rn+l)  is  boun¬ 
ded  in  this  case. 

Appendix  to  Sec.  5 

Definition  1.  Let  ®  ( y ,  a\  h),  y  £  R”,  a  6  Mm,  be  a  family  of 
functions  belonging  to  & 00  (R"  X  Mm).  We  shall  say  that  this  family 
is  bounded  in  3°  °  (Rn  x  Mm)  if  there  exists  such  a  k  that 

for  any  multi-indices  p  and  q. 

Lemma  1.  Let  <D  (y,  a ;  h)  be  a  bounded  family  in  <¥°°  (Rn  X  Mm) 
and  let 

n 

Lj  (p,  x,  P,  h)  =  2  xhPhi  j  (rj,  P,  h)  +  Pj  (r),  p,  h), 

ft=i 

where  Ph ,  j ,  Pj  are  polynomials  in  r]  and  P  with  bounded  coefficients 
dependent  on  h. 

Set 

h  h  2  1  d  1  v 

Lj  =IL'}  (n,  x-ih—,  p,  hj]. 

Then  we  have 

(1  2  \  2  i  1  2 

L',  a;  h)  =  0>  (p,  x  —  ih-^,  P,  h)  ,  a;  h  j  +hRh,  (1) 

where  {Rn}  is  a  bounded  in  3°°  family  of  functions  of  the  ordered  ope- 

d  /  2  1  q  1  v 

rators  rj,  x  —  ih—  ,  p,  a  and  flX'  [p,  x  —  ih-^  ,  p,  fej]. 


494 


OPERATIONAL  METHODS 


Proof.  By  the  ^-formula,  we  get 

/12  \  .  .  2  1  .o  1  \  3  n+1  n-\~2  , 

cdU',  a;  h)=<&  (l;  (t),  x  —  jj,  hj  ,  L;,  L;,  a;  /i)- 

2  *-**-£’  m)x 

S2(D  /  /  6  1  a  1  .  2  5  7 

p,  a),  ... 

n-f  5  n+6  \  1 

.  . . ,  Ln,  a;  h) ]' 


In  the  first  term  in  the  right-hand  member  let  us  change  the  order 
of  operating  of  rj  and  L'„.  Using  the  commutation  formula,  we  obtain: 


/  l2 

®  yL[  p,  x  — 

ih-k 

,  k  h), 

3 

Zvg)  •  •  < 

n  +  l 
■  9  Lm 

=  o>(l; 

(r),  x- 

■i  9 

m). 

2 ,  4 , 
L2,  l3 

n 

-ih  2 

fc=i 

Pu,  2< 

'41  \ 

kfi,  P,  h) 

lx 

n-t-1  n  4-2 


^  o  o 

%,  . .  r)h_i,  T)ft,  %+1,  .  • r ]n,  x  —  ih 


X 


dL[  '2 
Or\h 

62Q 

Sy&yz 


1  $  *  \ 
ih  ITf  ’  P’A) 


/„  ^  3,  5  7  n+4  n+5  \ 
\ Z/j ,  Z/j,  i2 ,  Z^n ,  Z/g ,  •  •  • ,  ex,  h  / 


X 

(2) 


where  stands  for  the  operator  expression 

1 2  2  4  6  6  1  ^  1  . 

Pi  ^  fii’  •  •  • »  fife >  fiftn  i »  •  •  •  >  fin ,  x  ih  „  ,  P,  h j  • 


We  now  transform  the  expression  of  the  first  term  in  the  right- 
hand  member  of  (2),  first  applying  the  ZT-formula  to  L'  and  then 
changing  the  order  of  operating  t]  and  L'z  in  the  first  summand  of 
the  sum  obtained. 

Repeating  this  argument  n  times  gives  (1)  with 
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where 


r*  Q  C  /  3  I  a  I  \  » a  1  » 

D  =  2  (TJ*  P»  fe)  P> 


3  1 


X 


X 


ft=l 

52<D 

6y| 


(l;  (rj,  x-ih~ P,  fc)  ,  . . . 


(o  1^1,257  /i-ro  — ^  #t-r  / -y  v  -i 

T],  X  ,  (3>  /iy  ,  Lj,  Ljf  Lj+i,  •  •  •  i  i'm  hj  J  » 


n+6- j n-f-7-i 


j  n 


0  =  2  2  [4i+.(i,M) 


x 


X 


X 


i=l  h=  1 
OL'j  / 2 


4  6 


(^z  /J*±U  O  1  ^  1  \ 

hi’  •  •  • »  hft-1’  hft’  hft+l’  *  *  * »  fin  t  X  ^  ^  »  P>  k  j 
6  /Ti  l  ]  ('0  fWr'  i  '  t  ' 

WuT~dyT  D\Li  ’  Lj  ’  Lj+1’  L;+:’  L>+2’  ••’ 


*]fc 


X 


n+5- j  n+6-j  ^  \  | 

•  •  •  j  Lni  ft  )  J  ’ 


with  L(fe)  standing  for  the  operator  expression 

L'  (%,  ....  h/t-L  hfc>  %H1.  •  •  •’  hn»  X  —  ih~d^’  P>  h)  ■ 

The  assertion  of  the  lemma  now  follows  immediately. 

Making  use  of  estimates  given  in  Sec.  11  of  Chapter  II,  we  obtain 
the  following  corollary  to  Lemma  1: 

Corollary.  For  any  real  r  there  is  such  an  s  that  for  all  k,  Rh  is 
bounded  uniformly  in  h  as  an  operator  acting  from  C *  into  C%. 

Lemma  2.  Let  f  (y,  a)  be  the  same  as  in  the  Main  Theorem.  Then 


where  {//,}  is  a  family  bounded  in  #°°. 

Proof.  Define  <!)(;/,  a;  h)  and  L'  (p,  x,  (3,  h)  by 
hrf  (y,  a)  =  0)  (hPy,  a;  h), 

}i]Lj  (t),  x,  P)  =  L j  (t),  hex,  he p,  h), 
then  L]  (rj,  x,  p,  h)  satisfies  the  condition  of  Lemma  1. 


(3) 
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We  have 

f  (1,  a)  =h~r( D  (hpL,  a;  h)  = 

=  h~rQ)  ([[//  (  —  i-^,  h*x,  ~ih~,  h)  J,  a;  hj  .  (4) 

We  have  shown  in  Sec.  11  of  Chapter  II  that  the  operator 

°  ([£'  (i-gj’  Kx,  - ih *-jL,  hjj,  a -h) 

can  be  expressed  as  the  pseudodifferential  operator 

j  2  |  1  l  \ 

if  ^a,  i  — ,  hEx,  — hj  with 

if  (a,  T),  a;,  p,  h)  =  <D  ([Z/  ( r),  x  —  ihE-^,  p,  hjj,  a;  hj  1.  (5) 

It  follows  from  Lemma  1  that 

<p(a,  P,  h)  = 

=  (D  (l'  |r),  x  — p,  hj  ,  a;  h)  1  -f  hEjh  (a,  p,  x,  P),  (6) 

where  the  family  {fh}  =  {i^el}  is  bounded  in  #°°  by  the  corollary 
to  Lemma  1.  It  is  obvious  that 

a>  [u  (rj,  *  — ihe-^j-,  p,  hj  , a;  hj  1  =<D(L'  (rj,  x,  p,h),  a;h),  (7) 
so 


and  the  lemma  is  proved. 

Lemma  3.  Let  /  (x,  cc)  6^°°  (Rn  x  Mm)  be  the  same  as  in  the 
Main  Theorem ,  and  let  /„  (x,  a)  be  the  principal  part  of  /  (x,  a). 
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Further,  let  FF  (x,  a)  be  a  p' -quasi-homo geneous  in  x  junction  of  degree 
0,  whose  restriction  to  <Sp-1  X  Mm  vanishes  in  a  neighbourhood  of  the 
zero-set  oj  f0  (x,  a)  restricted  to  SfF  X  Mrn.  Then,  for  any  N,  there 
exists  such  a  gN  £  <5®°°  (Rn  X  Mm)  that 

/  {l,  a)  ^jv  —  Jf  +  Rn,  (8) 

where  RN£<T°°  (Rn  X  Mm)  and  RN  =  Ox(\x\~N). 

Proof.  Define  (rj ,  x,  p,  a;  h)  by 

hrf(L( ii,  x,  P),  a)  =  i?(r],  hp'x,  fcp,  a;  h). 


By  Lemma  2, 


Furthermore,  by  virtue  of  p-quasi-homogeneity  of  /  (L  (rj,  x,  P),  a) 
in  x  and  p, 

F[ii^ hP'*'  ~ihik’  = 


=F°  Vi' hP'^  -ihi>  “)  + 

+  h6Fh[i^,hp’x,  -ih±,a). 


(10) 


where  F0  (rj,  x,  p,  a)  is  the  principal  part  of  /  (L  (q,  x,  P),  a), 
0  <  8  ^  e  and  {/^n}  is  a  family  bounded  in  F°° ,  F0  (0,  x,  0,  a) 
being  obviously  equal  to  /„  (x,  a). 

By  Taylor’s  expansion  in  ih~s  ^  and  —  for  any  positive  v  we 
get: 


hrf 


(U)=, 


x,  a)  + 

t  2 

i 

1 

,  hEx, 

i  d 

>ha  dx  ’ 

.  d 
■l-r-  . 
da 

2 

1 

2 

i  d 

.  a 

1  da  ’ 

.  d 

h  dx  ’ 

1  dx 

1  2 

,  hsx,  a,  h 


(11) 


where  £PV  (u,  v,  x,  a,  h)  is  a  polynomial  in  u,  v  with  coefficients 
bounded  in  <5°°°  (if  regarded  as  families  of  functions  of  x,  a),  and 


32-01225 


498 


OPERATIONAL  METHODS 


<?v  {u,  v,  T]?  x,  p,  a)  is  a  polynomial  in  u  with  coefficients  bounded 
in  (5°°°  as  h  ->  +  0. 

Let  A  be  a  C°°  function,  A:  Rn  ->  R1,  such  that  A  >*  0  and  A  ( x )  = 
=  |  x  |  for  large  x.  Set  co  =  A~f>'  x,  g  —  A~ex,  p  =  iAe^ .  Replace 
in  (11)  h  by  A-1  (x)  acting  first: 


1  2/1  2  \ 

A~r  1/  U,  «J]  =  /o(®,  a)  + 
+  A^Qv[p, 


Thus  (8)  becomes 


f  j  (co,  <x)  -f  A  6^v  1 


P>  -  i  ITT ,  O,  a,  A-1  + 


5a 
1  2 
5  _.  d 


+  A~VQV 
=  A~rcf  (CD,  a)  +  A"rR N 


1  2  1 
0’  a’A“‘ 


£iV  — 


We  will  find  such  a  gjv  that 


/0(co,  a)+A  ^P,  —  i~  ,  cr,  a,  A*1 
=  A_rjF  (co,  a)  -{-Ocg  ( |  x  |  N  r/E) 


2  1 


and 


Sn  '• 


I  2 


1  2  1 


Ar  v<?v  —  i  -jfi ,  i  -gj ,  a,  a,  A-1)  =  0#  ( |  a:  |  w). 


(12) 

{(13) 


We  first  solve  (12).  By  the  perturbation  theory,  we  write 

^=7^rsrx 

Ni  i 

xiK-in-*  n  a-6^ 

i=°  /o  la,  <*/ 

xA^f  (a,  a).  (14) 

Note  that  the  right-hand  members  of  (14)  makes  sense  (and 
belongs  to  #°°)  because  jF  (x,  a)  vanishes  in  the  vicinity  of  the 

/  2  i  1  3  1  \ 

zero-set  of  /„( co,  a),  and  —  i-^-,  o,  a,  A  is  a  differen¬ 

tial  (hence  local)  operator. 


d  131 
~ila'  a’A"‘ 


Yx. 
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Substituting  (14)  into  (12)  gives  the  condition 


1  .  /  2  q  13  2 


A  6<9\,(p,  —i  —  ,o,  a.  A-1 j  jNi+l  x 


(l  2) 

fo  \w,  a) 

XA-^K  a)^Ox(\x\~N-r'e).  (15) 

To  estimate  the  left-hand  members  of  (15)  note  that  for  large  x , 

/>As<p  (o)  =  A5  [3)s,  cp]  (o),  (16) 

where  3>s  is  a  first-order  differential  operator. 

Using  this  fact,  one  sees  by  elementary  calculation  that 


I  n  n  {p.  - 

2 

.  0 

1  da 

1  3  i  \ 

a,  a,  A-1 1 

fo  Vco,  a) 

XA  (co,  a) 


'r+(N  1  +  1)6 


(17) 


for  any  k.  Pick  such  that  (N±  + 1)  6  ^eiV,  then  (15)  is  satisfied. 
Similarly,  (13)  is  satisfied  provided  that  v  ]>  IV,  and  the  lemma 
is  proved. 

Definition  2.  We  say  that  an  infinitely  differentiable  function  f  ( x ) 
belongs  to  the  class  Cf  if 


l!  /II, 


del 


sup 

x£Rn,  |a|s£3 


(1  +  x2)2  -7-5-/(*) 

ox 


<  oo 


for  any  natural  s. 


In  2,  \  1/2 

As  before,  let  Pj!>1,  7  =  1,  ...,n,  and  A (x)  =  ^ 2  xi‘  J j 
Given  a  C°°-smooth  function  of  ( x ,  |)  defined  on  R"  x  R”,  set 


(D(g,  x)=A.(x)tf  (£,  [A  (a:)]  p  x), 
(Dj  =  Re  d>,  CD2  =  ImCD. 


Lemma  4.  Let  g  (x,  |)  be  a  function  belonging  (in  x  and  |  jointly) 
to  the  class  Cm  and  vanishing  for  |  |  |  >  £0  and  for  I  x  j  <  8,  and 
suppose  that  CD  satisfies  the  conditions 

(1)  for  |  l’  |  <  io,  I  l"  I  <  lo,  themapping  x-+x  +  ^  (£',  l",x ) 
is  a  diffeomorphism  of  the  outside  of  the  ball  |  x  |  <  8  into  Rn; 
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(2)  02  is  non-negative. 

Then  the  operator 

r  =  ei®(p.  “)g(p,  x), 

0 

where  p  =  — i  sends  every  function  f  £  H~s,  s  ^  0,  into  a  function 
belonging  to  the  class  C™2s_2m_  J_n_E  Ve>0. 

Proof. 

(1)  Set 

2,0  =  e«®i(p.i)gr  (p,  x), 

TZ  =  e-**i(p.l)  g(p,  x), 
and  consider  the  operator 


def 


Ai,r  =  T0(l  +  X2)\<pr{x)  Tt, 

where  (pr£C“,  0^<pr(x)^l,  <pr(x)  =  l  for  |  x  |  <  r. 
We  claim  that 


(2  1 

,r\X,  p,  pf, 


■A-i,  r  =  Ql, 
where 

Ql,r{x,  ?,?)=g(l',x{x,  £',  E"))X 

Xg(t',x(x,  EM"))  E"))'  X 

X  cpr(x(x,  t',t"))\J-l(t',Z\x(x,t',t"))\ 
and  x  ( x ,  E\  E")  is  the  solution  of  the  equation 

z+^gi-(EM",  x)  =  x. 

In  fact,  for  any  h^C™,  we  have 
Ahrh  (x)  = 

1 


(18) 


—  (2jt)2re'  j  exp  li  ( —  x"E"  +  x'E"  —  x'E'  +  x£'  +  Oh  (E',  x')  — 

R4" 

-®i  (E",  x')]g  (S',  *')  g  a",  *')  (1  +  ^'2)!  <Pr  (x')  /I  (X")  X 
Xdxd%'dx'  dl'. 

On  making  the  same  change  of  variables  in  the  last  integral  as  in 
the  proof  of  Theorem  1.1  of  Chapter  III,  we  obtain  (18). 

(2)  The  symbol  r  can  be  estimated  as  follows: 

II  @1’  r  H^8o.  ft,  ft(RnXRnXRn)  ^S^Lft* 
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where  ft  >  l  +  m  -f- n  and  C h  is  independent  of  r.  Therefore, 
we  obtain,  for  any  h  £  C o': 

j  |  T*h  (x)  |2  (1  +  x2)1  <pr  ( x )  dx  —  |  (h,  Alt  Th)L2 1  < 

Rn 

<  II h  II Hh  II  r  l| Hk-+H_h<;CU  ft  ||  h  \\nh 

(note  that  (T*u,  u)l2  =  (u,  Tv)l2).  Passing  to  the  limit  r-*oo  in  the 
last  inequality  gives 

||  T*h  lln^c^ft  ||  h  lllfft , 
so 

T*  €  Horn  (Hh,  Ht) 

for  ft>  Z  + m  +  M-  Let  u,v£C™,  then 

\{T0u,  v)l2\  =  \(u,  WJ^IIwlkJiniK-HjklK, 
so 

II  T0u  ||n_ft<||  T*  IIh^H;  II  u  I! H_v 
hence 

T0  6  Horn  (H„h  //_ft) 

for  k  >  l  +  m  +  n. 

(3)  We  have 

r  =  [T0(l  +  |)  x)  (l  +  z2)  ,  (19) 

where  e  (£,  x)  is  such  an  infinitely  differentiable  function  that 
e  (£,  x)  =  1  for  |  l  |  <  £„  and  e  (£,  x)  =  0  for  |  £  |  >  2£0.  The 
operator  T0  (1  +  •z2)1'  belongs  to  Horn  (/f_;+2r,  H _ft)  for  ft  ;>  l  + 
+  m  +  n.  Let  us  estimate  the  symbol 

def 

e-o>2(i .  “)e(|,  j)  (1  -j-  x2)~r  =  h  (£,  x). 

Let  p  and  v  be  multi-indices  of  length  n.  Then 

I  (-J)1 “  ay  e~*2ih  x)e  &  *)  i  (i + xy » 1/4 

k  3 

which  implies  that  h  6  0  for  4-  +  g-re.  Therefore,  it  follows 

from  (19)  that 

Horn  (H-s,  H  7  \ 

l  -2s- 2  m — —  n-  ey 

for  every  s  ^  0  and  s  >>  0. 
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(4)  Let  <9*  (£)  be  a  polynomial,  then 

( p )  Tf  ( x )  =  &  (p)  *)  g  (p,  x)  f  (x)  — 

=  ei®(p’  *)gi  (p,  z)  /  (a:), 

where  gx  (£,  x)  =  o^(£)  g  (|,  x)  satisfies  the  conditions  of  the  lemma 
as  well  as  g  (g,  a;).  It  follows  that  if  /  €  H~s,  then 

&(p)Tf£H  7 

'  '  -2s-2m — n-e  ’ 

hence  ^(p)  Tf  belongs  to  Hl  7  for  any  l  (see  Sec.  11  of  Chap- 

2s-2m-^n-e 

ter  II).  To  complete  the  proof,  we  must  note  the  embedding 
r!h  _j 

HlhczCk  l2j  ,  V*e R. 

The  lemma  is  proved. 

Let  &C  be  a  canonical  operator  on  an  n-dimensional  Lagrangean 
manifold  with  a  complex  germ  dependent  on  a  parameter  co  6  R" 
in  such  a  way  that  STq)  induces  class  (STcp)  ( y ,  to)  of  equivalent 
modulo  h°°  (in  the  natural  sense)  series  composed  of  a  function 
belonging  to  C%  (R2n).  Then,  for  any  H  6  (R2n), 


H 


(p,  - 


ih 


— +  coj  [(G%Tcp)(p,  co)]  =  ($%RHq>)  (y,  co), 


where  RH  is  the  transfer  operator  (see  Theorem  4.1). 

Lemma  5. 

4  v 

2 


PM*/, 


-ih 


JI(^<P)  \l /,  -ih-^)j=(WRH(s>)  [y,  —ih-jb 


dy 


Proof.  The  pair  (Ax,  42),  where  A1  —  — ih  ^  ,  A2  =  y,  is  a  system 
of  generators  for  a  nilpotent  Lie  algebra.  Its  ordered  representation 


(see  Sec.  9  of  Introduction)  is 


/  1  i  \ 

\Z>i,  L2! , 


where  Lx  =  -ih-, - \- 


+  xx,  L2  =  x2.  Then  one  has  for  any  /  (R2n),  g  6  C%  (R2n) 

(see  Sec.  11  of  Chapter  II): 

i/Ui,  i2)ip(ii,  i2)i=x(ii,  i2), 

where  %  (xx,  a:,)  =  /  (L1:  L2)  g  (xx,  x2). 
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Using  this  formula  and  taking  into  account  the  condition  of  the 
lemma,  we  get  the  identity 

1 


1 

..  a  2 

sp  v  =  v 


PM*/,  -ih~]MW<p)[y,  -ihJL)  1  = 


dy 


H\  y,  -ih-^  +  u)  {(&Cy){y,  ©)) 


=  [{SKRuy)  (y,  co)l 

and  the  lemma  is  proved. 


i  2  =  (^i?H<p)  \*/,  —ihdyi  - 

a=i-ihW'  v  =  y 


Sec.  6.  Cauchy  Problem  for  Systems  with  Complex  Characteristics 

In  this  section  the  commutation  formula  of  the  canonical  operator 
on  a  Lagrangean  manifold  with  a’  complex  germ  and  the  pseudodif¬ 
ferential  operator  with  a  matrix  valued  symbol  are  introduced. 
We  also  consider  a  method  for  the  construction  of  the  formal  asymp¬ 
totic  solution  of  the  Cauchy  problem  for  systems  of  the  form 

-ih~  +  m  [x,  p,  h)  ¥  =  0 

¥|f=o  =  ¥„(*,  h)  (6.1) 

where  p  =  — ih^ ,  <38  ( x,p,h )  is  an  ( to  X  m)-matrix  with  elements 

being  smooth  functions  of  x  £  R",  p  €  Rn,  h  6  [0,  1]  and  gro¬ 
wing  (together  with  their  derivatives)  no  faster  than  a  power  of 

(I*  I2  +  Ip  I2)- 

Denote 


(t-fi P’  h ) 


=  <3Sm(x,  p). 


We  have 


2  i 
x,  p,  h 


)-y,i3rtJ«m(kp)+hN*'Q'A 

h= o 


2  i  \ 

x,  p,  h), 


(6.2) 


where  the  symbol  Qn  ( x ,  p,  h)  of  the  operator  Qn  \x,  p,  h)  is  an 
(to  X  TO)-matrix  with  smooth  elements  uniformly  bounded  with 
respect  to  h. 
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Suppose  the  matrix  d5#<0)  (x,  p),  x  £  Rn,  p  £  Rn  is  diagonalized 
by  a  smooth  non-degenerate  transformation.  Denote  by  kx  (x,  p),  .  .  . 
.  .  .,  kt  ( x,  p ),  l  sgC  m,  the  eigenvalues  of  the  matrix  <&8i0)  (x,  p). 
Suppose  the  multiplicity  Xj  of  the  eigenvalue  A ,}  does  not  depend 
on  (x,  p).  Introduce  the  following  functions 

H(3>  (x,  p)  =  Im  kj  (x,  p),  H<j)  (x,  p)  =  Re  kj  ( x ,  p). 

The  inequalities 

H <j)  (*,/>)<  0,  7  =  1,  ....  Z 

are  assumed  to  be  valid  everywhere  in  the  text  below. 

Let  Ej  (x,  p)  be  a  projection  operator  on  the  subspace  correspon¬ 
ding  to  the  eigenvalue  kj  (x,  p)  of  the  matrix  $6°  ( x ,  p).  We  see  that 
the  matrix  elements  of  Ej  (x,p),  j  =  1,  .  .  .,  I  are  smooth  func¬ 
tions  of  the  variables  x  £  Rn,  p  €  R”  and  the  following  equations 
are  valid: 

Ej  (x,  p)  Eh  (x,  p)  =  8jh  Ej  (x,  p),  2  hEj  =  ■  (6.3) 

;=1 

Let  An  =  {p  —  p  (a),  q  =  q  (a)}  be  a  Lagrangean  manifold  with 
a  complex  germ  rn  and  $8  j  ( q ,  p)  =  kj  ( q ,  p)  be  a  Hamiltonian 
function.  Consider  the  family  {Apt,  rpt},  0  ^  t  ^  T  of  Lagran¬ 
gean  manifolds  with  a  complex  germ  generated  by  the  complex 
canonical  transformation  with  the  Hamiltonian  function  $8 j  ( q ,  p) 
from  the  Lagrangean  manifold  An  =  {p  =  p  (a),  q  =  q  (a)}.  Deno¬ 
te  by  M1}*1  an  (n  +  l)-dimensional  manifold 

M?+l  =  {p  =  pd)  (a,  t ),  q  =  q(k(a,  t); 

(PU){ a.  t),  q(iH a,  t))  =  (p  (a),  q(a))} 

(with  a  complex  germ  .  w(3>  (a,  t ),  zi3)  {a,  t),  a  dissipation  function 
Z>(3)  and  a  potential  E0)  corresponding  to  the  family  {Apt,  rpt}). 
Assume  the  following  inequality  being  valid: 

min  inf  |  kt  (pV\  </•?))  —  kj  (p(i\  q^))  |^8, 
i=hi  (p<«,  «<«)eAry+1 

where  6  >-  0  is  a  positive  number. 

We  shall  define  asymptotic  series  in  smooth  m-dimensional  vector- 
functions  similarly  to  Sec.  1  of  Ch.  IV. 

Let  Sm{MTj*v)-  be  the  set  of  all  equivalence  classes  D<;,-asymp- 
totic  series  on  MJ+1. 

Let  Am{Rm  x  [0,  T])  be  the  set  of  all  equivalence  classes  h- 
asymptotic  series  on  R”  X  [0,  T]. 
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Define  the  canonical  operator  on  M1}*1  by  the  mapping 

0%  n+i‘  /(Mf^rcrxio,  T]) 

Mj 

similarly  to  Sec.  4,  Ch.  IV. 

Now  introduce  the  classes  of  operators  defined  in  Am(M'j+1). 

Definition  6.1.  Operator  A  defined  in  Am(Mf+1)  and  depending 
on  h  ->  +0  is  of  the  fPj  class  if,  for  any  admissible  y-patch 
Ul  6  Mj+1  and  the  corresponding  functional  space  Am(Uj),  the 
operator  A  is  equivalent  to  the  Zb^-asymptotic  differential  operator 

2  «i(“. h)[~L)1' 

\l\>0 

the  coefficients  ax  (a,  t,  h)  being  such  ( m  x  /n)-matrices  that 

(«I)u=V(fe(,!|+1)/2)  +  <v> (hUi/2))  + 

+  hi/20D<p(h(U'-l)/2),  I Z I >  0, 

(ao)t,k  =  0D(j)(hl/2)  +  {VP,gH(i\  &DuAhm)},  i,  *=  1,  •••,  m. 

Lemma  6.1.  Let  A  6  then  the  operator  1  +  I A  is  a  quasi¬ 
identity. 

Definition  6.2.  An  operator  B  defined  in  Am  (M]+1)  and  depending 
on  the  parameter  h  ->•  +0  is  of  the  class  Xj  if  for  any  admissible 
y-patch  Uj  £  Mf+1  and  the  corresponding  functional  space  Am  (M$+1), 
the  operator  B  is  equivalent  to  the  D{j,-asymptotic  differential  operator 

the  coefficients  b:  (a,  t,  h)  being  such  (m  x  m)-matrices  that 
(bih,  u  =  0D<n  (h° 1 1+1)/2)  +  hi/20Dd)  (h(M  >- I)/2),  1 1 1  >  0, 

(b0)i,k  =  OD(i)(hv*),  i,  k  =  1,  ...,  m. 

The^following  lemma  is  obvious. 

Lemma  6.2. 

.(1)  For  any  B  from  Xj  the  operator  1+5  is  a  quasi-identical 
D0) -asymptotic  operator. 

(2)  Bi,  B2  6  Xj  =$-  B1B2  £  Xj. 

(3)  Let  A  £  a Pj,  then  I A  6  Xj. 

(4)  Let  B  £  Xj,  then  B  £  <f hj. 

Definition  6.3.  Operator  C  defined  in  Am  (Mf+1)  and  depending 
on  the  parameter  h  -*•  0  is  of  the  class  «++  if,  for  any  admissible 
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y-patch  Uyi  cz  Mj+1  and  the  corresponding  junctional  space ,  the 
operator  C  is  equivalent  to  the  Di3) -asymptotic  differential  operator 

c=  2  c*(«’ 
m>o 

the  coefficients  ct  (a,  i,  /i)  teg  such  ( m  X  m)-matrices  that 

( ci)i.k  =  0D<»(h'lu 2),  |/|>0,  (,  4=1 .  m. 

Lemma  6.3.  Lei  C  £  then 

(1)  if  A  £  then  AC  £  6 

(2)  i/  5  €  tfien  CL  6  LC  € 

(3)  if  Cl7  C2  e  jTj,  then  [Cu  C2]  6 
The  proof  is  immediate. 

Note  that  we  write  A  6  (uf)  (corresp.  B  6  %]  (uy),  C  6 
6  (wj))  if  A  (corresp.  B,  C)  is  a  Z)';>-asymptotic  differential  ope¬ 

rator  with  coefficients  satisfying  the  conditions  of  Definition  6.1 
(or  2,  3)  in  an  admissible  patch  uj. 

Let  &C Kn  be  a  canonical  operator  on  (An,  rn).  Suppose  that  the 

canonical  operators  j  =  1,  .  .  .,  I  (cf.  Sec.  4)  correspond 

to  the  operator  G%  An. 

Similarly  to  Sec.  4,  suppose  that  the  initial  value  Y0  ( x ,  h)  of 
problem  (6.1)  has  the  form 

¥0  =  5fA„<p0,  (6.4) 

where  <p0  6  Am  (A”,  r”). 

Let  F  (x,  p)  be  an  (mX  m)-matrix  with  elements  from  0 f°°  (R”xRn). 
We  have  the  following  lemma. 

Lemma  6.4.  For  any  <p  £  Am  (Mf +1)  there  is  an  equation 
|l(x,  p)  | 

where  Rj  is  an  operator  defined  in  Am  (M"+1): 

R}  =  S  {-ih)kRp 

h>  0 

R?)  =  F(qp( a,  t),  pt»( a,  £))  +  $, 

2  ( —  ih)h  R^h)  £  Xj. 

h>  1 

The  operator  R(}jl)  restricted  on  any  admissible  mapping  of  71Lj+l 
is  a  differential  operator  with  the  coefficients  being  smooth  func¬ 
tions  of  h. 
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Proof.  Consider  the  local  canonical  operator  $K\.  For  the  sake 
of  simplicity  we  restrict  ourselves  to  the  case  of  a  non-singular 
patch  u  of  a  non-singular  zone,  the  general  case  being  treated  along 
the  same  lines. 

Let  cp  £  A  ( U )  where  U  is  a  non-singular  patch.  We  have  (cf. 
Sec.  4) 

«r%  =  t‘(T '»)|/(cti  ,)rwx 

XL0<P(a,  f)a=n -!(*)«  (6-5) 

where  tb'7’  (a,  t)  is  a  phase  in  the  non-singular  patch  U .  On  applying 
the  commutation  formula  of  Hamiltonian  and  complex  exponential 
we  have 

f(p,  l)  [sr(°)(p]=e^s<5>(3C’  °2  (-ih)kGk(s^)(j)~h0(p, 

k>0 

where 

SU)(x,  t)  =  Q(i) (a, 

The  operators  Gh  have  the  form  * 

2ft  ft 

«.(-s<a)=  2  {  2  2 

I  v  i>0  l|a|=A|PI=0 


where  (Pap  are  polynomials  with  respect  to  the  derivatives 


0lvls(b 


1 7 1  =  2,  ...,  2k 


having  matrix  coefficients.  ;We  have  cD(a°^  =  l.  The  estimates 
aim  5<h 


dx 

d  Re  S<j) 
dx 


=  Ocu,(h1/2), 

-p0)(a(x,  t),  t)  =  0D0)(hil2) 


(6.7) 


proceeding  from  the  theorems  in  Ch.  IV.  Here  the  functions 
a  (x,  t)  are  solutions  of  the  equation  q  (a,  t)  —  x. 


*  From  this  point  on,  two  /^asymptotic  operators  are  defined  to  be  equal 
in  the  sense  of  the  equivalence  of  the  asymptotic  series  (cf.  page  480). 
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On  applying  (6.6)  we  obtain 


+  3  ^).  (6.8, 

1  V  13*1 

On  applying  (6.7)  and  the  Garding  inequality,  we  can  put  G0  ( S{3) ) 
in  the  form 

G0  =  F(qO)(a(x,  t),  t),  p^(oc(x,  t),  t))  +  G’,  (6.9) 

G'0  €  Xj  (U). 

Note  that  according  to  Sec.  6  of  Ch.  IV,  there  exists  such  an 
operator  R  6  jf/'j  (U)  that 


LnR 


(6.10) 


in  the  ring  of  homomorphisms  over  A™  ( U ). 
Put  (6.5)  into  the  form 

F(x,p)  [££%]  =  Sr(0)P(p, 
where 


P  =  R  /  2  ( -  ih)k  ( J)l/ 2  Gh  (SU))  (/)- 1/2  \  L0  =  S  ( -  ih)k  Pw, 
l  ft>0  J  k>0 

(6.11) 

where 

P(h)  =  /?(/) 1/2  (5(i))  ( J)~i,2L0 . 


On  applying  Eq.  (6.9)  and  the  definition  of  the  operators  L  and  R 
(cf.  Sec.  6,  Ch.  IV)  we  put  the  operator  P(0)  in  the  form 

P(0)  =  F  (g(j)  (a,  t),  p0>( a,  *))  +  />',  (6-12) 

P'£Xj(U). 

In  the  same  way  for  any  patch  we  obtain 
f(x,  p)  a*:j<p  =  0rji>l<p, 

where  the  operator  Pj  is  defined  in  the  patch  U]  and  satisfies  the 
conditions  of  the  lemma. 

Let  {Uyi,  11^}  be  an  atlas  of  M?+1  which  may  be  different  from 
the  weighting  one,  and  let  <p  £  Jh  ( U ]).  Then  (cf.  Sec.  4) 

n+iT  =  S  ^J(i)iPi9. 

Mj  i 
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Hence 


IF  ( x,  p  )]  {&C  n+  up)  =  VCIP\  2 

Mj  i 

Let  Uj  fl  UX  0  and  let  q>£j;m(Ui  f|  Uk)-  Now  prove  the 
equation 

P%Vth  =  V&Ph P-  (6-13) 

Indeed, 

f(1,p)  mv]  =  Wm<f  =  WyKV%'PU.  (6.14) 

On  the  other  hand, 

f[x,  p)  [&£}<$]=  F  {x,  p) 


The  last  equation  and  Eq.  (6.14)  involve  Eq.  (6.13)  by  the  mono¬ 
morphism  property  of  the  canonical  operator. 

Now  define  the  operator  Rk  in  the  patch  U\  of  the  manifold  M”+1 
by  the  formula 


Rk  | u =  (  2  ^KI(i()°P i  )  1  P\  (  2  V Kill) p i  j  : 


(6.15) 


where  the  sum  has  taken  over  all  indices  i  such  that  supp  p;  f| 
fl  U]c^z0  (cf.  Sec.  4,  Ch.  V).  Since  the  operator  2  vXmic  Pi  is 

i 

quasi-identical,  the  operator  -fixlt/v  can  be  put  into  the  form 

K 

Rl  \ul  =  F  (<?«>,  P«)  |c/v  +  Rl,  (6.16) 

where 

Let  the  patches  Uk  and  Uj  intersect.  Prove  that  the  operators 
Ri\uv  and  Rk  \uv'  coincide  on  the  space  Jbm  (Uk  f|  U\). 

I  K 

On  applying  (6.13)  we  have,  for  any  T  (Uk  fl  Uj) 

C rk  |ut')  r = [  ( 2  vvxtx  Pi)^^'(2  vUfpi )  ]  r = 

=  [(2  vU'ifpi )  - 1  Plvl 7  ( 2  vilX  Pi )  ]  r  = 

=  [  (vff  2  fWp*)  ~ 1  pi  ( S  n$Pi)  J  r=(Rl  loj )  r. 
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Thus  we  obtain  the  operators  Rk  considering  the  operator  R} 
defined  on  Af”+1  on  the  patch  U%.  The  following  equation  is  valid: 

F  {x,  p  )  [S/C  „+i<p]  =  <%■  n+1Rj(p. 

Mj  Mj 

Now  the  lemma  follows  from  (6.16). 

Let  Bk,  k  —  1,  .  .  .,  I  be  the  operators  defined  by  the  following 
formula 

Fh  p)  —  SF j^n+lRh  • 

i  i 

On  applying  Lemma  6.4 
i^o 

where 

BP  =  Ek(q'j\  p^)  +  9’ia  (6.17) 

qeX}. 

Lemma  6.5.  The  following  equations  are  valid: 

a)]  2*r= i, 

i=i 

(ii)  «’  =  Wf. 


Proof.  Without  any  loss  of  generality  consider  a  non-singular 
patch  of  a  non-singular  zone.  On  applying  Eq.  (6.11)  and  the  defi¬ 
nition  of  the  operators  Z?j0) 

b?b  £»= (2  Fjjiijp,)-1  r  (. nm  s«.  rgd: » or'12  u  (S  v!X‘M, 

i  i 

where 


go, 


-  2  i(£r*r)(t 


lv  \>0 


d  Im  5<i) 
dx 


y- 


Hence  go.  rgo,  h  =  &rhgo,  ft- 


Thus  (ii)  is  proved.  In  the  same  way  we  can  prove  (i). 


Theorem  6.1.  (1)  The  following  equation  is  true  for  any  f  — 

=  1, 


ih-^  +  SB  {x,  p,  h) 


[a^jjn+lTl  — -  jtfn+iRjtyt 


where  Rj=  2  ( —  ih)h  R^  and  the  restriction  of  the  opera  tor  Rj  on 
k>0 

an  admissible  patch  of  M"+1  is  D^-asytnptotic  differential  opera¬ 
tor.  Operators  Rjh)  are  differential  operators  on  Mf+ 1  having 
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smooth  coefficients  with  respect  to  h,  such  that 

Rr  =  2  (h  (g<j>,  P <j>)  -  ij  P <j>))  (g‘;'>,  P<j>) + g‘“,  gj”  e  %}. 

kj=j 

(2)  BTiem'  =  Br  (4-4  »  + 

+ g (Jg%~ M + <^(i> + gr ) #r , 

d 

where  is  a  vector  field  of  the  form 

4=<fl«v>,  ?>'),  pa).  w)+-k- 

d  (  2  ~  \ 

Proof.  Consider  the  operator  H  — —ih \x,  p,  h)  .  On 
applying  Eq.  (6.2)  and  Lemma  6.4  we  obtain 
H  {S%Mn+ i<p]  =  Mn+'-RfV, 
where 

R^Mf®*',  P^)-hj(q^,  P(i))  +  gf, 
nrexj  n 

We  have  taken  into  account  that  in  the  region  the  function 
Sl(xK,  f)  =  &v(cc,  t)  (Hi)-1 

satisfies  the  dissipative  Hamilton-Jacobi  equation  with  the  Hamil¬ 
tonian  function  Xj  (q,  p)  (cf.  Sec.  1,  Ch.  IV).  On  applying  (6.17), 
(6.3)  and  Lemma  6.4  we  obtain  the  first  statement  of  the  theorem. 
To  prove  the  second,  consider  the  product  of  the  operators 

lEj{x,  p)]H[fflMn+ i<p]. 

On  applying  the  commutation  formula,  we  obtain 


i,  (l  ~p)jH  =  E,(l  p)  (— ifc-4)  +  p)]  + 

ft^l  y  l>  1  fc^O 

fffr  (*•  p)  =IE,  (i,  phi—  ih-^  +  X,  (x,  p)]+ 

+  2^i^=^(^)i+ 

+  2  2  (-»)“■  j ;)i.  (6-is) 

1  1  A  * 
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The  following  equation  is  a  consequence  of  Sec.  4,  Ch.  V: 


2 

X, 


^  P  —  (  ^0  j*] P» 


(6.19) 


where  <p  is  an  element  of  Am(My1),  r;-  is  an  operator  on  M]+1 

r>-v;-ia-£7F+»‘,.%re  «V  (6.20) 

On  applying  the  operator  Ej  {x,  p )  to  both  sides  of  (6.19)  and 
taking  into  account  (6.18)  we  obtain 


—  M j 

where 


(6.21) 


-  dkEj 


dph 


dh(d%E°)—Xj) 

dxh 


+ 


+  2  2 

I>  1  A5s0 


(  —  ih)*+l 
k\ 


rd^Ej  dhmi) 

dph  dxh 


On  applying  Lemma  6.4,  we  obtain 

IE,  (i  p  )]  [WuyiRM  =  (.Bji?;-)  q>.  (6.22) 

Now  calculate  the  product  BjRj. 

On  applying  (6.15)  in  a  patch  Uj{  of  the  zone  QK,  we  have 


BjRj  lj/v  —  (Bj  Icjy  )  (Rj  It/v )  — 

Ii  K  K 

=  (2  VSS, p,)-’  P'iPl  (2  t®,  Pi).  (6.23) 

Without  loss  of  generality  consider  the  product  PrPk  corresponding 
to  the  non-singular  patch  of  a  non-singular  zone.  The  sign  '  denotes 
the  quantities  of  the  operator  Bj. 

For  the  sake  of  simplicity  denote  Pk  and  P\  by  P'  and  P.  By 

(6.11) 

P’P  =  R  ( J)l/2I  2  (-ih)h  G’h  ( S <>>)  2(  -ih)lGl  (S^)  )(jy 1/2  L0= 
VftjsO  o  / 

=  A  {(/) 1/2  (Go  (^(j))  G0  (G(i>)  +  ( -  ih)  x 
X  [Gi  (S‘*>)  G0  ( S <j’)  +  Go  (£<’>)  G,  (G(i>)  +  g])  (/)" 1/2}  L0, 
g€^(»).  (6.24) 
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On  applying  Lemma  6.4  (cf.  (6.8)),  we  obtain 

6.-S  ££<*■•- 


7=0 


+  0D(i)  (h3/2)  (1  +  g0)  +  (Hf,  0Dfj)  (h)). 


n,  iri  1  / .  d  dv  „  /  d  Re 5<n  \  , 


dReSO'M 


I  v  l=o 


dpy 


(/l3/2)  (1  -{-go)>  go,  go  6  («)• 

From  the  equalities 

(<^<°)  -  Xj)  £,•  =  Ej  (SSW  -  kj)  =  0 
we  obtain 

Gfi'n  —  G'0G0  —  ( 0Dd ,  (fe),  i/®)  +  Opd)  (h3/2)  (1  -f-  g"),  g"(z%j{u). 

(6.25) 

Since  the  operators  i?  and  L0  belong  to  the  class  Xj,  we  obtain 
by  Lemma  6.3  and  Eq.  (6.25) 

P'P  =  {-ih)R{{J)l/2G[G0{jyG2  + 

+  (J)m  GbG,  (/)- 1/2}  L0  +  g’,  g'e  ^  («). 

Similarly,  on  applying  Lemma  6.3  and  (6.25),  we  obtain 

P’PP '  =  (~ih)  R  ( / )1/2  +  ii  (/)- I/2-  L0,  f  €  ^  («). 

Hence,  again  applying  Lemma  6.3  and  (6.11),  we  obtain 

BjRjBj  =  (  —  ih)  [BfRyBr  +  gj],  gj£  (6.26) 

Now,  taking  into  account  the  monomorphism  property  of  the  cano¬ 
nical  operator  and  applying  (6.21),  (6.22),  (6.26)  and  Lemma  6.3, 
we  obtain 

w*r=[s)”(^— j  l^)  + 


+ 


OEj  d(S — itj) 


+Bpse<i'  +  gf]  Bf\  gf  >  6 


dp  dq 

with  <p  =  Bf>W,  ¥  6  (Mf1). 

The  following  equation 

„  dEj  d(<Sff<°>  —  A,j)_  OEj  d(S — ft.;) 
i  dp  dq  dp  dq 

is  an  easy  corollary  of  Eq.  (6.3)  and  the  equation 
dEj 


E , 


dp 


dEi  F  —  dEi 

dp  *  dp 


33-01225 
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Finally,  on  applying  Lemma  6.5  and  (6.27),  we  obtain 


BfR^Bf  =  Bf  [-2L- 

dEj  d(&e<0)  —  Xj) 
dp  dq 


1  ...  ^  , 

'  2  11  dq  dp  + 


Q.E.D. 

By  Theorem  6.1  a  formal  asymptotic  solution  of  Problem  6.1  can 
be  constructed  with  the  elements 


<Pl(a.  t,  7  —  1,  ...,  Z, 


satisfying  the  equations 

Rj(Pj  =  0,  7  =  1,  •  •  •.  Z  (6.28) 

i 

2  q>j  («•,  0,  h)  =  i p0(a,  h),  (6.29) 

7=i 

where  the  element  (p0(a,  h)£Am(An,  rn)  verifies  (6.4).  Indeed,  let 
the  elements  be  found.  Set 

i 

1F  (x,  t,  h)  =  2  £%Mn+iq>j. 

7=1  1 

Then,  by  Theorem  6.1,  i?xF  =  0,  and 


i 

'F  (x,  0,  h)=  2  (ffiMrt+iq>])]t=rO=&£An 

7—0  i 

=  S?An(Po  =  'Fo  (x,  h). 


Theorem  6.2.  There  exist  elements  of  the  set  Am  (My1),  7  =  1,  . . .  ,  /. 
satisfying  (6.28)  and  (6.29). 

Proof.  On  applying  Lemma  6.4  we  obtain 
Rj  =  Bf'RjB?  +  Bf’Rj  (1  -  Bf1)  +  (1  -  Bf)  RjBf  + 

+  (1  —  B)a))  Rj  (1  —  By). 

By  Lemmas  6. 2-6. 4 

BfRjB'f  =  ( -  ih)  B(»  (R?>  +  gf )  By,  gy  6  ^  (6.30) 

BfRj  (i  -  By)  =  ( -  ih)  wyRy  (i  -  By)  + 

+Bygy  (i-5f)i,  g fe&j.  (e.si) 

To  find  the  vectors  (pj  £  Am  (Mj+1)  satisfying  (6.28)  and  (6.29), 
it  is  sufficient  to  calculate  the  “projections”  Bn\j,  Zc  =  1,  ...,  1. 
Consider  the  following  equations: 

By  [Ry + gy]  (b?\,)  =  -  By  [Ry + gfi  (i  -  sy)  (6.32) 
(1  -  By)  Rj  (Bf'yj)  +  (1  -  Bf)  Rj  (1  -  B?>)  cpj  =  0.  (6.33) 
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To  solve  Eqs.  (6.32)  and  (6.33)  we  find  the  expression  of  Z?)0)qq 
by  (1  —  Bf1)  cpj  =  2  (Bu’cpj)  with  the  help  of  (6.32)  and  substitute 

this  expression  in  Eq.  (6.33).  Then  we  shall  be  able  to  find  the 
values 


Bh\[>j,  k  =  1,  ...,  1. 

Now  turn  to  Eq.  (6.32).  Consider  the  function 

F^-ByiRP  +  gDil-Br)^. 

On  applying  Theorem  6.1  and  Lemma  6.4  we  obtain 

B«>  (Rf  +  sS")  Bf  -  Bf  ( T  T5T  + 

+gj«)  Bf\ 

Consider  the  system  of  equations 


dtj 


1  t 

T  tr  dq  dp 


dB<?> 

Bf  +  Bf'—*- 


dt 


+ 


+  Bf 


dEj  s(c 


dp  dq 

+BygT'Br)  6j=Fj, eJ-|t=o  =  0oi, 


(6.34) 


(6.35) 


(6.36) 


where  Fj  is  defined  by  (6.34)  and  the  element  60j  £  (An,  rn) 
will  be  chosen  later.  We  shall  prove  that  if  0;-  is  a  solution 
of  Eq.  (6.36),  then  Bf'Qj  is  a  solution  of  the  system 


Bf  (Rf'  +  gT)  BfQj  =  Fj. 

For  this  purpose  it  is  sufficient  to  prove  the  following  equality 
p  <96,-  ,  dBf>  \ 

Bf’ 4j  (Bf  e,) = Bf  -4r + Bf  ( ■ -jL- )  e„ 

which  follows  immediately  from  Lemma  6.5  and  the  Leibnitz  for¬ 
mula. 

The  solutions  of  Eq.  (6.36)  and  the  transfer  equation  are  essen¬ 
tially  the  same  (cf.  Sec.  6,  Ch.  IV).  By  Lemma  6.4  we  have 

Bf  =  Eh  +  8ft,  8ke&j,  k  =  l,  ...,/. 

Therefore,  on  applying  the  lemmas  of  the  beginning  of  this  section 
we  can  put  (6.36)  in  the  form 

/_d _ J_.  F  dEj  t  p  dEg  d(&e^-Xj)  t 

\  dtj  2  dq  dp  '  *  dtj  dp  dq  ' 

+  Ej$S^E]+Aj)Qj  =  Fj,  Ajt&j.  (6.37) 


33* 
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Let  <J>7-  be  the  fundamental  matrix  of  the  following  system  of  equa¬ 
tions: 


j 

^  1 

1 

\  dtj 

2 

d2X,- 


" tr  mwOpEi+Er 

dEj  d(^0)-Xj) 


dE, 


dti 


+  E} 


dp 


dq 


D;  =  0 


1  =  E, 


where  E  is  a  unit  matrix.  Let  0j-  =  O/Vj.  We  obtain  the  following 
system  of  equations  for  v;-: 


dVj 


dti 


Vj  =  OfFj, 


v,  |*_0 = e0j. 


(6.38) 


where  O^A /£,-  6  by  Eq.  (6.37).  We  also  have 

+•=2  (/(O)7lAJ.(I);.))ft[0o,  +  /(d>JlEJ)], 

0 

similarly  to  Sec.  6,  Gh.  IV.  Turn  to  the  solution  of  Eq.  (6.33).  Let 
Bf 1  q>7-  =  Bf  Gj.  Then 

Bf<Pl  =  BfCfBf «p,  (a,  0,  h)  fBfCf  (1  -Bf)  <p,t  (6.39) 
where 


CfBfyfa,  0,  /i)  =  <DJ-[S  (/  (<hJ1AA))1  Bf^  (a,  0,  h), 

ft>0 

Cf  (1  -  Bf)  cpj  =  (Dj  [2  (I  I  (<Dj 'Bf  X 

k>0 

x(Rf  +  gf)(i-Bf)tpj).  (6.40) 

Substituting  the  value  of  B‘f\pj  into  (6.33),  we  obtain 

(1 -Bf)  R}  (1  -Bf)  cp,+(l-.Bf)  RjBfCfBfyj  (a,  0,  h)  + 

+  (1  -  Bf)  RjBfCf  (1  -  Bf)  tpj  =  0.  (6.41) 

Applying  Lemmas  6. 1-6. 4,  Theorem  6.1  and  (6.40),  we  can  put 
(6.41)  into  the  form 

2(4-X;)(5fcp;-)+  2  Bf  RjBfCf  Bf^  (a,  0,  h)  + 

k=f=j  hj=j 

+  22  Bf%kjhl/2Cf(Bf  <?;)  =  (),  (6.42) 

7n=jti  hfcj 

%kj£%i,  k=£j. 

By  Lemma  6.2  the  following  equality  is  true: 

h^Cf  =  <Dj[  2  (I  mAjOff]  I  (Cf  (1  -  Bf)  q>,), 

h>0 
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where 

C?  =  hl/2  +  g?)6  JTj. 

Let  i  be  a  matrix  with  elements  of  the  form 

Mk  m  =  {Xk^%j)-  (fc1/2cn  (6.43) 

and  Y  and  F  be  vectors  with  coordinates  of  the  form 

Yt  =  B?\ pj,  Ft  =  -  ^^BTRiBrCfBryj  (a,  0,  h).  (6.44) 

Then  (6.42)  may  be  put  in  the  form 
(E  +  <&)  Y  =  F. 

By  Lemma  6.2  and  (6.42),  (6.43)  the  operator  E  +  Jk  is  a  quasi¬ 
identity,  therefore,  by  Lemma  4.2  there  exists  the  operator  ( E  +  Jt)~x 
and  the  equality 

Y  =  (E  +  Jt)~xF 
is  true. 

Choose  the  initial  conditions  Q0j,  j  —  1,2,  .  .  .,  I  for  Eq.  (6.36) 
to  satisfy  Eq.  (6.29).  We  have 

2  <Pk=o=  2  2  (.s^)  |t=o  = 

j=l  j  =  l  ft=l 

=  2  2^>|f-o).  (6.45) 

3=1  h^i 

Define  the  vector  B &0>  cp7-  |4=o,  k  =/=  1  by  (6.33).  First  we  shall  put 
(6.33)  in  the  form 

2  B^Rj  (B}°%)  +  2  Bk0,Rj  2  Bm  (CP;  \t=o)  =  o.  (6.46) 

h4i  h=fj  mj=j 

By  Lemma  6.4  and  Theorem  6.1  we  have 

B^RjBW  =  5j?>  [(h  -  Xj)  8hm  +  Ghm]  BW,  (6.47) 

where  Gmk  £  X.  Note  that  the  index  /  of  operator  class  is  omitted, 
since  the  introduced  operator  classes  are  obviously  independent 
of  7  when  7  =  0. 

Let  Y  and  F  be  vectors  with  coordinates  of  the  form 
Yh  =  BT  (<p, 1(=0),  Fh  =  — BWR,  (B'f%), 
k  —  1 ,  •  •  • ,  l ,  k  j , 

and  G  be  an  operator  matrix  with  elements  of  the  form 

(fi)k,  m  =  ^  ^  .j  Bhmt  k,  171  =  1 ,  I,  k  =/=  j ,  171=/=  j . 
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By  (6.47)  and  Lemmas  6.3,  6.4,  Eq.  (6.46)  can  be  put  in  the  form 
(1  +  G)  Y  =  F. 

By  Lemma  6.3  the  operator  1  +  G  is  a  quasi-identity.  Hence  the 
following  equations  are  true: 

BH<Pjlt-o)  =  flS,#)  2  (6.48) 

Note  that  by  Lemma  6.5 
e  X. 

Hence  the  operators  Pkm  of  (6.48)  are  of  the  class  X  as  well. 

Turn  to  (6.45)  again: 

2  (  Bf^oj  +  2  Bk  2  PhlB%%m)  =  2  Bf\ Po,  (6.49) 

5=1  '  h  m=f=j  '  5=1 

where 

P km.  6  X ,  Jc,  m  —  1 ,  ...,  I,  It  =/=  j ,  m  =j(=  j . 

To  define  the  elements  0Om  6  ■A m  (An,  rn),  consider  the  following 
system  of  equations 

0o:  +  2  PmB™ 0Om  =  Br %.  (6.50) 

m=f=] 

The  elements  BmQoh  obviously  satisfy  Eq.  (6.49)  if  the  elements 
0O1,  ....  0O  (A”,  rn)  satisfy  (6.50). 

System  (6.50)  has  a  unique  solution,  since  the  operators  P{{)rnB{^ 
are  of  the  class  X.  This  statement  is  proved  similarly  to  the  solution 
of  Eq.  (6.46).  Theorem  6.2  is  proved. 

In  the  proof  of  Theorem  6.2  there  is  a  method  of  constructing  the 
solutions  of  equations  (6.28),  (6.29).  It  is  easy  to  see  that  the  problem 
of  solving  equations  (6.28),  (6.29)  reduces  to  that  of  constructing 
inverse  operators  for  some  quasi-identities.  This  construction  is 
given  in  the  proof  of  Lemma  4.2. 

The  following  theorem  is  an  obvious  corollary  of  Theorems  6.1 
and  6.2.  Applying  the  same  notation  as  in  Theorems  6.1  and  6.2 
we  can  formulate  it  in  the  following  form. 

Theorem  6.3.  Let  <p1;  .  .  .,  <p;  be  such  elements  of  Jtrn  {MY1)  that 
the  following  equations  are  valid'. 

(i)  Rjtpj  =  0 

(ii)  (2  q>j) |i-o  =  <Po»  <Po€^m(A”,  rB),  7  =  1, 

j=  1 

l 

Then  an  h-asymptotic  series  T  =  2  r^' Mn+i^tj 
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is  a  formal  asymptotic  solution  of  the  problem 

f  -ih^-  +  S's(l,  p,  h)  ¥  =  0 

I  Y|t=0  =  ^An(po. 

Now  we  shall  reformulate  the  theorems  proved  in  this  section 
for  the  operator  case. 

Let  m  (x,  p,  h)  be  the  same  matrix  as  in  (6.1). 

(2  i  \  . 

Construct  an  fe-asymptotic  operator  ¥  (x,  p,  t,  h)  =  ¥  satisfying 
the  equation 

|  —  +  h)jiw(l,p,  t,  h)j  =  o,  (6  51) 

1  ¥|(=0  =  Ev  (x), 

where  p  —  — ih  ~  ,  E  is  a  unit  (m  X  m)-matrix  v  (x)  £  C^(Rn). 

Let  Bm  (M]+1)  be  the  set  of  equivalence  classes  of  ZT^-asymptotic 
series  in  (in  X  m)-smooth  matrices,  depending  on  points  of  Mf+1 
and  h. 

Let  Bm  (RTC  X  [0,  T ])  be  the  set  of  equivalence  classes  of  /i-asymp- 
totic  series  in  (m  X  m)-matrices  defined  in  R"  X  [0,  T ].  Within 
the  previous  notation  the  following  theorem  is  valid. 


Theorem  6.4.  The  solution  of  Problem  (6.51)  has  the  form 

p,  t,  h)  =S  ($‘Mn+m>j)  {x,  p,  t,  h),  where 

9 jeBm(Mj+1),  3 j= 1,  1. 

The  proof  of  Theorem  6.4  is  similar  to  Theorem  6.3. 


Sec.  7.  Quasi-Inverse  of  Operators  with  Matrix  Symbol 

In  this  section  the  statement  of  the  main  theorem  is  introduced 
for  the  case  when  the  symbol  of  the  operator  to  be  quasi-inversed 
is  an  (s  X  s)-matrix,  s  is  any.* 


Definition  7.1.  Let  X  be  an  X -module  with  a  p-structure,  A0,  ... 

^  /  2 \  1  /  1  n  n+ 1 \ 

.  .  .,  An,  B  £  X.An  element  F  =  g  \B )  Aa+  f  l^i,  •  •  An,  B)  £ 
£  Jk  is  quasi-invertible  if  there  exist  such  two  sequences  x*  6  X,  x*  £  X 
that  the  products  Fx.h  and  x'kF  have  the  form 

Fxh  =  1  -f-  Rh 


(  1 

n+ 1  n+2\ 

fn+  2 

2 

Uo, 

• )  An,  B  ) , 

‘>ikF  =  1  -f-  Rh  V  ^Iqi  • 

•  An,  R) 

*  Operaton  F  with  matrix  symbol  F  is  a  matrix  consisting  of  operators  Fij 
with  symbols  Fij.  Product  H  -F-G  is  the  matix  with  elements  Hjj  = 

h 
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where  the  functions  Rh  (x0,  x,  a)  and  Ri,  (x0,  x,  a)  satisfy  the  estimates 
Rh  =  Ox{\x\-h),  Rf  =  Ox{  |x|~fe),  x  =  {xu  xn). 

For  the  case  g  ( B )  =  0  this  definition  obviously  coincides  with  that 
of  Sec.  9  of  Introduction.  The  case  g  (B)  ==  1  is  most  useful  for 
various  problems.  The  concept  of  a  quasi-invertible  operator  is 
changed  for  a  A-quasi-invertible  one  when  the  parameter  manifold 
Mm+1  is  not  compact.  Let  A  £  Rm+1  be  a  compact  domain. 

/  2 \  1  /  1  n  n+l\ 

Definition  7.1'.  An  element  F  —  g  \B)  A0  +  /  V^i,  .  .  ,,  An,  B  ) 
is  A-quasi-invertible  if  there  exist  such  sequences  xk,  xf  6  £  that  the 
product  Fxk  and  xhF  may  be  put  in  the  form 

Fxk  =  P  (B) Rk\A0,  •••,  An ,  B  ), 

( n+2  2  1\ 

x’hF  =  P'(B)  +  Rh\A0,  ...,  An,  B), 

where  P  (a),  P'  (a)  6  Cq  equal  1  when  a  6  A  and  equal  0  outside 
a  small  neighborhood  A.  The  functions  Rk  (x0 ,  x ,  a)  and  Rf  (xn,  x,  a) 
satisfy  the  estimates 

Rk  =  Ox( \x\~h),  R’h  =  0%{ \x\~h),  X  =  (aq,  . .  . ,  xn). 

Let  the  matrix  elements  ftj  ( x ,  a)  belong  to  <T°°  (II”  X  Mm+1) 
and  the  matrix  /  (x,  a)  is  asymptotically  p-quasi-homogeneous  of 
degree  r0  in  x,  i.  e., 

M 

f(x,  a)=  S  f0)(x,  a) +  <*(*,  a). 

i=0 

where  the  matrices  /<l)  (x,  a)  are  positively  quasi-homogeneous  in  x 
of  degree  rt  with  a  unique  set  of  pl5  .  .  .,  p„,  rf  ^  ri+1  +  8,  6  >  0. 
The  matrix  elements  of  a  (x,  a)  satisfy  the  conditions 

i— 1 

Similarly  to  Sec.  9  of  Introduction,  the  matrix  /<0)  (x,  a)  is  called 
a  leading  term  of  the  matrix  /  (x,  a)  and  the  matrix  f1  (x,  a)  — 

M 

=  2  /<J)  (^!  ct)  is  a  essential  part  of  the  matrix  f  (x,  a).  The 

i=0 

number  r0  is  defined  as  an  asymptotics  to  the  quasi-homogeneous 
degree  of  the  matrix  /  (x,  ct).  Suppose  that  the  function  g  (a)  is 
smooth  and  uniformly  bounded  together  with  derivatives.  The 


dxh 


°ij  (*,  <*) 
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matrix 

F  (x0,  x,  a)  =  g  (a0)  x0  +  f  ( x ,  a) 

is  obviously  asymptotically  quasi-homogeneous  in  the  variables  x0,  x 
and  of  the  same  degree  as  /  (x,  a). 

Without  any  loss  of  generality  assume  that  the  variable  x0  has 
the  weight  p0  =  r„. 

1  n+1  n+2 

Let  L0,  .  .  Ln,  a  be  a  left-ordered  representation  of  the  ope- 

1  ?i  +  l  n+2 

rators  A0,  .  .  An,  B.  Suppose  that  the  matrix 
F(Lo(iJ,  t]),  . .  Ln(y,  q),  a) 

(variables  yh  i  =  l,  ...,n  and  yn+h,  k  —  1,  m  +  1,  correspon¬ 
ding  to  xh  i  —  1 ,  . . . ,  n  and  —  i-^- —  ,  k  —  1 ,  . . . ,  m  + 1 ,  are  in¬ 
troduced  as  on  p.  128)  is  asymptotically  p-quasi-homogeneous  in  y  of 
degree  r  with  the  weights  p0, .  .  p„+m+1,  such  that  pj  =  1  for  some 

i  6  {»  +  li  ■  .  m  n  -\-  1}.  Let  ji  (y,  q,  a)  be  the  leading  term 
of  the  matrix  F  ( L0  (y,  q),  .  .  Ln  (y,  q),  a).  Let  J1  be  a  subset 
of  all  such  numbers  of  the  set  (0,  .  .  n)  that  p*  =  1  when  i  £  /*. 
Let  J2  be  a  subset  of  all  such  numbers  j  belonging  to  the  set 
(0 ,  .  .  m)  that  p,/+n+x  =  1  if  /  6  J%-  Introduce  the  following 
notation: 

JJn+j+l  =  Pi,  KJz,  Vru  i+i  =  0,  7  e  Jz A  7  6  (0,  •  •  • ,  ™), 

yi=  —  Pm+i+i  +  ^i,  7'6+,  i/i  =  ©j,  ig/i Aie(°-  •  ■•»«)» 

=  i  =  0,  r\j  =  qm+}.H,  7  =  0,  .  ..,q. 

On  substituting  the  new  notation  into  the  matrix  it (y,  q,  a)  we 
obtain  the  matrix  S8(p,  q,  co). 

Let  S8X  be  an  essential  part  of  the  matrix  F  ( L0  (y,  q),  .  .  . 

.  .  Ln  (y,  q)  a)  for  the  new  variables  (p,  q,  co).  We  shall 
suppose  that  the  matrix  (p,  q ,  co)  is  diagnalizable 

by  a  smooth  transformation  and  its  eigenvalues  Pi  (p,  q,  co),  •  •  • 

.  .  Hi  (p,  q,  co)  (l  s)  are  of  the  class  C°°  and  of  constant  multi¬ 
plicity. 

The  following  inequality  is  assumed  to  be  true: 

Im  pi  ^  0,  i  =  1,  .  .  1. 

Let  A,x  (p,  q,  co),  .  .  .,  (p,  q,  co)  be  eigenvalues  of  the  matrix 

38  (p,  q,  co)  and  let  be  a  manifold  in  the  space  of  the  variables 
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p,  q,  to  defined  by 

P  =  0,  (?„,  ■•«.?».)€  Mm+l,  4+i+i  <  e> 

2<of/p«  =  i, 

1=1 

®o£R\  |  It  (0,  q,  to)  |  <  e. 

Note.  If  Mm+l  =  Rm+1,  instead  of  Q(sl)  the  set  Qe}(A)  defined  by 

n 

Po  =  °,  (<7o>  2  gL.j+1<e, 

i=o 

2  0)^  =  1,  co0 6  R1>  I  h  (0,  q,  co)|<e 

i=i 

is  used,  where  AE  is  s-neighborhood  of  domain  A  used  for  the 
construction  of  a  A-quasi-inverse. 

In  the  sequel,  the  eigenvalues  p,  ( p ,  q,  a),  ,  p;  (p,  q,  co)  of 

the  matrix  SB  y  (p,  q,  co),  (p,  q,  co)  6  are  supposed  to  satisfy 
a  condition 

inf  min  |  p(  (p,  q,  co)  —  p;-(p,  q,  co)|>5>0,  (7.1) 

(P,  ?,  <o)££2(Jl)  l^u  h 

where  8  >  0  is  a  constant. 

Suppose  the  matrix  c 98  (p,  q,  co)  to  be  diagonalizable  and  the  eigen¬ 
value  multiplicities  Ax,  .  .  .,  A;  to  be  independent  of  p,  q,  co,  which 
involves  that  the  set  QE(I)  does  not  intersect  for  sufficiently  small  s, 
i.  e., 

fl  ^  —  0i  7  —  1 !  •  ■  •  >  h  i¥=  ]'■ 


Introduce  the  notation 
H'l)  (p,  q,  co)  =  Re  A;  (p,  q,  co), 

H,i]  (p,  q,  co)  =  Im  A*  (p,  q,  co). 

Definition  7.2.  The  ith  family  of  bicharacteristics  of  the  operator  F 
is  a  solution  of  the  system 

<A  ®). 


p<i>  = 


dH  cn 
dq 


(A  A  co), 


(P(i)( 0),  ^>(0),  (0)6^. 


U, 


n+1 


n+2 

R 


(7-2) 


satisfies  the 


Definition  7.3.  An  operator  F 
absorption  condition  if  such  constants  T  >  0,  e  >  0,  %'  >  0,  0  <; 
<  t'  <  T  exist  that  for  any  i  €  {1,  .  .  .,  1}  with  Q?  0  we  have : 
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(1)  on  the  segment  0  ^  x  ^  T  there  exists  a  solution  of  the  class  C°° 
of  system  (7.2) 

<?(i)  (7(i'  (0),  co),  p(i>  (r/>  (0),  (0); 

(2)  when  0  ^  x  ^  T  the  function  H0)  q(l),  to)  is  non-positive 

and  when  x  =  %'  it  is  strictly  negative. 

(  1  n+l  n+2\ 

Theorem  7.1.  Let  an  operator  F  \.<40,  .  .  An,  B  )  satisfy  the 
absorption  condition ,  then  it  is  quasi-invertible . 

The  proof  is  essentially  the  same  as  of  the  Main  Theorem  of  Sec.  5. 
The  symbol  of  a  quasi-inverse  operator  being  a  matrix,  the  construc¬ 
tion  of  Sec.  6  to  solve  the  initial  value  problem  is  applied. 

We  introduce  a  version  of  the  Main  Theorem  useful  for  the  study 
of  the  Cauchy  problem. 

/  1  n+l  n+Z  \ 

Definition  7.4.  An  operator  F  \^40,  .  .  .,  An,  B  )  satisfies  the 
global  absorption  conditions ,  if  there  exist  constants  T  >  0,  s  >.  0, 
t'  >  0,  0  <  %'  <  T  such  that  for  any  i  6  {1,  .  .  .,  1}  we  have: 

(1)  there  exists  a  smooth  solution  of  system  (7.2)  with  initial  condi¬ 
tions  satisfying  the  equations 


P(i,( 0)  =  0,  (<?«,  ...,g(h)|t=06Mm+\ 
.|o(e+.+1)2|T=0<e,  |cof*  =  l,  to06R‘; 


(7.3) 


^  .  . 

(2)  when  0  ^  x  ^  T  the  function  H(i)  (pm,  q(l),  co)  is  non-positive 
and  when  t  =  x'  it  is  strictly  negative. 

Note  that  when  Mm+1  —  Rm+1  Eqs.  (7.3)  in  Definition  7.4  are 
changed  for 

P<1)(0)  =  0,  (c/«,  ...,$)) |t=0eAB; 

2  (^+j+1)2|t=o<e,  S  <P‘  =  1,  0106R1. 
j= 0  i=i 


The  global  absorption  conditions  being  satisfied,  we  can  con¬ 
struct  the  symbol  of  the  quasi-inverse  operator  solving  the 
problem 


(7.4) 
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where  A  =  A  ( x ),  E  is  a  unit  ( m  X  m)-matrix,  v  (r|)  £  C°°  (Rn+1)  1  = 
=  v  (r])  when  |  rj  |  <  e,  and  x'  =(a:0,  x). 

Following  the  arguments  of  Sec.  5  and  applying  the  A-formula 

(1  71  + 1  71+2  \ 

L0,  .  .  .,  Ln,  a  )  in  the  form 


f(l0 


n+ 1  n+2^ 

Ln,  a  ) 


■  Aro  [[<$?  2 


1  v 
x'A~p, 


2 

d 

dx' 

2 

d 


2  1' 
a,  AE 


+ 


(-A) 


—  iA 


l  i' 

■r'A~p, 


l 

5 

da 


1' 

-  iA 


l 

-p  & 

da 


•  v  A  E 

• l-w >  a’  A 


By  this  formula  the  Problem  (7.4)  is  reduced  to  the  following  one: 


•  ^  A-1  —■  [a,  x,  —  i~&p~  ,  xj  +l(sS2+{-iA~^3)) 


X 


l  l' 


x  U'A~P,  -iA  P-A-,  AE|J  x 

/  2  i  \ 

KIT  [a,  t,  —  1-gr,  *'jj  =  0, 

(l  l'_  l'_  g  %  2  r 

Let  p*  l  a:'A  p,  —  iA  p  ,  —  i-^r,  a,  AEj  be  the  ith  eigen¬ 
value  of  the  matrix  S8Z ■  Consider  a  function 

def 

Vi{X o,  P0,  P;  co,  xj,  x2)  =  p;(co  — 


i 

5a  ’ 


a  2  1 

o  »  e 


X 


A1_pP,  A1-^,  X,  X0,  A"8), 


where 


X0  =  (q0,  ■■■,  qm)£Rm+i,  x  =(qm+1,...,  qn+m+2 )  €Rn+1, 
P0  =  (Po>  •  •  •  >  Pm)e  Rm+1,  P  =  (Pm+1 ,  ■  ■  ■  ,  Pn+m+z)  €  Rn+1 , 
ai  =  A~p‘xi,  i  —  w0  =  A~r°x0, 

def  def  , 

=  (A®1,  ....  AEn),  x2  =  (A1_Pl,  ...,  A1"*’"). 


The  function  y*  is  a  smooth  function  of  the  parameters  co,  xu  x2 
for  A  sufficiently  large.  The  eigenvalue  Xt  of  the  matrix  S8  (p,  q,  co) 
is  a  limit  of  the  function  yt  as  A->  oo.  Note  that  Im  y*  ^  0. 
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Let  (An+m+1,  rn+m+1)  be  a  germ  defined  by  equations 

An+m+i  =  {i>o=;jp==0i  |X|<8,  X0 eMm+1},  rn+m+1  =  0. 

We  shall  construct  m  +  n  +  2-dimensional  manifolds  M?+m+2 
with  a  complex  germ  w0) ,  z(l),  a  dissipative  function  D(l)  and  a  po¬ 
tential  Eil)  by  a  canonical  transformation  corresponding  to  the 
Hamiltonian  function  yt  ( X0 ,  X,  P0,  P,  co,  x1;  x2).  We  shall  follow 
the  ideas  of  Sec.  4  to  the  effect. 

Let  e>?M.m-in+2  be  a  canonical  operator  on  Mf+n+2.  Similarly  to 

Sec.  5  and  Sec.  6  we  may  prove  that  a  formal  asymptotic  solution 
of  the  Problem  (7.4)  is  defined  by  the  equation 

1 2  |  1  \  .  1  •>  ?  i 

T(a,  V)  =  (2<* 

3—1 

where  q>,  g  Bm  (Mfm+2). 

(1  n  n-fl \ 

ij,  .  .  .,  An,  B  )  satisfy  the 
global  absorption  conditions.  Then  it  has  quasi-inverse  and  the  symbol 
of  its  quasi-inverse  has  the  form 


JMn+m+29j)  (a!  L  ^  ~dxr  ,  X  )’ 


x(x,  a)  =  i 


i 

o  i=i 


(SF 


Mn+m 
3 


+  2<Pi)  «.  T> 


)  dr, 


where  1  (a;)  is  a  function  of  x  equal  to  unity. 

There  exist  analogues  of  Theorem  7.1  and  Lemma  7.1  for  A-quasi- 
inverse  operators;  the  absorption  conditions  should  be  restated 
following  the  previous  remarks. 

Example  7.1.  Consider  an  equation  (cf.  Example  in  Sec.  9 
of  Introduction) 

-i-w+i-w~i(v^yri-w-)u=^  (7-5) 


where  v  ( t )  is  such  a  smooth  bounded  function  that 
v  (0  =  0,  t  6  l-T,  T], 
v(f)>  0,  t£[—T,T],  T>  0, 

/  (y,  t)  e  L2,  supp  /  (y,  t)  a  A  cr  R1  X  [-T,  T]. 


Let 


B0  =  t,  Bi  =  y; 
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we  have 

lAt-At-ivlBtiVT+A^u 


"f. 


(7.6) 


Now  construct  a  quasi-inverse  operator  for  the  operator 
/I  1  2  \  def  _ 

F  \"4o)  B)  =  Ao  —  —  iv  (B0)  ]/^  1  -f-  A\. 

Take  the  ordered  representation  of  the  operators 


L0  —  xo  i  dao  ,  Li  —  xi  i  ,  a. 


Hence,  the  Hamiltonian  of  the  operator  A0  —  Ai  —  iv  (B0)  ]/l  +  A , 
has  the  form 


F(l0,  Lu  2a)  =  (x0-i^-)-(xi-i^)- 

-iv(a0)]/l  +  (^-i^-)2; 

thus, 

F(L0{y,  rj),  Lv  {y,  q),  a)  = 

—  (f/o  +  i/2)  —  (f/i  +  ^3)  —  (ao)  V 1  +  (lh  + i/3)2* 

Consider  the  case 

P]  =  P2  =  P3  =  PO  ~  1- 
We  have 

n  (y,  h.  a)  =  (y0  +  y2)  —  (2/1  4-  y3)  —  iv  («<>)  1 2/1  +  Vs  I, 

or,  with  respect  to  the  variables  (p,  g,  ©), 

<#?(/>,  g,  <*>)  =  (<*>o  +  Po  —  £2)  —  (®i  +  Pi—  Pa)  — 

—  iv  (q0)  |  ©1  +  P!  —  p3  I-  (7-7) 

To  construct  the  bicharacteristics  of  the  operator  F  consider  the 
Hamiltonian  system 


7o  =  ?2  =  1 

?i  =  ?a  =  — 1 

Pi  —  0,  i  =  0,  1,  2,  3 

having  the  initial  values  p  ft=o  =  p<0\  g  |«=o  =  g<0)  satisfying 
Eqs.  (7.3).  The  following  functions  are  obviously  solutions  of  this 
system 

Po  =  Pi  =  £2  =  Pa  =  0, 
g0  =  *  +  go0).  g2  =  t  +  g‘0), 

?!  =  -<  +  gl°\  g3  =  -*  +  gf- 


(7.8) 
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By  Eq.  (7.5)  the  imaginary  part  of  H  (p,  q,  to)  of  the  Hamiltonian 
function  is  defined  by  the  formula 

H  ( p ,  q,  co)  =  —v  (q0)  I  %  +  Pi  +  p3  |  =  — v  (?„)•  (7.9) 


By  Eqs.  (7.8),  (7.9)  the  operator  F  satisfies  the  global  absorption 
conditions.  Hence  the  construction  of  the  symbol  of  the  quasi¬ 
inverse  operator  of  F  is  reduced  to  the  problem 


.  I 

T’ 


*/  + 


/  1  1  2  \ 

1  a 

\L0,  Lu  a) 

H¥  a,  r,  -t±,x) 

i=o. 


(7.10) 


lF(a’  °> 


where  p  (p)  6  C”,  p  (rj)  =  0,  when  |  p  |  >  e,  p  (p)  =  1,  when 
Ip  I  <y,  P  (a)  £  C“,  P  (a)  =  1,  when  a  6  A,  P  (a)  =  0,  when 
Ae. 


I  I  A 

We  may  put  the  function  ¥  ia,  t,  — i^,  xj  in  the  form 

.  6  A  Asfx.-ii-.a.x)  /l  .  I  \ 

W[a,  r,  -i-,  x)=e  \  ^  70  [x,  - 1  ^  ,  a,  rj  , 

where  A  =  |  |. 

To  satisfy  the  initial  conditions  of  Problem  (7.10)  we  may  put, 
the  functions  S  and  0  in  the  form 


S  ( x ,  p,  a,  0)  =  0, 

0  (x,  p,  a,  0)  =  p  (p)P  (a). 


On  substituting  the  function  ¥  into  Eq.  (7.10)  and  applying  the 
commutation  formula,  we  obtain 


1  / 1  a  4  ) 

IAS  \  x,  -  i  — — ,  a.T  a 
p  \  dx  /  rr 


-A 


dS 

dpo 


~  Y  dS 

iAir 


da0 


.  d  ,  . .  dS 

■  i  rr—  -f-  Xq  -f-  A  - 


6t 


A 


dS 


da  i 


~  iv  ( a0)  ( 1  -f  ( xi  +  A  ~  -  A 


da0 

d  .  \  dS 

■  i  -r - -p  A  ^ —  ■ 

3ai  o>t]i 


3pi 


^)T'2ira-«' 

(7.0) 
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Ordering  the  operators  by  the  A-formula,  we  obtain 


fr  1'  9S 


.  a  ,  .  \  dS 

lT,+x°  +  Al^ 


A 


/  ,  *  dS 

~\Xl  +  A'd^~ 


55 


X 


5rp  '  dai 
l'  55  ['  55 


55  .  5 

5rjo  da0 

ijk)-iv^x 


/,  ,  /  .  \  55  \  55  .5  \  2  v  1/2 

(l  +  J^  +  A  — -A  — -I  — )  )  Jx 


x  [0  U, 


2 

5 

dx 


a,  t  J  = 


=  A 


{[£ 


+  ©o  + 


55 


55 


5an 


3% 


-CO, 


55 


55 


5a, 


5  m 


-  *v  (a«)  |  + 4k + ik  I J  +  ( 2  (■ -  iA"1)ft  Ru  J  o  | 

!  2 

x  (**-*4*  a>T)- 


x' 


(7.12) 


Here  i?ft  are  differential  operators,  which  we  apply  to  the  symbol 

Q 

of  the  operator  0  (x,  — ,  a,  %).  The  operators  Rk  are  of  an  order 

no  greater  than  k,  with  the  coefficients  being  smooth  functions  of 
cox,  a,  t  and  the  derivatives  of  the  functions  S;  co0  —  a^A-1,  cox  = 
—  x 1A-1. 

Let  Sr  =  Re  S,  S2  =  Im  S 


55  ,  55  55  55  .  55 

5t  '  -  ^ao  5r]0  Wl  5aj  ^  5rn 


—  iv  (a0) 


©l 


55 

3th 


Os2(  A-3/2). 


(7.13) 


Eq.  (7.13)  is  a  Hamilton-Jacobi  equation  having  the  dissipative 
function  S8{p,  q,  co)  defined  by  Eq.  (7.7). 

On  applying  to  Eq.  (7.13)  the  methods  of  Ch.  IV  and  equating 
to  zero  the  right-hand  terms  in  the  parentheses  in  Eq.  (7.12)  we 
obtain  the  dissipative  transfer  equation  for  the  function  0. 

This  equation  is  solved  in  Theorem  6.2  of  Ch.  IV. 

Consider 


D=  —  j  ImSS  (p(g(°),  co,  t'),  q{q(°\  ©,  t')>  co)  dx'  j  g=g(9«),,co,t). 
o 

We  proved  in  Ch.  IV  that  the  solution  of  the  equation  (7.13) 
satisfies  the  dissipativity  inequality: 

Im  S  (x,  a,  x)  ^  yj D, 
where  y  —  const. 
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By  the  last  inequality  and  the  absorption  condition  we  have 
D  ^  8  >  0,  8  —  const,  when  x  —  2 T.  Hence  the  function 

¥  (a,  r,  q,  x)  =  eiAS(x>  T>-  a>  x>9  (x,  tj,  a,  x) 


satisfies  the  estimate 

|  ?  (a,  tj,  x)  |  ^  const  e-6!*11. 


Thus,  by  the  reduction  rule  (cf.  Introduction,  p.  109),  the  operator 
having  the  symbol 

2  r  2  j 

%{x,  a)  =  i  j  {ll'Pja,  x,  —  z)]10x)}dx  (7.14) 

o 

is  a  quasi-inverse  for  the  operator  F. 

Note  that  by  Eq.  (7.13)  the  function  S  has  the  form 

S  —  —  co0x  -f  S1  (xx,  a,  x),  (7.15) 


where  S1  satisfies  an  equation 


as1  os'- 

dx  '  da0 


■co. 


dS i 


da< 


■  iv  (a)  ©i 


as* 


da  i 


—  Os2  (A~s/2) 


We  have  indicated  that  the  coefficients  of  the  operators  Rh  in 
Eq.  (7.12)  do  not  depend  on  x0.  Hence  the  function  0  does  not  depend 
on  x0.  Besides,  the  coefficients  of  Rh  do  not  depend  on  q.  Hence 
the  function  0  (xl7  q,  a,  x)  has  the  form  (cf.  (7.8)) 


0  (aq,  q,  a,  x)  =  0!  (xu  a,  x)  p  (q0  +  x,  q^,  +  t),  (7.16) 

where  0X  (x1,  a,  x)  satisfies  the  same  transport  equation  as  the 
function  0  (aq,  q,  a,  x)  and  the  initial  condition 

0X  (aq,  a,  0)  =  P  (a). 

The  following  equation  is  a  corollary  of  Eqs.  (7.15),  (7.16): 

[¥  |cc,  x,  ,  xj|  1  (x)  —  e~ixoX  |e»ASi(ai,  a,r )  (arj,  a,  x)  X 

1  l  \  def 

xp(o,  -I'-^7  +  T/l1(a:)=e~i5CoTli,'(;ri.  a>  T)- 

Thus  Eq.  (7.14)  may  be  put  in  the  form 

2  r 

x(x,  a)  =  i  j  (xu  a,  x)dx.  (7.17) 

o 


Let  the  function  /  ( y ,  t),  the  right-hand  side  of  Eq.  (7.5),  satisfy 
the  condition  /  ( xj ,  t)  =  0  when  t  <  0. 


34-01225 
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Then  prove  that  the  following  equation  is  true 


M-4.  - 


2  2 


■  <>}  «=°. 


(7.18) 


2  2 


1  1 

where  x  ^  —  i  —  ,  —  i  —  ,  t,  yj  is  an  operator  with  a  symbol 
defined  by  Eq.  (7.14).  On  applying  Eq.  (7.17)  we  obtain 


1  1  2  2\ 


2T  ( 


0 

2  T 


_xd_  /  1  2  2\ 

le  X  t,  y]}f{y, 


,  it)  |  dr  = 
j  {lN>'  (  —  t,  yjj/(y,  t  —  T)}dx. 


At  the  point  1  =  0  we  have 

l  l 


I* 


d 


2  2 


2  r  r 

-‘J 

o 


dt  ’ 

2  T 

V 


*,  y / 1  / (7/ 


’  <>t 


1 

a 

% 


t,  y)]f{y,  —  T)|dT  =  o. 


Thus  the  function  u(f,  y), 


«(*»  »)  =  !«  (  —  —i-§j,t,y)lfto,t) 

is  a  formal  asymptotic  solution  of  the  problem 


.  du  .  .  du  ,  . 
l  — +  i^T==/(^  0 


J  "  dt  '  ~  dy 

[  u  |i=0  =  0, 

where  /  (y,  £)  =  0,  when  t  <  0. 

Note  that  to  prove  Eq.  (7.18)  we  have  used  only  the  additive 

/  1  1  2\ 

dependence  of  the  operator  F  \A0,  Alt  B )  on  4# 


/  1  1  2\  /  1  2  \ 
EUo,  Au  B)  =  A0  +  F  Ui,  B). 


Hence  the  Main  Theorem  permits  to  construct  a  solution  of  the 
Cauchy  problem  in  a  more  general  situation. 
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Example  7.2.  Consider  an  equation 

-i~  +  G(u,  =  t). 

(7.19) 

Here  G  ( y ,  g)  is  an  m  X  m-matrix  positively  homogeneous  of  the  first 
order  in  g,  /  (y,  t)  £  L%,  supp  f  (y,  t)  c  A  c  R"x  [0,  T],  /  (y,  t)  =  0, 
when  t  <  0, 

v  (/)  is  the  same  as  in  the  previous  example, 

A  is  a  compact  domain. 

Let  the  matrix  elements  of  G{y,\)  belong  to  the  space  C°°(R”X 
X  (Rn\0))  and  be  uniformly  bounded  with  the  derivatives  when  1 g 1 = 1 . 
Suppose  that  the  matrix  G  (y,  g)  is  diagonalizable  for  all  values 
of  its  arguments  by  a  smooth  transformation  and  its  eigenvalues 
y1,  y i  are  of  the  space  C°°(Rn  X  (Rn\0))  and  satisfy 

the  conditions  Im  yt  <  0,  i  =  1,  . . .,  I,  inf  |  yt  (y,  g)  —  y,  (y,  g)  |  >• 
^  const  when  |  g  |  =  1. 

Let  the  Llamilton  system 

d-w=dJ£r («(i)>  (# (°)>  •••>  #(°)) e a* 

^=_qup(#)  p,%  |  pB,  (0)|  =  1 

have  the  solution  for  0  ^  t  <  oo.  Then  we  shall  construct  a  for¬ 
mal  asymptotic  solution  of  the  problem 


(d  |2 

l  + 

shall  use  a  A-quasi-inverse  of  the  operator 


4-  when  0sCt?CT.  We 


2 

y,  —i 


«v(0  i-2 


d 2 


1/2 


We  mentioned  in  Introduction  that  solution  of  partial  differential 
equations  reduces  by  quasi-inversion  to  that  of  integral  equations 
(in  the  present  case  of  the  Volterra  type)  with  smooth  kernels. 

34* 
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Take  the  operators 


•p-o 

1 

il 

O 

A  ■  d 

’  Ai~  1  ’  •••’ 

3 

II 

1 

{  1  1 

1  2\ 

/  2  1 

JF  \/lo,  A\, 

•••i  An ,  B)=Ao-{-G 

[B,  Au 

/  n  \  1  /2 

d'Jn 


,  B  =  (t,  y), 


—  iv(£0).  1+2  A\ 

\  i=l 

The  Hamiltonian  of  the  operator  F  has  the  form: 


1  2\ 

'Oj  •  • 

•  • !  Bn ,  ot/  — 

/  2  1  1 

+  G 

Va!  By ,  . . . ,  Ln 

xt  — 

<x. 

II 

H— 

i„\  1/2 


Hence, 

F(L0{y,  ri),  Ln{y,  t|),  a)  =  (y0  +  yn+1)  + 

+  (r(a,  Pi  +  Pn+2,  •••,  2/n  +  ?2n+l) 


■  (a0)  (1+2  Q/t  +  Un+i+lf 


1/2 


Take  p2  =  .  .  .  =  p2ri+1  —  1  and  change  the  variables  y,  T),  a 
for  the  new  variables  p,  q,  to.  We  have 

$8  (P,  ?i  ®)  =  (®0  +  Po —  Pn4l)  + 

JrG{qi,  qn,  COi  +  Pt  —  pn+ 2,  ®n  +  Pn  — P2n+l)  — 

j  n  \  1/2 

—  (?<>)  f  .S  (®i  +  Pi  ~  Pn+i+l)2  )  • 


The  eigenvalues  A;  of  the  matrix  (p,  g,  co)  are  obviously 

defined  by  the  equations 

hi  (Pi  ?i  ®)  =  ®0  +  Po —  Pn+1  + 

~kYi(?li  •••!  ?m  ®1  +  Pi  Pn+2i  •••!  ®ra  ~1~  Pra  P2n+l) 

—  M?o)  f  2  (®i  +  Pi  — Pn+H-l)2 
\i=l 

/II  1  2\ 

We  shall  now  verify  that  the  operator  F  \H0,  Ax,  .  .  An,  B) 
satisfies  the  global  absorption  conditions.  Consider  the  ith  family 


CH.  V.  CANONICAL  OPERATOR  ON  A  LAGRANGEAN  MANIFOLD 


533 


of  the  bicharacteristics  of  the  operator  F 
#  =  1 

•(j)  =  i_^XL(p(i))  g(i)>  w))  j  —  it  , . . ;  2tz  -f-  2 

Po '  =  0  (7.20) 

pf>  =  —  d (p(i),  g(i),  “)>  ;  =  1,  » 

pW  =  0,  + 

P(i)(0)  =  0,  (<tf>,  ...,  ^OUoGAe,  2X  =  1,  ©oGR1 

i=l 


n 


The  following  equations  are  obviously  true: 

pW  =  0  as  re<ic^2n-f-l,  (7.21) 

9W  =  T  +  ?«(0). 

The  remaining  part  of  Eqs.  (7.20)  can  be  solved  with  the  help 
of  the  following  Hamilton  system 

^i)=£| q*’  ®l+^i)’  (Dn+p-)’ 

#>=-- •••>  «$/>.  ®i  +  p«  ....  «b»  +  p«)),  (7.22) 

7  =  1,  •••,  n,  (p[l\  ...,  P«)|t=0  =  0, 

(#,  •••,  qW) |t=o6 Ae. 

The  functions  q&,  when  ns^.ji<Z2n-\~  1,  are  determined  by  the 
formulas 

X 

gq)  =  9P)(0)+  j^L(p(i),  ....  p(i),  g(i),  ....  gg>,  C0)dT'. 

0 

By  our  assumptions  Eqs.  (7.22)  and,  therefore,  Eqs.  (7.20),  have 

II  1  2\ 

a  solution.  Hence  the  operator  F  ( AQ,  ...,  An,  B)  satisfies  the 
global  absorption  conditions  by  Eq.  (7.21)  and  the  choice  of  the 
function  v (q0).  Hence  by  Lemma  7.1  the  symbol  of  the  A-quasi-inverse 
(  i  i  2) 

operator  x\yl0,  •••,  An,  B)  has  the  form 

2T  i  2  j 

k{x0,  x,  a)  =  i  j  2  ( «,  **.  — 

o  7=1 
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Here  M|n+3(co)  is  a  family  of  2n  -j-  3-dimensional  Lagrangean 
manifolds  depending  on  the  parameters 

®i  =  X’  •>  =  A  =  | ^ |- 

The  family  M fn+3(©)  is  associated  with  a  family  of  Lagrangean 
manifolds  with  a  complex  germ: 

(«),  (co)}  =  Dl.  (Mr2,  C+2},  0<t<2  T, 

where  r3n+2  =  0,  M2n+2  =  {p0=  . .  .  =p„  =  0,  ( q0 ,  . ..,  ?n)6AE}. 

Finally,  5?M2n+3<Pi  *s  the  value  on  the  matrix  cp;-  of  the  canonical 
operator  defined  on  the  family  M)M.  The  elements  of  cpj  belong 
to  the  space  of  equivalence  classes  of  D-asymptotie  series  on  Affl+3  (co). 
The  formula 

IT 

x(a-0,  x,  a)  =  i  j  e~ix<>xx' (x,  a,  x)dx 
o 

can  be  proved  as  in  Example  7.1  by  using  the  expression  of  the 
eigenvalue 

MP.g,  ®)  =  ©0  +  Po  +  Pn+l  + 

—  (Pl>  •  •  ■  *  P2n+1>  7l>  •  •  •  i  9n>  (0i,  •  •  • ,  ©n)- 
Then,  again  applying  the  method  of  Example  7.1,  we  obtain 


under  the  assumption  /  (y,  t)  =  0  when  t  «<  0. 

Hence  the  function 

u(y,  t)  =  l%  t,  t) 

is  a  formal  asymptotic  solution  of  the  problem 

f  +  -i-^)u  =  f(y,t) 

{  u  ( y ,  0)  =  0 
when  0  <  *  <  T. 

Example  7.3.  The  Main  Theorem  affords  the  construction  of 
a  kind  of  asymptotic  solution  of  equations  with  partial  derivatives 
with  growing  coefficients.  Consider  an  example  of  a  formal  asymp- 

/ 2  \  -1'2 

totic  (with  respect  to  powers  of  the  operator  )  solu- 
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tion  of  the  problem 

r  d2u  ,  d2u 


f  v)> 

l  u  |<=o  =  u't  |t=o  =  0. 


(7.23) 


Suppose  that 

/  (if,  y)  e  La,  supp  f  (t,  y)  d  A  d  [0,  T]  X  R, 

where  A  is  a  compact  domain,  a  (y)  is  a  smooth  real  function  satis¬ 
fying  the  conditions  0  <  cx  ^  a  (y)  ^  c2  for  some  constants  cx 
and  c2. 

Consider  the  operators 

1  d  1  a  2 

2  2 

50=?,  =  i/- 

The  left-order  representatives  of  these  operators  have  the  form 

}  /  .  a  \  i  .a  .a 

2  2 

L2  — X2]  oc. 

Eq.  (7.23)  may  be  put  in  the  form 
P„2  -A?  -a (Bl)A$u  =  f. 

We  shall  reduce  Eq.  (7.24)  to  a  system  of  equations.  Consider 
the  equations 

Po]  u  ( B )  =  v, 

1  1  /  2  \  2  \ 4/2  (7.25) 


(7.26) 


/1  /2  \  2  \ i/a 

[U12  +a \Rj  A\)  Ju  =  w. 

There  is  an  equation 

Po]  w  - 1  (  A\  +  a  ( 1, )  A\  )  U' \v. =  0.  (7.26) 

The  product  of  the  operators 

/1  /  2  \  2  \C2  /1  /  2  \  2  \ i/2 

o;U;+«Uim;J  hU?+«UiM2v  i 

can  be  transformed  by  the  commutation  formula  into  the  form 
.1  .  2  .  2  .  1/2  ,1  .  2  .  2  .  1/2 

^4*)  |  [(^+0(5*)^;)  ]  = 

=  -A*  +a(^i)  A\  -{-R  Az,  ,  (7.27) 
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where  the  symbol  R  (xlt  x2,  a )  is  an  asymptotic  sum 
R  (xu  x2,  a)  =  2  Rh  fa,  x2,  a), 

k^O 

where  the  functions  Rk  (xlf  x2,  a)  are  homogeneous  of  a  positive 
degree  (—k  -j-  1)  with  respect  to  xx,  x2. 

The  following  equation  is  a  corollary  of  Eq.  (7.27) 

/i  t  2  \  2  \i/2 

IfUj+oUiM*;  1  w  =  lAl+a (Bt)  AlJu  + 

(  1  2  2  \ 

+  P?Ui,  A2,  B)Ju. 

/  1  (  2  \  2  \V2 

Substitute  the  function  u  =  l\A\  + ayBjAl)  J-1  w  into 
the  last  equation.  On  applying  the  commutation  formula 

/  i  .  2  ,  2  .  1/2 

E(^.2+«  (^i)^2)  ]w^lAl+a{Bl)A*Ju  + 

+  IR1  (auA2,  b)]w,  (7.28) 


where  the  symbol  R1  (xt,  x2,  a)  is  an  asymptotic  sum 

i?1  (xu  X2,  a)=^R’h  (xu  x2,  a). 

fcJsO 

The  functions  Rh  [x±,  x2,  a)  are  homogeneous  of  degree  —k  with 
respect  to  x. 

Thus,  Eq.  (7.24)  is  reduced  to  the  system 

Po]>  -  [[  (ij  +  a  (li )  A\  ) 1/2]  v  =  0,  (7.29) 

.1  .  2  .  2  .1/2 
lA0Jv-l[A2l+a(Bi)A!)  ]u>  + 

+  J2,  J)ja;==/. 

Similarly  to  the  previous  examples  the  construction  of  a  formal 
asymptotic  solution  of  Eq.  (7.29)  is  reduced  in  the  case  to  the  con¬ 
struction  of  a  A-quasi-inverse  operator  of  the  operator 

/I  I  2  2  \ 

F  \^40,  Ai,  A2,  B )  — 

(  1  /  2  \  2  \i/2 

^0  —  U*  +a  \Bi)  A2) 

/  1  /  2  \  2  \!/2  (I  2  2\ 

-Uj+oUim;;  a2,b)  a0 

(  2  \  /  1  2  \‘/2 
-iv\B0)  \A\+Al)  , 
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where  the  function  v  (a0)  is  the  same  as  above.  The  Hamiltonian 
of  the  operator  F  has  the  form 

f(1  o,  Lit  a)  = 


—  IV  (OCg) 


Taking  the  variables  (p,  q,  co),  we  obtain 

SE  ( p ,  q,  ®)  = 

/  ®0  +  Po  —  Pi  —  ((®1  +  Pi  —  P3)2  + 

I  +  a  (?l)  (®2 —  P4)2)I/2 

I  —  ((©j  +  pj-ft)  2  + 

\+«(Q,i)(®2  —  P4)2)1/2  ®o  +  Po  — P2 

-  to  (?o)  ((®1  +  Pi  -  P3)2  +  (®2  —  P4)2)172. 

The  eigenvalues  %u  kz  of  the  matrix  dtS  (p,  q,  co)  have  the  form 
Kl(P,  ?.  ®)  =  ®0  +  Po  —  P2±((C01  +  Pi  —  p3)2-f 

+  a  (qi)  (®2  —  Pi)2)1'2  —  to  (q0)  ((cot  +  pt  —  p3)2  +  (co2  —  p4)2)1/2- 

The  bicharacteristics  of  the  operator  F  obviously  satisfy  the 
conditions 

P(0i)  =  p(2)  =  p(2,=p(3)  =  0,  f  =  l,  2. 


Hence  the  equation  is  true 

W*’,  ?(i\  ®)  =  ®o±((®i  +  P(i))2  +  a(?(iiV22)1/2- 
—  ™  (qp)  ((®1  +  Pi)2  +  ®2 ) i/2.  i  =  l.  2. 

The  following  equation  is  easy  to  verify 

q(P  =  r  +  qp  (0). 

Hence  the  operator  F  satisfies  the  global  absorption  conditions 
and  therefore  is  A-quasi-invertible.  The  initial  value  conditions 
in  this  case  are  verified  similarly  to  the  previous  one. 

We  shall  consider  an  analogue  of  Theorem  9.1  of  Introduction 
in  the  case  of  operators  with  matrix  symbols. 
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Take  a  one-parameter  families  of  m-dimensional  matrix  symbols 
/  (xx,  .  .  xn,  a,  £),  g  (a,  Zo)  where  |  is  a  parameter  0<  £<oo. 
Suppose  that 

lim  f{xu  .  ..,rxn,  a,  E)  =  60(x1,  .  .  xn,  a)  6#°°. 

£  -*  oo 

Consider  a  family  of  operators 

/  2  1  \  /I  n  n+l  \ 

F  =  gU,  6,  A0)+f[Au  ..,4  £,|j> 

i 

where  g  is  an  m  X  m-matrix  with  elements  of  <5°°°.  Let  L0,  .  .  . 

n+l  n+2 

Ln  ,  a  be  a  left  ordered  representation  of  the  operators 
A0,  .  .  .,  An,  B.  Suppose  that  the  function 

F(L0(y,  t]),  ...,Ln{y,  p),  a,  l), 
yi<=>xl,  i  —  0,  . . n; 

II  nrli  ^  i  J  .  .  .  ,  TO  -|~  1 

is  asymptotically  p-quasi-homogeneous  in  y,  g  of  degree  r  with 
the  weights 

Poi  •  •  •)  Pn>  Pa+li  •  •  •>  Pn+m+li  Pn+m+2 
such  that  pj-  =  1  at  least  for  one  i,  i  6  {n  +  1,  .  .  to  +  n  +  1}. 
Suppose  that  the  spectrum  of  the  set  of  the  operators 

1-" io,  ...,lPnAn 

is  contained  in  a  ball,  |  x  |  <  d,  d  is  a  constant. 

Take  the  new  variables.  Let  /x  be  such  a  subset  of  (0,  .  .  .,  n) 
that  Pi  =  1  only  for  i  £  Jx.  Let  /2  be  such  a  subset  of  (0,  .  .  .,  to) 
that  p„+j-+i  =  1  only  if  7  6  /2. 

Take 

Vn+i+ 1  =  Pi,  1  €  J 2,  yn+j  —  0,  7  €  "A  A  7  6  (0>  •  •  •  >  m)> 

Vt=  —  Pm+i+i  +  ®i,  i£Ji,  yi  =  ®h  i£Ji,i  6(0, 

ai  —  Qi,  i  —  0,  . . m,  r\i  =  qm+j+i,  7  =  0,  £  =  v. 

Let  it  (g,  r),  a,  g)  be  the  leading  part  of  the  matrix 
F  (L0,  (y,  tj),  .  .  Ln  (y,  rj),  a,  £)  and  let  3#{p,  q,  co,  v)  be  the 
matrix  jt  ( y ,  r),  a,  g)  transformed  by  the  introduced  change  of  va¬ 
riables. 

Let  S6X  be  the  essential  part  of  the  matrix  F  ( L0  (y,  r\),  .  .  . 
.  .  .,  Ln  (y,  T]),  a,  g)  with  respect  to  the  variables  p,  q,  to,  v. 

Just  as  at  the  beginning  of  this  section,  introduce  the  absorption 
conditions.  The  only  difference  constitutes  a  subsidiary  inequality 
|  v  |  <  d  due  to  the  presence  of  an  additional  parameter  v.  The 
conditions  defining  the  manifolds  fie’  (A)  and  Eqs.  (7.3) 

remain  valid. 
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„  /  2  1  \  /  1  n  n+1  \ 

Theorem  7.2.  Let  an  operator  F  =  g  \B,  l,A0)  An,B,l) 

satisfy  the  absorption  conditions.  Then  there  exists  such  a  sequence 
of  symbols  %N  ( x0 ,  x,  a,  |)  £  Cg  depending  on  a  parameter  g  that 


/  2  1  \  /I  n  n+1  \  /  1  2  n+1  n+2 

to  \ B,  g,  A0)  ~\~f\Ai,  An,  B,  g/ J  At,  ...,  An,  B, 

I  1  n  \  /I  n+1  n+2  \ 

=  P0U~po-4o,  . . l~PnAn)  +Rn  Uo,  •••.  An,  B  ,  gj, 


where  BN  (a:0,  xu  .  .  .,  xn,  a,  g)  ==  Oz  (|  x  J-^)  for  any  N  >  0 
uniformly  with  respect  to  g,  a  and  x0 ;  P0  (xx,  .  .  .,  xn)  is  a  function 
of  the  class  C o°  which  is  equal  to  1  in  the  domain  |  x  \  *<  d. 

A  version  of  Lemma  7.1  and  the  corresponding  statements  about 
A-quasi-inverse  sequence  are  also  true  for  operators  with  symbols 
depending  on  a  parameter. 

As  an  application  of  the  theorem,  consider  an  example  of  a  for¬ 
mal  asymptotic  solution  of  the  Cauchy  problem  for  finite  difference 
schemes.  Take  a  net  in  the  space  R1  X  Rn 


(t,  y)  6  <=>  {t  =  kh0,  yt  =  UK  ■  ■ . ,  yn = inK, 


where  k,  j\,  .  .  .,  jn  are  integers. 

Consider  the  following  finite  difference  Cauchy  problem 


u)+i  ,  -u) 

M’  *  *  •  *  Jn  3 : 


t/H1 

it . Jv+i, 


U°h . i=0 


V=1 

1  -u^+l  , 

':n  . 3v-i’ 

2  h 


]n  xjh+1 

h  L'l . in> 


(7.30) 


where  Cq!...,;n  are  the  values  on  the  net  of  the  (m  x  m) 

matrices  Cv  (y)  with  smooth  bounded  elements  and  Ufi j 

. j  are  net  functions  defined  on  the  net.  Suppose 

that  the  function  /* . jn  equals  zero  at  all  knots  of  the  net  outside 


a  compact  domain  A  c  [0,  fl  X  Rn. 

On  applying  the  Kotelnikov  theorem,  construct  for  a  net 
function  cp^ . jn  satisfying  the  condition 


an  integral  function  cph.  ( t ,  y)  satisfying  the  conditions 

(1)  «ph {Ja,  ]\h,  jnh)  =  <Pi4 . jn; 

(2)  f  |  <pft  {t,  y)  p  dydt<  oo 

Rn+! 
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Take 

9ft  (L  y)=  ("^")n+1  1  e1  <  V'  i>  +J  <'•  5o>  x 

I  IjftKrt,  i=l . n 

I  £oh  ISA 

X  h0  ■  hn  2  fji . j  X 

h-h . 4  1 

n 

-ilohho-i  2  4*4 

X  e  fe=1  dgodgfc.  (7.32) 

It  is  easy  to  verify  that  the  given  function  q>h  ( t ,  y)  satisfies  all 
the  necessary  conditions. 

Let  fh  ( t ,  y)  be  a  function  of  continuous  argument  defined  by 

Eq.  (7.32)  from  the  net  function  . jn. 

Suppose  we  have  constructed  a  continuous  function  which  is 
a  solution  of  the  problem 

u(t+hp,  y,  h,  hp)  —  u  (t,  y,  h,  h0) 
h0 

V=1 

u  (t  +  hp,  yit  . . yv+h,  ...,  yn,  h,  hp)—u(t+hp,yi,...,yn,  h,  hp)  , 
X  h 

-\-fhit-\-hp,  y)  (7.33) 

u  (0,  y,  h,  h0)  =  0. 


2  Cv(y)X 


It  is  clear  that  the  restriction  of  the  function  u  ( t ,  y,  h,  h0)  on 
the  net  £4  is  a  solution  of  Problem  (7.30).  Thus,  the  construction 
of  a  formal  asymptotic  solution  of  Problem  (7.30)  is  reduced  to  the 
construction  of  a  formal  asymptotic  solution  of  Problem  (7.33). 

We  infer  from  the  estimate 


h~JjjT  y)  Lz  ll/ft(L  if)  Hr* 


Q 

that  the  joint  spectrum  of  the  operators  . . .  , 

is  contained  in  a  ball 


—  ih 


a 


Take 


Bp  —  t,  B± —  pi,  ...,  Bn  —  yn. 


It  is  easy  to  verify  that  the  left  ordered  representation  of  the 
indicated  operators  is  the  set  of  operators 


i 

Lp  —  Xp  —  i 


d 


n+l 

Ln  =  xn  i 


d 

fan 


da0  ’  •  ' •  ’ 


n+2 

a  . 
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Applying  this  notation  we  may  put  Eq.  (7.33)  in  the  from 
K  (1  -  e-*  +  l  |]  Cy  (I )  sin  r‘Av]  u  =  fh.  (7 .34) 

v=i  ' 

Similarly  to  the  previous  examples,  a  formal  asymptotic  solution 
of  Eq.  (7.34)  is  constructed  by  a  A-quasi-in verse  operator.  Indeed, 
take  an  operator 

/  1  1  1  2  \  de( 

EUo,  Ait  =  l  [l_e-*6-Mo]  + 

+  l2  Cv(j)sinri^v-iv(fio)-(l4-2  ^v)1/2, 

V— 1  '  '  V=1 

where  the  function  v  (a0)  is  the  same  as  in  the  previous  examples. 
Taking  the  variables  p,  q,  to,  v,  we  obtain 

88  (p,  q,  co,  v)  =  -1  [1  —  e“iv  («°+«>-p»ti)]  + 

n 

+  4"  2  (?i*  •  •  • ,  g«)  sin  v  (<b;  +  p,  -  pn+;+i)  — 

i=l 

n 

—  iV  (Cto)  (  2  (®/  +  Pi  ~  Pn  f;+i)2)  1/2  • 

i=l 

Let  A1(  . . .,  be  the  eigenvalues  of  the  matrix  88  ( p ,  g, 

<o,  v).  The  following  equations  are  obviously  true 

MP,  9,  <»,  v)  ~  [  1  -  e_iv  (“»+p»-pn+i)]  + 

+  Vi  (?i>  •  •  • »  9n>  %  +  Pi  —  Pn+1>  •  •  •  >  ®n  +  Pn  —  Pn+ii  v)  — 

,  ”  vi/2 

—  iv  (g0)  ( 2  (ffl/  +  Pj  —  Pn+j  n)2 )  ,  (7 .35) 

i=i 

where  yt  are  eigenvalues  of  the  matrix 

n 

-7  2  Ci(?i»  •  •  •>  7n)sinv(®J-  +  pJ--pn+i+1). 
i=l 

Take 

•ff(i)  =  Re  y,-,  /7(i>  =  im  y£. 

Suppose  the  following  inequalities  to  be  verified 
&(i»  <  0,  i  =  1,  .  .  .,  1.  (7.36) 

We  shall  define  the  sufficient  conditions  so  that  the  absorption 
conditions  were  satisfied  in  the  present  example. 
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By  definition,  the  ith  family  of  bicharacteristics  of  the  operator 
is  a  solution  of  the  Hamilton  system 

f  qo}  =  cos  v  (co0  +  Po ~ Puh) , 


*(i) 


d  Re 


dpj 

'(b  _  n(i)  •  —  n 
P  0  — Pn+]  — 


(P0),  ?(\  ©,  v),  7  =  1,  . . 2ra  +  l, 


dqj 

•i  ^n  +  Pn- 


„({)  m  r>d)  nd) 

•)  9n  >  ©1  +  Pi  — Pn+l, 

P2n+l,v),  !</<«. 


(7.37) 


By  Eq.  (7.37)  the  equation 
(fa  =  t  cos  v  M0  +  r/o0  (0) , 


(7.38) 


pf=  0, 


n  ■ 


is  evidently  true.  Hence  for  any  t  there  exists  a  solution  of  Eq.  (7.37) 
if  for  any  t  there  exists  a  solution  of  the  following  Hamilton  system 


qf  =  (q\l\  ■■■,  Qn\  ®i  +  P{i\  •  ••,©„  +  Pn\  v) 


dpj 


p?- 

(i) 


dIBi)  (i) 


(qi\  ■■■,  q(n,  ©1  +  Pl\  •  •  • ,  ®n  +  Pn\  V)  (7 .39) 


J.i) 


,(i) 


dq} 


Pil)  (0)  =  .  .  .  =  pj?  (0),  (<tfJ  (0),  .  .  . ,  q™  (0))  £  Ae, 


,(i)  , 


JP, 


2  ©i  =1,  I  vlCJty^re. 

i=l 


Note  that  H(i) 


1  — COSV  (COo+Po— Pn+i) 


So  if  |  cos  v  o)0  |  ^ 


^  8,  where  8  is  a  sufficiently  small  positive  number,  then  HG)  ^ 
<  0.  Thus,  by  Eqs.  (7.35),  (7.36),  (7.38)  the  operator  F 


<C 


1-8 


satisfies  the  global  absorption  conditions  if  Eq.  (7.37)  has  a  smooth 
solution  for  any  t  and  i  =  1,  .  .  .,  1.  Thus  we  have  proved  the 
following  proposition. 

1  1  2  \ 


Proposition.  An  operator  El 


'(Ao,  .  .  .,  An,  B,  l)  is  a  A-quasi- 
invertible  if  inequalities  (7.35)  are  verified  and  the  Hamilton  sys¬ 
tem  (7.39)  has  a  smooth  solution. 

Suppose  the  conditions  of  the  proposition  are  satisfied.  Then 

12 


the  operator  F 


U‘, 


•  i  An,  B 


,  l) 


is  A-quasi-invertible.  Let 


x  ( x0 ,  xlt  a)  be  a  symbol  of  its  A-quasi-in verse.  Similarly  to  the 
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previous  examples  we  can  show  that  the  following  equation  is  true 

2  T 

x  (x0,  x ,  a,  g)  =  j  exp  (xg  (e-^-1*o—  1)}  y!  (x,  a,  r,  g)  dr. 


Prove  the  equality 


fl> 


(^40,  . . .,  An,  B,  g)]/ft|<=o  =  0. 


(7.40) 


We  have 
[x 


/II  1  2  \ 

VA>,  Ai,  . . . ,  An,  — 

=  l|  exp{Tg(e-^'1A<>  —  l)}x'  ...,An,  B,r,  g)  drjf  = 

0 

2  1  1  2  4  1 

=  f  {  [  x'  [Au  . . . ,  An,  B,  t,  Ij]  |exp  (Tg  — 


~mh}dr. 

Thus  the  problem  is  reduced  to  the  equation 


/={exp{-T^^}/ft(*,  y) }  |t=Q , 

where  t^O,  //,(/,  y)  =  0  when  t  —  kh0,  k^. 0. 
We  have 


n/ n 

j=  j  / 


n/h  _  l-e-ito^o 

ltto  x  h0  h  (So,  y)  dU 


(7.41) 


-3i /h 


where  /h(g0,  y)  is  a  Fourier  transform  of  the  function  fh  (t,  y)  with 
respect  to  t 


MS o,  y)  =  h0Sa-ift^o/&(y,h). 

h 

By  Eq.  (7.32) 

My,A)=(4r)n  f  eUt,»>hnX 

l^ftl  i=l . ft 


(7.42) 


2  . jn£ 


-«  2  V*fc 
ft=1  dg. 


X 
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Denote  e~u^°  by  z.  We  may  put  Eq.  (7.41)  in  the  form 

/=  <£  e^^h^fk(y,h)zh)-^-  =  0. 

I  z  1=1 

Thus  Eq.  (7.40)  is  proved.  Hence  the  restriction  of  the  function 

u(t,  y,  h,  ho)  =  lx  (a0,  An,B,  g)  ]]//,(*,  y) 

on  the  net  Qh  is  a  formal  asymptotic  (in  the  differentiable  sense) 
solution  of  Eq.  (7.30)  in  the  stripe  [0,  T ]  X  R". 

Using  this  asymptotic  expansion  with  respect  to  the  smoothness, 
the  asymptotic  power  expansion  in  h  of  the  solution  of  Problem  (7.33) 
(hence,  of  Problem  (7.30)  as  well)  can  be  obtained  as  for  the  crystal 
equation  in  Sec.  8  of  Introduction. 


APPENDIX 

Spectral  Expansion  of  T -products 


Here  we  shall  outline  a  rigorous  approach  to  the  Feynman  ope¬ 
rator  calculus  wlich  will  generalize  the  concept  of  T-products, 
widely  used  in  modern  quantum  physics. 

Define  a  T-product  of  functions  of  two  self-adjoint  operators  A 
and  B  in  the  Hilbert  space  H. 

Let  <Dft  ( x ,  y)  be  complex- valued  functions  such  that  for  any 
arbitrarily  small  e,  (x,  y)f  £  98  0  (R2).  After  Feynman  we  shall 
use  non-integer  numbers  over  operators: 

I  sl  s2 \  /  1  2\ 

(DV A,  £]=<I>U,  B) 


if  s,  <  s2.  Consider  a  sequence  of  bounded  operators 


V 


N  — 


k+i/2\ 

B  ) 


as  N  ->  oo  and  0.  Set  A t=~j^  and  let 


def 


O  (t,  X,  y)  =  a\(x,  y)  for  t  =  tk  =  k-At. 


Then 


i 


(1) 


if  G)(t,  x,  y)=£0. 

Assume  In  (p(f,  x,  j/)  =  (D(<,  x)  -f-  cp  (t,  x,  y). 

For  the  symbol  in  the  right-hand  side  of  (1)  we  obtain 
exP  (2  Af  In <D  (th,  x(th),  y(th))}.  Hence  it  is  evident  that  the  limi¬ 
ting  symbol  must  be  a  functional  on  trajectories  x(t),  y  (t). 
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When  determining  the  spectrum  of  two  operators,  by  virtue  of 
Chapter  2  it  suffices  to  consider  the  products  of  spectral  families 
E\,xo(B)  E\'Vo(A),  (£'A  2o(z)  being  the  characteristic  function  of 

the  interval  z0 — ^-^z  <;  z0-j--|-  centered  on  the  point  z°)  for  any 

( x° ,  j/°)6  R2  and  sufficiently  small  A. 

We  shall  apply  the  same  approach  for  the  T-product.  Divide  the 
interval  (  —  00,  00)  into  subintervals  of  length  8  centered  on  x\  and 

setting  1  =  2  ^6  y°.  (B)  and  in  the  same  way  1  =  2  Eb  xo  (A)  we  obtain 
i  ’  *  j  ’  i 

„  £1  I  th\  .,  /  fit 

S  n  E,  J  A,  B  )x 

jj, . .  ,,jNk=i  '  }k 
*1'  •  •  • 1  lN 

(  *k+W  2\ 

X  E6,  y\  \  B  >  ■  (2) 

Lh 

Here  the  sum  is  taken  with  respect  to  every  possible  sequence 
Vi,  ■■■,  h V,  h,  ■■■,  In}-  By  setting 


x(h)  =  4,  y(th)  =  y"k 

we  can  say  that  the  sum  is  taken  with  respect  to  the  totality  of 
discrete  paths.  In  the  limit  it  is  natural  to  consider  the  set  of  all  the 
trajectories  in  R2.  Under  broad  assumptions  regarding  the  operators  A 
and  B  the  spectrum  of  a  T-product  happens  to  be  on  the  trajecto¬ 
ries  whose  projection  onto  x  is  a  set  of  stepwise  trajectories.  But 
the  p-component  is  discontinuous  everywhere  and  unbounded  on  any 

finite  interval.  When  A  —  i  ,  B  =  q,  this  fact  reflects  the 

-well-known  uncertainty  principle  in  quantum  mechanics. 

The  value  of  (2)  on  the  family  of  ra-step  ^-trajectories  with 
arbitrary  values  at  the  points  of  discontinuity  is  equal  to  the  n-th 
term  of  the  perturbation  series  in  cp*.  Therefore  the  spectral  expan¬ 
sion  (2)  in  stepwise  trajectories  is  identical  with  the  expansion  (1) 
in  the  perturbation  theory  series  in  cp.  We  shall  proceed  to  the 
proof  of  the  above  assertions. 

Let  A  and  B  be  two  self-adjoint  vector  operators  A  =  A(1\  . .  .,  A{r\ 
B  =  Bm,  . .  . ,  B(r)  in  a  Hilbert  space  H,  A  being  a  generator  of 
degree  l  in  the  scale  generated  by  the  degree  of  B  and  vice  versa. 


*  This  fact  is  closely  connected  with  the  Feynman  diagrams  concept 
(see  V.V.  Belov  and  V.P.  Maslov,  Appendix  in  V.V.  Belov,  E.M.  Vorobyov, 
V.E.  Shata'lov,  The  Theory  of  Graphs.  Moscow,  Vysshaya  shkola,  1976.) 
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Let  H's  (HI)  be  the  scale  of  Hilbert  spaces  with  the  norm 

l'/li;=  SlK^+o8/!!,  (ii/|i:=Sii^(#+oi/ii),  z. 

i  j 

By  assumption  A  is  a  generator  from  H's  into  H's  of  degree  l  for 
any  integer  s  ^  r  +  1,  s  >  0.  In  the  same  way  B  is  a  genera¬ 
tor  from  H'm  into  II h  of  degree  l.  Let  Eq  ( x )  be  a  characteristic  func¬ 
tion  of  the  set  Q  belonging  to  the  spectrum  a  (A)  of  the  vector 
operator  A  and  Mes  Q  is  the  Lebesgue  measure. 

1  2 

Definition.  The  spectra  of  A,  B  will  be  called  incompatible  if 
the  following  two  conditions  are  fulfilled: 

(1)  there  exists  an  integer  M  and  a  constant  c>0  such  that  when 
Mes  Q  ->  0,  Eq  (A)  as  an  operator  from  H'M  into  II  approaches 
zero  like  c  (Mes  Q)1/2: 

\\Eq  {A)  ||h^-h^cI  Mes  ^  |1/2;  (3) 

(2)  for  all  |p|^ct  (Mes  Q)1/2+e  (e>0  being  an  arbitrarily  small 
number  and  c4  being  a  constant)  there  exists  a  constant  c2  such  that 

||  Eq  (A)  e'^Ea  (A)  ||<c2  (Mes  Q)i/2+E,  p  =  Pi,  ...  pr  (4) 

for  Mes  Q  ->  0. 

Examples.  (1)  Let  A  =  x,  B  —  i ,  H  =  L2(R).  Show  that  the 
spectra  of  these  operators  are  incompatible.  We  have 

J  Eq(z)  (f  -gj+i  )  2f(x)\~dx<^ 

<  A  max  |  +  *  f  (*)  \\f(x)  ||2,  A  =  Mes  Q, 

i.e.  Eq (x)  (  —  i  +  i )  2||;g:l/A.  Besides 

-t  — 

Eq  ( X )  e  dx  Eq  (x)  =  Eq  (x)  Eq(x—1)  =  0 

for  t>ci A. 

(2)  Let  A  —  x2,  B  =  i  .  Then  for  *>A1/2+E 

Eq  (x2)  eitBEa  (x2)  f  (x)  |2<^ 
i(x  —  £)2 

<  T  J  dx  |  j  /  ($)  dl  |2  < ■ E-  A2 1|  /  (x)  ||2  <  CA3/2~e  ||  / 1|», 

Q  Q 

i.e.  condition  (4)  is  fulfilled  for  e<l/6. 
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Condition  (3)  is  fulfilled  by  virtue  of  the  previous  evaluation. 
For  simplicity,  below  we  shall  set  r  =  l.  Now  assume  that  F(t,  x) 
is  a  function  such  that  there  exists  a  limit  /  ( t ,  x)  of  the  expression 

n F(th,x)A\  N  =  ±-+  oo 


belonging  to  the  space  (R)  for  all  t  >0  and  cp  ( t ,  x,  y)  £  38 ;  (R2) 

is  continuous  in  t  with  the  function  j  e~ip,J  cp  (t,  x,  y)dy  being 

continuous  on  the  line  p  =  0*.  To  simplify  the  proof  we  shall 
suppose  in  addition  that  F  (t,  x)^0  and  let  <D  (t,  x)  =  ln  F  (t,  x). 
Thus  we  assume  that 

t 

(D(T,  x)dx 

e° 

Consider  the  T-product. 


N  fit  \  t  lk  tft+At''2  \  1  \ 

limFj^  lim  [I  exp  \  L®  [th,  A  )  +<p  A,  B  )\Atf 

N—>oo  N-+oo  k=l 

(5) 

with  A  and  B  satisfying  the  spectra  incompatibility  conditions. 

def 

It  is  known  that  under  the  above  conditions  lim  VN  =  u  (t)  exists 

N~*  oo 


and  satisfies  the  equation 


(6) 


i  =  <P  U  A,  b)  ,  cb  =  <D  (t,  A). 


The  proof  of  this  assertion  is  left  to  the  reader. 

Let  E&t  xo  (x)  be  a  characteristic  function  of  the  interval 


First  we  shall  point  out  that  under  the  above  conditions 
I|£a.*.$£a.*o  ||<c3A1/2+e. 

Here  E&t  x»  =  £a,  xo  [A).  Hence 

l|  ^A,  aoCp^A,  xo  IlH^-fH^H^A,  acoq^A.scO  |j  ||  E&iXo  (7) 


*  Instead  of  the  above  conditions  we  can  use  the  following: 
l<Pl<(M+IH)'"M>  <Kz'i>  and  f(x>  t)^C. 
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c3  and  c4  being  independent  of  x.  In  fact, 

||  fj  E^x0(A)eiBpiE^xo(A)x 

|p1|^c1A1/2+e 

X  elApMp  (t,  p1(  p2)  dpi  dpi  < 

<  j  j  e~ipiyq >(t,  A,  y)dy  dpt< 

/Pj  I^CjA^/^+e 

^CiA1/2+E  max  f  e~ipip(p(2,  x,  p)di/  ^ 
x,  IPjl^CjA1/^® 

<  const  A1/2+e, 

(K,  jj  £A,xo(^)eiBP^A,xo(^)X 

|P1I>c1A1/2+e 

XelAp2<p(f,  Pi,  p2)dpidp2h )< 

<  max  |  (h;f,  Z?Ai  xo  (^4)  X 

Ip1i>c1a1/2+®,  p2e<  —  oo,  oo)  I 

X  eiBp^A,xo(^)  elAp*h)  |  lbllc+(|Pil>CiAi/2+E)< 
<c||hjf  ||  \\h\\A1/2+e;  h*,  haH. 

This  completes  the  proof  of  the  assertion.  Consider 


Vn.x o  (A)  =  []  ^a.xo  (-4  )  exp  {[d>  (fft,  a) 

h=l 

/  'ft  <ft+A'/2  \  "I  1 

+  <pU,  5  )jA<}- 


Prove  that  lim  Fjv,  ao  (A)  =  Z?Ai  a0  (^4)  if>A,  xo  (£),  with  ipA,  xo  (£)  satis- 

iV-»oo 

fying  the  equation 

— ^ —  =  E\t  xo  [  *6  q>]  E\t  ko^a,  x0( 

<I>  =  (D(f,  A),  <p  =  cp \t,  A,  B ). 


(9) 
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Since  (£\  *o)n  =  EA>  x0 

2?a,  xo  (^l)  exp  {[<D(t,  -4)  +  cp  G,  A,  B )]  Ai}J6,A,xo  = 

=  Z?a,  xo  ( A )  exp  {  i?A,  x-o  (-4 )  ( t,  A )  -)-  cp  ( t,  A,  B  )  ]  X 

X  Ea<xo  (4)  At }  =  Z?a,  x-o  (i){  1  +  Ua,xoU)x 
X  CD  ( 4  A  )  <p  ( t,  A,  .b)J  EAj  xo  ( A )  Ait }  -]- 

00 

X  -Ua.xo  (i)  [o(t,  i)+<p  (t,  A,  $)]  Ea,xo  (i)  }”+2. 

(10) 

But 

II'Ua.ccoU)  [®G,  i)+(p(i,  A,  J)]z?A,xo(i)}  Ik 

ll £A,xo<i>ft||-lkU  A,  Dlk 

<  2  ck  ( max  I  0)  I ) h  II  <p 1|^  =  (max  |  ®  |  + 1|  9  H#,) 


Therefore  the  term  relative  to  the  sign  2  ’n  (10)  is  bounded  in 
the  norm,  hence 

FW(A)=  fl  Ea<x0  (a)  {l  +  A^A,xo(i)  [a >(tkt  Ah)  + 

k=i 

(  4  ‘ft+A‘/2\l  /‘w\\ 

+  9  V  4>  A,  B  )  J  Ea<  xo  l  A  )  f  -j-  0  (At)  = 

=  E&,  xo  (a)  [J  {  1  +  AtEh}  xo  ( A  )  [<D  ( tk ,  a)  + 

ft=i 

/  *ft  *fc+At/2v  -]  (h+l\\ 

+  9V4)  A,  B  /  J  Ea>  xo  \  A  /  J  -\~0  (At)  = 

—Ea>  xo  (A)  J]  exp  {  |  Z?a,  xo  (  a)  [cD  (tk,  a)  -\- 

ft=i 

+  9(41  A,  b)  J  EA'  xo  ( A  )j  At }  -\-0  (At) 


due  to  the  boundedness  of  the  norm  of  the  operator  in  the  autono¬ 
mous  brackets.  Hence  (9)  easily  follows. 
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Now  sum  expression  (2)  with  respect  to  all  E6n0(B).  We  obtain 

’  i 

VN=  2  fl  E6  o  (a)  exp  {  [<D  (4,  A  )  + 

jv...,jNh= 1 

U,  5  jjAf). 


+  9 


(11) 


Now  consider  one  term  FAr(8)  of  the  sum  corresponding  to  the 
interval  { x\ }  x  (0,  T).  Namely 


Fjv,  xo  (8)  =  II  E&,  xo  (-4  )  exp  {  [cD  (4,  A  ) 

1  h=  1  1 

/  4  4+A(/2\  1  \ 

\4,  4,  5  /  J  Ai  / . 


+ 


+  9 


Let  i)i6>  xn  |i=0  =  ip0  €  H"s  where  (i  +  4)s  ip0  £  #m,  M,  s  =  r  + 1  =  2. 

t 

|  <t(T,  A)dx 

Set  ip  =  e°  £’ei  xn  (A)  ip0. 

We  obtain 


9  ['I’S,  *}-’!»] 
dt 


f  Ef>,  xo®  (%.  x'i  'l')  =  —  #8,  X0(p E6t  xolp6,  xf  ■ 


Hence 

i  t 

f 6,  *«  =  —  J  [exp  |  j  (D  (t,  A)  dx  |  E6t  xoq>E6<  xo]  X 

0  V 

t 

def  C 

x  xO  (?)  d?  =  Ip  —  J  Kb  (t,  ?)  Ip6,  x0  (?)  d?  = 

0 

t 

=  ip— j  K6(t,  ?)ty(?)d?  + 

0 

t  r 

+  j  K6  (t,  ?)  d?  j  K6  (?,  t")  %,  xo  (?)  dt".  (12) 

0  0  1 
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Evaluate  the  operator  Kg  ( t ,  t')  from  space  H  "s  into  H"s .  We  have 


i 

(£  -M)s  Kg  ( t ,  t')  ( i  +  A)~s  ||  <  |  exp  |  j  <D  (x,  A)  dx  }  Eg,  xo 


X 


X  ||  (i  +  -4)s  <P  (i  +  A) 


exp 


{  j  ®  (t.  *) 


dx 


£Bi 


X 


x  H  <p  (f ,  x,  y)  yr 

Hence  it  follows  that  ips.  xo(zH's  and  its  norm  is  independent 
of  x\  and  8.  Therefore 

II  'I’e,  .%•;  —  ^  IKq  I)  £■«,  *o<p Eg,  xo  ||  X 

x  II  Eg,  xO  |[ II  ES,  xl  (^)  (*  +  A)  5 1|  X 


X 


t 

exp  {  f  <D  (x,  A)  dx  }  .  ||(i-M)s'Mlk  + 

1  J  i  hm-*hm 


+  c2  II  Ei,  xocp-Efi,  Ko  ||2 1|  Egt  xo  ( A )  (i  -f-  A)  s  ||  ||  ife,  *o  ||s. 

Hence  by  virtue  of  (7)  we  have 

|H’«.^-'l>Kc681+8(l  +  l*?ir. 

We  shall  evaluate  one  term  of  the  sum  (11)  which  corresponds 
to  a  straight  trajectory  in  the  ;r-plane,  i.e.  to  the  interval  {x°t}  X 
X  (0,  T).  Now  take  the  sum  of  the  terms  corresponding  to  the 
intervals 

{*J}X(0,  T),  a$=(x't  +  /8),  7  =  1,  -1,  .... 

We  have 

t 

2  'k  xo+jg  —  exy  {  j  <D(t,  A)dx}  2  e6,  xO+j&$0 


l 

2  *k  *0+j6  —  exp  |  j  cp  (T,  A)  d-tj  \|50 

o  t' 

^c6^£  2  H~  I  xi  +  ^7 1 )  s^c78e. 


As  5->-0  we  obtain  that  the  sum  of  all  the  terms  correspon¬ 
ding  to  straight  trajectories  in  (11)  is  equal  to  the  first  term  of 
the  perturbation  series  in  operator  cp  for  equation  (5). 
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Consider  now  the  step  {a?}  X  (0,  t')  U  {x°n }  X  (f' ,  T)  i^=n  with 
arbitrary  values  at  the  points  of  discontinuity.  We  put  a  tube 

around  it  x\  —  -tt  when  — 6' and — oo^x^oo 

when  t’ —  8'  <2<£  +  S'  and  x°n—  when  t' 6'^ 

We  must  now  take  the  product  in  (11),  which  corresponds 
to  {x°}  x  (0,  t'  —  6'),  sum  with  respect  to  all  E&  for  t^{t  —  8', 

2  +  8'),  take  again  the  product  corresponding  to  the  interval  {x°n }  x 
X  (<'  +  8',  T)  and  proceed  to  the  limit  as  N oo.  Let  Fin(S,  S') 
be  the  resulting  limit.  This  means  that  we  must  solve  equation  (9) 
for  x0  =  x0i,  A  — 8  up  to  the  point  t' — 8',  set  the  resulting  solu¬ 
tion  at  the  moment  t  =  t' — 8'  as  the  initial  condition  for  equa¬ 
tion  (6).  The  resulting  solution  must  be  put  again  as  the  initial 
condition  for  (9)  at  the  moment  t'  +  8',  for  x°  =  x“,  A  =  8.  We 
have  an  integral  equation  of  type  (12)  for  t  £(2' —  8',  £'  +  8') 

i'+ 6' 

ifi  (f  +  6')  =  ij j‘(f '  +  8')  -  j  K„  (?  +  8',  t")  ili1  {t")  dt"  + 

6' 


('+6'  t 

+"  f  *  [  Koo  (?  +  8',  t)  Koo  (t,  t")  ip,  (t")  dt"\ 
r- 6'  r-8' 

t 

'l)1  (0  —  exp  |  j  d>(T,  A)  dx  j  Ij:6j  xo  (t' —  8'); 
r-6' 

i|>t  (/'  —  8')  =  ^  ^  (*'  —8'). 

At  the  moment  t'  -f-  8'  we  act  on  ifo  with  the  operator  E6t  x0  (A), 
but  xp1  =  jEg  xo(A)tyl.  Hence 

r+6'  r+6' 

e6,  (*'  +  8')  =  J  [exp  |  j  (D(t,  A)dr|x 

r-6'  t 

r+6'  t 

+  e6,  x»  J  dt  j  £»(*'  + 8',  t)Kx(t,  t")^i(t")dt". 
r-6'  r-6' 
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t'  +  6' 


Therefore 

Fin(S,  8')==  j  d^exp  |  |  (J)(t,  T)dr|  X 

i'-6'  ^  \ 

xii+o^+vsn}^ .  ocP  X 

0,  xn 
t 

X  E6  x°  6XP  {  5  ^  ^  dX)  ^  + 

’  Xi  0 

T 

+  02  (51+6|4  I-*)}  ^o]  +  exp  |  j  ®  (t,  A)  dx  | 

t'+ 6' 
t'  +  6' 

XE  „{l+0i(S1+E|4r)}  (  dt  X 

’  Xn  tf-6' 

t 

j  #«,  (t’  +  8’,  t)  Kx  ( t ,  t ")  ( t ")  dt". 


X 


X 


(14) 


V  -6' 


Here  Ot  is  independent  of  i,  02  is  independent  of  re  and  K  ( t ,  t') 
is  independent  of  i  and  re.  In  the  second  term  only  the  function 
"i|>i  ( t ')  is  dependent  of  i.  By  virtue  of  (13)  we  have 

t 

|©(T,  A)dx 

^  =  *0  E  .o{l  +  02(61+e|4r)}^o  + 

0,  X^ 

t'+ 6' 

+  J  Koo  (t’  +  8*,  t)  rj) i  (t)  dt . 

t'~  6' 


Summing  both  sides  of  the  equation  with  respect  to  i  we  obtain 
the  equation  for 

i 

A)dx  t'+&' 

G  =  e  o  (1  +  0S(8E))%+  J*  Koo  (f  +  6',  t)G(t)dt 

V- 6' 

where  03  is  independent  of  re.  Sum  with  respect  to  i  and  re  both 
sides  of  (14)  for  i=+re.  For  this  we  must  sum  with  respect  to  all 
re  and  i  and  subtract  the  sum  in  re=i  from  the  expression  obtai¬ 
ned.  By  virtue  of  the  above  the  latter  sum  is  equal  to  O  (SE)  8' . 
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Hence 


2^„(S,  6')  =  0(6E)  5'  +  2  H,- n  (5,  8')  = 


i=frn 


i,  n 


t'+ 6' 


-  J  [  exp  {  l  ®(t,  4)  dr}  {l  +  0(6e)}9X 

t'-6'  '  t 

t 

X  exp  |  [  <D  (t,  4)  dx  }{l  +  0  (8e)}  \|30]  dt  + 


t’+  6’ 


4- exp  |  j  O  (t,  A)  dr  |  {1  -f-  0  (8E)}  j  di  j  Ka 


X 


1+6' 


V- 6'  P-6' 


X  (f  +  S',  t)  Ko c  (f,  f)  G  (t")  dt". 


Divide  the  interval  (0,  T)  into  subintervals  of  the  length  28'.  Set¬ 
ting  t'  =  tk  =  2k£>',  sum  with  respect  to  k.  It  is  easily  seen  that 
approaching  the  limit  as  S'  0  and  8->0  gives  an  expression 
of  the  form 


T  T  t 

j  [exp  |  ^  d>  (t,  A)  tp  exp  j  ^  <I>  (t,  A)  dx  j  \|)0  J  dt 
o  '  t  o 

which  is  to  be  proved. 

Similarly  for  the  sum  corresponding  to  the  steps  with  n  discon¬ 
tinuities  we  obtain  the  r<-tii  term  of  the  perturbation  theory  series 
in  tp. 

Since  the  sum  of  the  n  terms  of  the  perturbation  series  differs 
from  the  solution  of  equation  (5)  by  0  ,  we  obtain  that  the 

sum  (11)  with  respect  to  stepwise  trajectories  with  no  more  than 
n  discontinuities  differs  from  the  sum  (11)  with  respect  to  all 

trajectories  by  0  ^  -—j  .  This  signifies  that  the  projection  of  the 

T-product  spectrum  onto  the  space  of  the  trajectory  x  (t)  consists 
of  stepwise  trajectories.  The  spectral  expansion  (defined  in  the 
Introduction)  of  the  T-product  in  stepwise  trajectories  is  identical 
with  the  expansion  in  the  perturbation  series  in  cp. 

Further  note  that  since  £’A_  k0  {A)  EAt  y0  (B)  x0  (4)  is  less  than 
unity  for  sufficiently  small  A  by  virtue  of  (4),  the  terms  of  the 
sum  (2)  containing  the  straight  interval  {x0}  x  (tlf  t2)  decrease  as 
e~ar  (a  being  a  constant),  where  r  is  the  number  of  the  terms  of 
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the  form  E .  „o,  for  r  of  different  values  of  time  and  finite  A.  This 
y% 

means  that  the  spectrum  consists  of  trajectories  which  are  every¬ 
where  discontinuous  and  unbounded  on  any  time  interval  not  equal 
to  zero. 

It  is  easily  seen  that  for  sufficiently  small  6  the  value 
E&  xn  exp  {O  (th,  A)  At)  is  close  to  the  value  exp  {O  (th,  x“)  A t}E6  xq, 

hence  the  sum  (11)  can  be  interpreted  as  an  integral  of  the  func- 

T 

tional  exp  |  j  <T»  (^,  x(t))dt^  relative  to  complex  spectral  measure* 
o 

concentrated  on  stepwise  trajectories;  the  variation  of  the  measure 
on  trajectories  is  bounded.  It  is  established  as  above  if  we  put 
0  =  0. 

*  The  exact  results  involving  this  measure  when  A  =  i  ,  B  =  x  under 

less  limiting  conditions  obtained  jointly  by  the  author  and  A.  G.  Chebotarev 
are  given  in  the  author’s  book  Complex  Markov  Chains  and  the  Feynman 
Continuum  Integral.  M.,  Nauka,  1976. 
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